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A discussion is given of the wave function of a many-particle system. The wave function itself is quite 
complex, containing all combinations of “clusters’’ of interacting particles. Expectation values, however 
may be calculated in a straightforward manner, as is shown in detail. In particular, the expectation value 
of an operator may be expanded in “linked clusters,” each “linked cluster” being weighted with its prob 
ability of occurrence in the wave function. The theory is applied to the calculation of the momentum 
spectrum and pair correlation function for a dilute gas, a degenerate Fermi-Dirac system, and a degenerate 


Bose-Einstein system of hard spheres 


1, INTRODUCTION 


TATIONARY state scattering theory in quantum 

mechanics, expressed in terms of integral equations, 
has been successfully applied to several types of 
problems involving large numbers of particles. It has 
been shown! that the two-body interaction potentials 
may be eliminated in terms of two-body scattering 
operators in solving the many-particle Schrédinger 
equation. This result was applied to multiple-scattering 
theory and to transport processes.' An extension to 
bound-state problems of the technique of using scat- 
tering operators was made by Brueckner et al.** in con- 
nection with their theory of nuclear structure. In this 
work Brueckner® expanded the energy of the system 
in terms of “linked clusters.” This “linked cluster” 
expansion was introduced on the basis of the Rayleigh- 
Schrédinger perturbation expansion and appears to be 
of fundamental importance in many-particle perturba- 
tion theory. A further extension of these methods has 
been made to statistical mechanics in the form of a 
“nearest neighbor” expansion for the energy* and a 
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related expansion in “fluctuation effects” for the par- 
tition function.® 

In the present paper we wish to consider yet another 
class of applications of scattering theory to many- 
particle systems: we shall seek a description of the 
physical properties of the many-particle medium. 
Expressed in quantum-mechanical language, this means 
that we shall show how to calculate the expectation 
value of an operator using the many-body wave 
function. The general theory will then be applied to 
the specific calculation of the momentum spectrum and 
pair correlation function for an atomic nucleus and 
for a dilute gas of interacting hard-sphere Bose-Einstein 
particles. 

The starting point of our approach is a classification 
of perturbation terms into ‘Feynman graphs’’,® or 
“linked clusters’,’ with the prescription that one 
calculate only “connected Feynman graphs.” As was 
shown in I, the “unconnected graphs” give just “‘self- 
energy” corrections in the energy denominators for 
many-particle perturbation theory. (We shall hence 
forth use the terms “linked cluster” and “connected 
graph” interchangeably.) 

Although formally much like ordinary perturbation 
theory, a “linked cluster” * expansion—such as the 
“nearest neighbor” * development—is in some respects 
fundamentally different. For instance, in calculating the 
energy due to particle pairs, triplets, etc., one is actually 
considering at the same time all possible combinations 


‘W. B. Riesenfeld and K. M. Watson (to be published) 
*R. P. Feynman, Phys. Rev. 76, 769 (1949); 80, 440 (1950) 
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of pairs, triplets, etc. Furthermore, the “linked cluster” 
expansion of the wave function describes all possible 
combinations of the particles in the system into linked 
clusters. These “linked clusters” act independently of 
each other and correspond to the particles in a non- 
interacting system. Indeed, one notes a similarity 
between the microcanonical ensemble in statistical 
mechanics and the linked cluster expansion of the 
many-particle wave function, since the individual 
clusters appear to be essentially independent of each 
other, except for a statistical weighting. 

_ In Secs. 2 and 3 we shall develop the formal 
technique for the expansion of the expectation value of 
an operator in “linked clusters.” We shall find that each 
“linked cluster” is weighted with its probability of 
occurrence in the wave function. 

In Sec. 4 we shall give approximate expressions for 
the momentum spectrum and particle-particle corre- 
lation function for nondegenerate gases. In Sec. 5 a 
similar calculation will be made for degenerate Fermi- 
Dirac systems. The boundary conditions on two-body 
wave functions in a box are reviewed in Sec. 6. Finally, 
in Sec. 7, we discuss collective interactions, giving 
applications to the pair correlation function and 
momentum spectrum for a degenerate Bose-Einstein 
system of interacting hard spheres. 


2. MANY-BODY PERTURBATION THEORY 


We shall follow the notation of I, supposing the 
system of interest to contain N particles within a 
volume VU. The particles interact through two-body 
potentials 

Vij - V oj( ay ~ %j) 7), 
V=> Vu, 


i<y 


(i,j=1, 2, ++: 
(2-1) 


where 2; represent the coordinates of the N particles. 
The particles have mass M and have internal degrees 
of freedom such as spin, as is implied by the subscript 
“G7” on V,;. The kinetic energy operator is 


K “5 p?/2M. (2-2) 


The Schrédinger equation for the system is now 


(K+V)¥,=EWy,. (2-3) 


In the absence of interaction, the eigenstates for the 
N-particle system are determined by the kinetic energy 
alone, 


K | p)=K(p)|p), (2-4) 


where the state “p” is labeled by the momentum 
vectors p, and the spin and/or other internal quantum 
numbers s; of the N noninteracting particles: 


P= (Pisi,P2S2,° ** PwSw). (2-5) 
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In I it was found useful to express the ground-state 
wave function VY), in terms of the unperturbed wave 
function | po) by means of an operator M, 


Vio=C-M | po). 

M is normalized to a unit diagonal element, 
(po| M | po)=1, 

and C is chosen so as to normalize the wave function 


(Vro;V ro) =1. 


(2-6) 


The perturbation theory thus establishes a corre- 
spondence between the states A» and po. The operator 
M satisfies the equation 


1 
M=1+-(V—A)M, 
a 


(2-7) 


where A is an arbitrary matrix diagonal in the repre- 
sentation of unperturbed states and 


a=Ek),—K—A. 


Of the various solutions to this equation given in I, 
we shall use the multiple-scattering solution which is 
related to the two-body scattering operators /,,’ rather 
than being expressed directly in terms of the potential. 
The ¢, are derived from the two-body interaction: 


(2-8a) 


1 
la= Vat Va-Pola, 
a 


with the inclusion of the average effect of the other 
particles in the many-body Green’s function 1/a. The 
projection operator Po, which will be described more 
fully below, excludes certain intermediate states. With 
the help of the operators M,, which are solutions of 


1 
Ma=1+- > PolsMsg, 


a bra 


(2-8b) 
we may finally write the expression for M*: 


1 
M=1+->D PolaMa. (2-8c) 
aa 


Po is the so-called “optical model operator’ charac- 
teristic of the multiple-scattering solution in that it 
requires successive scatterings to be between different 
particle pairs and excludes the repetition of scattering 
states. This choice of Po determines A to be the energy 
level shift through the relations 


A=Ao(p)=(p| Lia taMa| p), 
—_ P| (1 Po) VM | po) = Ao(p)(p| M | po). 
7 The single Greek indices a,8 stand for particle pairs such as 


(ij), (RD), «++. 
® See Eq. (30) of I. 


(2-8d) 
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For practical purposes, the operator M is expanded by 
iterating Eqs. (2-8) about unity: 


1 1 1 
M=1+-3> Potat+- > Pole- bs Polpt+---. (2-9) 


aa a a a ba 


3. CALCULATION OF EXPECTATION VALUES 


The problem we consider is the calculation of the 
expectation value 


1 
(0)=(W,0V) = 7Mbol M'0M | po), (3-1) 


where 

O=0(pi- +: pis) (3-2a) 
is an operator (in general nondiagonal) that depends on 
the momentum and internal variables of particles 
(;,--+1,). We may also wish to consider 


o- F 


Ips ecls 


c(ly---1,)O( pu: * pis), (3-2b) 


where the c(/,---/,) are constants. 

We shall at first treat the particles as distinguishable 
and later show how to keep exchange corrections.’ It 
will also clearly suffice to obtain the expectation value 





Fic. 1. Diagrams for some low-order contributions in 
the multiple scattering expansion of Eq. (3-4). 
* It is convenient, however, to properly symmetrize the opera 
tors V, and fg at the outset. 
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of (3-2a), since the general expression (3-2b) is just a 
linear combination of these. 

We follow precisely the argument of I by which the 
“nearest neighbor” expansion was derived. First the 
expansion (2-9) is inserted for M in the expectation 
value (3-1). In perturbation theory language, every 
term of the resulting series can be said to describe a 
succession of two-particle scattering processes before 
and after the action of the operator ©, which may itself 
be looked upon as a generalized “scattering” operator. 
A set of particle interactions in any term in the per- 
turbation expansion is said to form a “linked cluster” * 
if each participating particle scatters either directly or 
indirectly with every other particle in the cluster and 
with no others. One of these linked clusters in every 
term of the expansion of (©) will include the generalized 
scattering operator ©. Let us label the particles in this 
linked cluster as the set (i,) =7,: + -t,; it must, of course, 
include /,-- -1,. We may now group the contributions to 
(©) according to the set (i),. If the contribution of all 
terms with one particular such set is £,[ (i), ], then 


(= CEL @n). (3-3) 


ns (i)n 
The first few terms of (0), with O= O(pz,p,,) will serve 
as an example, 


(0) = (po| ©(pi,Pm) | po) 


| 
t pleloces) Pan|ps) bean) 
a 


7, &(94l,m) | 


: | 1 | 
+ LS € po} O(pi,Pm) Pott; 
| a 


7(4#m) 


po) + con) 


1 1 


t+ > O( pi,Pm)—Pot jr po) 
1 a 


1, 4(41,m) tf 


pa] tntPo 


; | 1 I 
+ ie Po tyitPo O( pi,Pm) Patsl to) 
1 


i(#m) ( a 


1 1 
+(e m'Po O(p:, Pm) Polim p») + “ (3-4) 
a a 


' 


The first term is the expectation value in the unper- 
turbed state and contributes to E2(1,m). In the second 
and fourth terms, 7 and & are not linked to / and m, so 
that these contribute to E,(1,m) also. In the third and 
fifth terms j is linked to / and m, so they contribute to 
E;(l,m,7), while the sixth term contributes to E,(l,m) 
again. Because of the projection operator Po, the second 
term in Eq. (3-4) vanishes, and the third term vanishes 
also if © is diagonal. 

Alternatively, the terms in the expansion can be 
represented by diagrams in which dotted lines are used 
for particles in the unperturbed state | po) and solid 
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lines are used for excited particles. Each ¢ operator 
contributes a vertex where four lines meet and © 
contributes a vertex with two lines for every particle 
on which it depends. The six terms in Eq. (3-4) are 
represented by the six diagrams in Fig. 1. A connected 
diagram corresponds to a single linked cluster, while a 
disconnected diagram contains several linked clusters. 

The advantage of this rearrangement is that from 
the calculation of a particular E,|[ (i), | we have omitted 
all interactions between particle pairs with one and only 
one member in the set (1),. The operator M is therefore 
replaced by an operator M’ which depends only on_the 
remainder of the interaction V, 


Viz > Vu= > 


<k j<k 
Ci, % in (in) [not in (4).) 


Vir, (3-5) 


Vij and 


through the equation 


1 
M’=1+-—P((Vit+Vu)M’. 


a 


It follows from the definition of EZ, and M’ that 


1 
E,{ (i), ]=—Xlinked part of {(po| MOM’ | po), (3-7) 
A 


” 


where “linked part of {---}” means that, after the 
expansion of M’ corresponding to Eq. (2-9), we keep 
only those terms in which all the members of the set 
(i), are linked through scatterings. 

Referring to Eq. (3-5), we see that Vz; and Vy 
describe two independent systems. ‘The operator M’ 
can therefore be factored,'® 


M'=M Mu, (3-8) 


into two operators, each of which describes one sub- 
system: 
l 
My=14+-PoVuM (3-9a) 


a 


for the particles outside (7), and 


1 
M,=1+-PoViM; (3-9b) 


( 


for the particles in (),. The new energy denominator 
d contains only excitation energies of the linked par- 
ticles” and will be defined precisely by Eq. (3-12d). 

We may now define the normalized wave function &y 
that exactly describes the medium of particles in which 
the still free particles (i), move, 


Py =C; 1M | po), (hy,%y)=1. (3-10) 


With the help of Eqs. (3-8) and (3-10), Eq. (3-7) 


” This argument was developed in I, Sec. III 
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becomes 


(3-11a) 


Cu 
EL (nJ=—L Oo) 


&L (i) |} = linked part of {(4y,M1'0M 1 %v)} 
(3-11b) 
=linked part of {(po| M1'OM_| po)}. 


The last step follows since the ®y are normalized to 
unity and contain as a factor the wave function of the 
unperturbed particles | poi,--: Poin). Only connected 
diagrams that include the vertex © occur in the 
graphical representation of Eq. (3-11b). The effect of 
the disconnected diagrams has been to change the 
particle Green’s function for 1/a to 1/d. The interaction 
V, is just the sum of all the interactions that occur in 
each diagram. 

The expression 8[ (i), | is in the final form which we 
shall use. Before showing how to evaluate the nor- 
malization constants Cy/C, we describe explicitly the 
operator in Eq. (3-11b) for (i), ]. The multiple scat- 
tering solution for Mz, Eq. (3-9b), is like that for M 
except for new energy denominators d and the restric- 
tions of the sums to particle-pairs in the set (i),: 


1 
diel” > (L)PoRaM 1a, (3-12a) 
da 


1 
M ta= 1+ > (L)PoRsM 1a, 


d b¥a 


(3-12b) 


1 
R= Vat Vee P Re, (3-12c) 


d= ¥ [e(pe-)—e(p.)], (3-12d) 


r=ij 


1 


e(p,)=— pe +de(py), (3-12e) 
2M 


be(p,) = (Dy’, i. RuMe ry \~(p| z R,.M,,| p), 


a(r) sr 


(3-12f) 


1 
M., = 1+ 7 ) PoR iM 1. (3-12g) 


d t(vfre) 


Here #y’ is the wave function (3-10) except for the 
particles (i), which may be in excited states |p). One 
may develop Eq. (3-11b) in powers of the scattering 
operators R, by iterating Eqs. (3-12). The energy 
denominators d are defined by Eq. (3-12d). The sum- 
mation defining d runs over all particles in the linked 
cluster. The summation }°>(L) in Eqs. (3-12a, b) runs 
over all pairs both particles of which are in the linked 
cluster. The expectation value defining 5¢ is evaluated 
with all particles except the set (i), in the state by. 
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Particles (i), are in their actual intermediate states. 
Finally, the sums over s and / in the defining equations 
for 6e(p,) and M,, run over all particles, except for the 
restrictions indicated." An approximation to d which 
is frequently useful when only slightly excited states 
are considered is 


‘ae 
— > (por—p7)], (3-13) 


2M* r= it 


d= 


where M* is called the “effective mass” ; this expression 
assumes a quadratic form for 5e(p,) at low energies. 

We now wish to evaluate the constant Cy[_(i),|/C in 
Eq. (3-11a), a constant which in general depends on the 
indices 7,---i,. To this end, we separate the operator 
Mv, defined in Eq. (3-9a), from M and call the remain- 
ing factor M,, 


M=M,Mv. (3-14) 


When this operator is applied to the unperturbed state 
| po), we obtain 


Cw =C,1M ov, (3-15) 


C/Cr= (4u,M .'M hv). (3-16) 
To find the equation for M,, we write Eq. (2-7) with 


the definition (2-8d) for A, 


1 
M=1+-(V—A»)M, 


a 


(3-17a) 


and the analogous equation for My, 


1 
My=1+4+-(Vu—Ar \Mu, 


a 


(3-17b) 


where Ay is the energy shift for the state y. One im- 
mediately infers that 


1 
M,=MMy"=Mvy"'+-(V—Ay)) MM yy" 


a 


! 1 
=1--(Vy—Av)+-(V 


a a 


~~ Ao) M ne 


On subtracting (1/a)(Vy—Av)M, from both sides of 
this equation and dividing by 1— (1/a)(Vy—Av) from 
the left, one finally obtains 

1 


[V—Vyu—AotAr |M ,. 
a—Vyt+Ar 


(3-19) 


It is clear that V—Vy is the potential energy of the 
particles in the set (7), with respect to each other and 
the remaining particles in the medium, and that 
Ar= Ao— Av is their interaction energy with themselves 
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and with the remaining particles. The energy de- 
nominator [a—Vy+Avy | is diagonal in the %y repre- 
sentation. 

To proceed further, we introduce the notation 


1/al (i), |=C/Ca=(u,M,'M,v), (3-20) 


whence Eq. (3-3) becomes 


N 
=F ¥Y af (i). SL). ]. 


n=a (i)n 


(3-21) 


Equation (3-20) is the norm of the wave function 
operator M,, of the particles (1,;---7,) in interaction 
with the medium described by #y. ‘The wave function 
M,, is, in a sense, an ‘optical model” wave function, 
since it describes a few particles in interaction with 
many particles. In principle Eq. (3-20) is to be evalu- 
ated by the techniques just described, since it has the 
form of Eq. (3-1). We thus have an iteration scheme of 
evaluating Eq. (3-1). In practice, a variety of approxi- 
mations may be made. 

An approximation which seems reasonable for many 
applications is that of factoring M, into a product of 
n factors, one factor describing the wave function of 
each of the particles (i,-+-i,) in interaction with the 
medium. In this case al (i), | becomes 


al (i) n |= a(is)a(iz):+ alin), (3-22) 
where 
(3-23a) 


1/a(i) = (Py,M 1 (i)M (1) bu), 


M,(i)=14 


1 
Po X(U)RyM 1j(i), 
} 


1 


1 
Po (U)RuM (i), 


dD, pri 


M,,(i)=14 (3-23b) 


D,= Ev + po?/2M +6e€( poi) 
Ey — p2?/2M —be(p,). 


Here Ey: is the energy of a virtual state dy of the 
medium, and Ey is the energy of the reference state 
Py of Eq. (3-8). de(p,) is the “optical model” energy 
for particle ‘i interacting with the medium 4y, 


> be( pi) Ar, 


as given earlier. The summation }>(U) in Eq. (3-23) is 
restricted to the unlinked particles not included in the 
set (1),. We might observe that M,(i) is precisely the 
wave function for the “optical model problem’’—that 
is, of a single particle interacting with a medium.” 

In the approximation of Eq. (3-22), Eq. (3-21) 
becomes 


N 
(O)= O ¥ alislaliz):+-alin)OL(i)n]. (3-24) 


neva (iin 


2K. M. Watson (to be published 
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One may well ask why Eq. (3-22) is not rigorous. Since 
N has been assumed to be very large, and since we 
expect nN, it might be thought that the “chance” 
that any two of the particles (i,---i,) interact with 
each other would be negligible. If this were so, the 
wave function M, would indeed factor since the par- 
ticles (i;-++i,n) would be independent. The reason that 
Eq. (3-22) is not always exact is that the particles 
(ij: + +4,) are to some extent “coupled” by the condition 
that they interact in 8{ (i), |. We shall illustrate this 
in the next section. 

The matrix elements in Eqs. (3-20) and (3-23a) are 
expectation values of the same form as Eq. (3-1) with 
special forms for the operator ©. They may therefore 
be evaluated by the same procedure. The physical 
interpretation of Eq. (3-24) is that & represents the 
contribution to (©) from interacting clusters of par- 
ticles, while the a(i) represent the probability that 
particle 4 is available to interact; i.e., is not a member 
of some other cluster. 

To include exchange effects, one can symmetrize the 
state | po) for evaluating &, etc., as was done in I. A 
somewhat simpler method, however, is developed in 
sec, 5. 

Often one may be interested in operators © which 
factor into two or more factors each depending on 
different particle variables. In this case there will be 
terms in which the factors belong to different linked 
clusters and those for which they belong to the same 
linked cluster. The former will lead to uncorrelated 
averages, while the latter lead to correlated averages. 
For example, if 


© O1(pi)O2(pj), 


(VO,V)(VWON)+terms for which 7” a 


(v,0OV) 
: ; (3-25) 
are members of the same linked cluster. 


and “7” 
An example of such an average will be given in the 
next section in the calculation of pair correlations. 
Since complex physical systems are not ordinarily 
in pure states, but are in interaction with their sur- 
roundings, we must usually use the density matrix p 
to calculate a statistical average: 


(O)4 = Tr (p0). (3-26a) 


If the system is in equilibrium, the trace simplifies to 


(O) my (3-26b) 


DX p(po){0). 


Po 


4. APPLICATION TO GASES OF LOW DENSITY 


In the present section we shall apply the general 
theory just developed to the evaluation of the mo- 
mentum spectrum and pair correlation function for 
gases at low density. Because of our assumption of low 
density, we shall keep only the lowest order terms in 
the scattering operators R,;. In Sec. 7 we shall show 
how to include more complex cooperative interactions 
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and give specific applications to both Boltzmann and 
Bose-Einstein systems of interacting hard spheres. 

A study of pair correlations in dilute gases has recently 
been published by Blatt.” He considered the simplified 
problem of only two particles interacting in a box. 
Where comparison is possible, our results are equivalent 
to those of Blatt. 

Before beginning a detailed discussion, we should 
recognize that the results of perturbation theory, when 
carried to only finite order, must depend to some extent 
on the set of unperturbed states chosen. When only 
pair scatterings are considered, it is relatively easy and 
natural to arrange the calculation in such a way that 
the unperturbed states are resolved into eigenstates of 
the angular momentum of interacting pairs of particles. 
We shall keep this point in mind, even though our 
explicit representation is that of single-particle mo- 
menta. In Sec. 6 the transformation from one to the 
other representation will be reviewed. 

Since the total momentum of a pair of particles is 
conserved in scattering, we may write the scattering 
operators 


Ri= (pips | R\ pips) 
=5(P;,,P;;')(kij|R| ki), (4-1) 


where 


P,;= Pit Ps, ki;=(pi— pj). (4-2) 


First, when the density is low, we expect Eq. (3-23) 
for a(i) to lead to 


1 ~{G-40 , 
pate als) E]—— lhl Rl kos)} - 43) 


a i kis aij 


Here Ao is a projection operator onto the state | po) and 


1 
dij [ Roi? = ki? |, (4-4) 
M* 


’ 


where M* is the “effective mass,” as described in Sec. 
3. In obtaining Eq. (4-3) from Eq. (3-23), we have 
kept only the first term in M,(i). The quantity a(/) 
occurs within the summation in Eq. (4-3) for the same 
reason that the a’s occur in Eq. (3-24): a(j) represents 
the “probability” that particle “j” is available to 
interact with “7” and is not in interaction with a third 
particle. [Formally, we are evaluating the expectation 
value of | (1/d,;)Ri;|* for the new many particle system, 
with particle “i” missing. Since this is of the form 
(O(p;)), the quantity a(j) occurs here for the leading 
term just as in Eq. (3-24). ] 

Equation (4-3) may be put into a somewhat modified 
form by defining 


1 1 
m=1+— (1—Ao)Riyy=1+ . (1 —Ao) V ism. 


di; di, 


(4-5) 


3 J. Blatt, Nuovo cimento 4, 430 (1956) 
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Now, since (ko«;|m| koij)=1, we may write Eq. (4-3) as 


1/a(i)=14+E al j -1}, (4-6) 


? kij 


{> 


— 


| (Raj| m| Ross) |? 


involving the norm of m. In Secs. 6 and 7 the evaluation 
of this will be discussed and generalized. 

Let us now calculate the momentum distribution 
P(p) of the particles within the medium: 


1 6N 
Ls(pi—p). (47) 


\ i=! 


P(p)=(¥,0¥), O 


From Eq. (3-24), we obtain 


VP(p) (po 5(p,- p)| pr 


>2 a(i| 


' | i Rdevisl 
+E al ne Rij Po—6(pi- p) PaRu| po) } 
i | dij dij | 
- 


— 


a(t) (, pit > a(7) po (pi- p) 
i ki; 


(1—Ao) 


dis 


|’ ' 
* (kj! R| ko,,) | ; (4-8) 
Use has been made of the form (2-5) for | po) and of 
(4-1) for Rij. 
It is evident from Eqs. (4-3) and (4-9) that P(p) is 
correctly normalized, 


V 
fro d*p=1. 
h’ 


On the other hand, it is evident that this approximation 
fails for d,c~0. Further discussion of this point will be 
left to Secs. 6 and 7, where cooperative phenomena 
are described. For practical applications it appears 
that we can set a(i)=1 in Eq. (4-8) when we are 
interested in the high momentum tail of P(p). 

The next quantity to be calculated is the coordinate 
space probability C,(r) for a particle, 


(4-9) 


1: 
(V,oV), 0 * 6(4;—1f). 
N i=! 


Ci(r) (4-10) 


This may be transformed to momentum space to give 


1 
o=— DX (pi | O:| pa) 
UN 3 
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Equation (3-24) is again used to give 


1 
>: a(t) {(po| Oi} Po 


UN 3 
I | 
et Pi pi’) PaR.} po). 
dj; 


| 1 
+> al A pa) RuPo 
j | d 
(4-12) 


ij 
a" 
1. Also, since Pyj’=Pij= Poy and 


p; in the second term 


Ci(r) 


Now (fo| 0;| po 
p; = p, above, it follows that p,/’ 
in (4-12). Thus 


; l . 
Ci(r) »% 


a(i)} 1+>¢ a(j) 
NW i i 


= . 
x ¥|—(1—Ao) (ki, | R| Kos,) | 


kij | dij | 


1/V, (4-13) 


by Eq. (4-3). We of course knew this at the outset, 
since it merely states that any given particle has no 
preferred position in the box. 

Less trivial is the two-particle correlation function 
C2(41,82) : 


C2(14,¥2) (V,0OWV), 


r;)5(zj;— fs). 


Transformed to momentum space, the operator is 


1 
0 ~ (p.’ |x| ps) (py’| Os! py) 
N?U? ini 


(4-15) 


in the notation of Eq. (4-11). In the evaluation of Eq. 
(4-14), there are two types of terms: those for which 
“i” and “7” belong to different clusters and those for 
which and “7” belong to the same cluster. As in 
Eq. (3-25), the former terms lead to C\(1,)C2(12), or to 
no correlation. Thus 


TPL 
1 


2 a(t)a(7) 


Vy 2 ix j 


C2(11,82) = Ci (Ci (42) 4 


x{ p | 4 


+ ) Rij 
pi’ pj’ dij 
Po 
+ So Rye we! tt py! +42) 


PiPi, dij 
bi’ Pi 


i( pod «tit poj -12) } os et (pint 


PiPj 


1 
Pre # 


Pi’ rit pi’ +82) pil pos 


xK e' pi Tit py t2 


Po 
Rij | 


( 


| 
»») (4 16) 
| 


ij 
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Since total momentum is conserved, Eq. (4-16) involves 
only the two-particle relative wave function 


etki af 


dois(r) = chou #4" — 


ky di; 


(kij|R|kos;), (4-17) 


where 
f= f\;— fe. 


Introducing Eq. (4-17) into Eq. (4-16), we obtain 


1 
C2(t1,82)=—— {a(i)a(j) | oi;(r) |? —a(i)a(j) +1}. 
N*U? iAxj 
(4-18) 


As the density of the gas approaches zero, we expect 
the a(i) — 1, In this case, Eq. (4-17) does not approach 
Blatt’s® correlation function, except for weak inter- 
actions."* If we make the assumption of very low density 
at the outset, however, we may easily modify Eq. (4-6) 
so as to obtain Blatt’s result.’* We begin with an angular 
momentum representation, so the wave function m of 
Eq. (4-5) is labeled by the angular momentum /: 


m (k| m,| ko). 


In this representation it is clear that we must give up 
the assumption that C,/C factors, as in Eq. (3-22). This 
results from the fact that two particles are close to- 
gether as long as / is small. Thus, for two particles we 
write 

Ce 1 

ai(ij), <= LL | (Mess mei | Koss) |?, 


ai(ij) hij 


(4-19) 


using Eq. (3-20). We next resolve the wave function of 
Eq. (4-17) into partial waves: 


doij(7) = > (214+-1)i'P (cos) gi(koi7). (4-20) 
l= 


Repeating the calculation that leads to Eq. (4-18), and 
keeping only interactions of the pair (i,j), we obtain 


1 
C2(t1,82) = N > > (214 1)ars(ij) | gi(Rox;) |. (4-21) 


242 im; | 
Since g; is the coordinate space traceform of (k|m;| ko), 


gi= D0 julkr)(k| mz! ko). (4-22) 
, 

By Eq. (4-19) we see that a(ij) just normalizes g; in 

Eq. (4-21) so that 


1 
fir) =[ai(ij) |'g1 + —— sin[koi—}al+6,). (4-23) 


oui” 


If the states ko;; are occupied according to a Maxwell- 
Boltzmann distribution, we must average Eq. (4-21) 

“Except for the normalization of @o (see Sec. 7), Eq. (4-18) 
has the same form as Blatt’s result. 
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over this distribution. We recall that some of the states 
fi(Rkoy) may be bound states of the two-body system. 
We relabel such states as fy and obtain from Eqs. 
(4-21) and (4-23) 


1 
C2(1,42) =— Healey exp(—Be:)| ful? 
Uv? 1 b 


. (4-24) 


6 \! BR? 
+f(—) itkexp| — [Ina 
Mr M 


Here ¢,; is the energy of the two-particle bound state. 
Equation (4-24) is precisely Blatt’s equation. 

Equations (4-3) and (4-19) have given us two dif- 
ferent approximations for the normalization constants 
a(ij). In obtaining Eq. (4-24) using Eq. (4-19), we have 
encountered a failure of the factorization (3-22) of 
a{ (i), |. This has occurred because of the very long- 
range correlations possible in an extremely rarified gas. 
At finite densities, we conjecture that Eq. (3-22) is 
usually valid, since “shielding” of long-range correla- 
tions seems to occur. This is further discussed in 
Sec. 7. 


5. DEGENERATE SYSTEMS 
For degenerate Fermi-Dirac or Bose-Einstein systems 
it is simplest to introduce second quantization, as was 
done by Brueckner and Levinson? In this case we 
replace t, in Eq. (2-8a) by 


ijter= niin, (ij |t| kD) nine. (5-1) 


Here n;' and »; are, respectively, creation and anni- 
hilation operators into the single-particle state with 
momentum p,; and spin (and isotopic spin) s;. (ij|t| Rl) 
represents the [ (direct)+ (exchange) | scattering opera- 
tor, as in Eq. (2-8a). The remaining Eqs. (2-8) are 


1 
M=1+-Py) > ;jter Mei, 


a ijkl 


1 
Mir=14+-Po SY ijtey Moy, 


a ij(#kl) pq 


Ao(p) =(p| > ijter Mail p). 
ijkl 


(5-2) 


The operator © is written 
O= LD atlh’)---at(t)n(t.)- + nh) 
I++’ 


XK (dy'- +h,’ | Olly + +d). (5-3) 


With these modifications, the remainder of the de- 
velopment of Sec. 3 is unchanged. The graphical 
representation may be used as before; only now the 
indices refer to states that are occupied rather than to 
specific particles. 

We shall apply our results only to the lowest state of 
Fermi-Dirac systems in this section, although the 
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method is of course generally applicable to excited 
states and to Bose-Einstein systems. Then the state po 
refers to a completely degenerate Fermi gas. In the 
notation of Sec. 4, the quantity 


1/a(t)=1+4 ¥ ja(7)G,;(0), (5-4) 
with 

1 | 2 
(1—Ao)(ky;| R| Rois) |} - 


Pi 


Gij(r) => eth 


kij d 


Here (1—Apo) is a projection operator which prevents 
either p,; or p; in the sum over k,; from lying within the 
Fermi sphere. 

We shall first give the two-particle correlation func- 
tion C2(r;,r2) in a single-scattering approximation for 
the ground state of a system of N spin one-half fermions 
in the volume U. The Fermi momentum pr is deter- 


mined by 
N=(2U i) f 
p 


=—— DF at(i’)nt (7) n( 9) n(0) 
N?U? #763 


d*p. 
<pr 


Xexp[—i(pi’— pi): 1] expl—i(p/—p,)-t2]. (5-5) 


To evaluate 


Co(¥1,82) (V,OV), (5-6) 


we begin with the zeroth-order term, illustrated in 
Fig. 2(a): 


1 
(po| O| po) = ae =X alija(j){1 —5(s;,5;)etPs tet Ps “FY 


N ij 


=—— } {ali)a(j)— LO (r)}, (5-7) 
N?U? ii 
where 
2U 


— 
O(r) =- f dpa pe'?*, (5.8) 
vJ i 


and 
r=f— ft 

is the relative coordinate of the two particles. With 
a(i)=1, Eq. (5-8) gives the Wigner-Seitz formula,’® 

The terms for which only one of the two particles 
scatters are shown in Fig. 2(b), 

¥ ali) & all) {al {)Gi(0) —30(r) Re[Gilr) ]}. (5-9) 

ij I 

The terms for which both particles scatter but are 
uncorrelated are illustrated in Fig. 2(c): 


1X alialj) ¥ a(ka(l) {Gx (0)Gj1(0) — 2Ga(n)Gyi*(8)}. 
7 a (5-10) 


16 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 241. 
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Fic, 2, Linked cluster contributions to the expectation value of a 
two-particle correlation function 
Finally, the terms for which both particles are 
“linked” are illustrated in Fig. 2(d): 


1S a(t)a(7){2 Ref Wois* (doi; 


7) 


Wor) + | Poi Wor oP 


where 


Wois 


ike 


et koi Fxoi(t) x0; 1)—€ 4 Fy gs 1)x0,(1), 


1 
ois Yost>. etki \x,(1 Ao) (Ky;| R| ko,;), (5-11) 


kij Ay; 


and xox(/) is the spin function for particle | when it 
has spin orientation k. Thus 


C2(81,82) 


1 
> {1—40°(r) O(r)>- a(L)a(1) 
VU? ii 


t 


x Re[Galr) ]—-> a(i)a( j)a(L)a(m) 
lm 
X Gii* (r)G jm(r) +-4a(i)a(7) 


K (| dois]? — |Wous|)}, (5-12) 


when we make use of the formula for the normalization 
constants a(i) [Eq. (5-4) ]. 

To show how the formalism we have developed may 
be applied to nuclear physics, we shall use a simple 
nuclear model to calculate the momentum distribution 
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Fic, 3. Linked cluster contributions to the expectation value of a 
single-particle property such as the momentum spectrum 


of the nucleons and the relative momentum distribution 
in nucleon pairs. We shall consider a large nucleus with 
mass number A and volume VU and shall neglect all 
charge-dependent effects. Every momentum state then 
has the fourfold degeneracy associated with the spin 
and isotopic spin degrees of freedom, The Fermi mo- 
mentum of the completely degenerate unperturbed 
state | po) is determined by the equation 


11 167 U 
‘| dp pr’. 
h* pop 3 ht 


b 


(5-13) 


The momentum distribution P(p) is the expectation 
value of the operator 


O(p) > 5(p.,p)n.'ns. (5-14) 
As 


In the unperturbed state it correctly gives 
(pol O(p)| po)=4/A, p<pr 
(), p> pr. 


Po(p) 
¥ (5-15) 


The actual momentum distribution is 


1 


P(p)=—(po| M'0(p)M | po). (5-16) 
C 


The diagrams for the perturbation terms we shall con- 
sider are given in Fig. 3. It is clear from Fig. 3 that 
diagram (a) contributes only when the momentum p is in 
the Fermi sphere, p< pr, while diagram (b) contributes 
only when p is outside the Fermi distribution, p> pr. 
Consequently the momentum distribution is 


1 4 
> «(i)d(pi,p) pth)» p<pr 
A i / 


P(p) 


1 me i. 
= — ¥ a(ija(j) i —(1—Ao 


2A ii weet |Oij 


(5-17) 


\2 
| 
X (p— Pos, 5451] R| oss, si89)| ’ p> pr, 
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where we have indicated the spin and isotopic spin 
index s explicitly. This expression is correctly nor- 
malized since a(i) satisfies Eq. (5-4): 


+“ 
E P(p)= Dal) {14 ¥ als) 


2 


1 
(1—Ae) (ki Rlkos)| |=1- (5-18) 
| 


tJ 


xd 


kaj | ¢ 


The a(i) measure the depletion of the states within 
the Fermi sphere that is caused by the excitation of 
nucleons to high momentum states. For a rough esti- 
mate of the tail of the momentum distribution, we may 
set them equal to unity. We may also neglect the initial 
momenta compared to the final momenta and approxi- 
mate the energy denominator by the relative kinetic 
energy of the two particles in the intermediate state 
Since, finally, the exclusion principle will not affect 
the highly excited particles, we may replace the off- 
diagonal scattering operators in Eq. (5-17) by the wave 
function m~1-+-(1/d)R defined in Eq. (4-5). The sum- 
mation over all states i and j then contributes just a 
factor A* besides averaging out the spin- and isotopic- 
spin-dependent interaction and coefficients depending 
on the initial momentum. We obtain 


1 |A(p|R\0)\? 1 
P(p) ~ 


A(p|m|0)*, 
2A\| p*?/M | 2A 


p> pr, (5-19) 
where R and m are the averaged operators R and m. 

This function is often compared with the momentum 
distribution in the deuteron, which also depends on the 
two-nucleon interactions. For the two-nucleon system 
in the volume VU, the matrix m is 


1 
(p| m| ko) =— 
U o 


f cP th, o(r)dr, (5-20) 


where ¢xo(r) is the deuteron wave function normalized 
to correspond to the scattering state labeled by the 
momentum k,. That means that its asymptotic form is 
equal to the asymptotic form of the scattering wave 
function, Eq. (6-10), at the surface of the nuclear po- 
tential, or at the origin in the zero range approximation 


5(ko) 
capital nities limh(r)=1, (5-21) 
or ie 


where a is the radius of the deuteron and the effective- 
range expression is used for the phase shift, (ko/pr) 


X coté (ko) ~ —0.2+ (k/pr)*. If we define 


bo(p)=(2n)* | ee th(reerd'y/r, (5-22) 





Ol 
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then 


(p | m | ky) - [( 2r)* VU PL 3 ko)/ko FP pp( p) ' (5-23) 


Since the coefficient depends on the initial momentum 
ko, one must average over the Fermi distribution, with 
the resu!t 


((6(Ro) ko)* )w~ 43 pr’. (5-24) 


With the usual continuum normalization, the asymp- 
totic momentum spectrum becomes 


P(p)@'p~114rpr|do(p) |*d*p. 


Any of the deuteron wave functions substituted here 
gives a surprisingly large result. This may be traced 
back to the large coefficient in Eq. (5-24) which is 
caused by the fact that the deuteron is a bound state. 
We may expect that the neutron-proton system in the 
nucleus, where low-energy intermediate states are for 
bidden by the exclusion principle,?'* does not have a 
bound state and is more appropriately treated in Born 
approximation, 6(ko)~ako, where a is a reasonable 
nuclear length. The estimates in Eq. (5-24) and (5-25) 
are then reduced by an order of magnitude to 


P(p)Pp~10rp r| dn (p) |*d*p, 


which is less than a percent of the Fermi distribution 
Po(p) above 100 Mev. 

To find the relative momentum distribution of 
nucleon pairs, we first seek the momentum correlation 
function P(p;,p2) which is 


P(pi,P2) = (V, 0(pi,p2)Y), 


=A~* S° .nt(s)nt(t)n(t)n(s) 
6(pi,P.)5( po, Pe). 


(5-25) 


(5-26) 


(5-27) 


O( pi, p2) 
(5-28) 


As is shown in Eq. (3-25), this distribution gives rise 
to a correlated part /’(p,,p2) and an uncorrelated part, 


P(pi,p2) = P( pi) P(p2) +P’ (pi, pe), (5-29) 


where P(p) is the single nucleon momentum distribu- 
tion given in Eq. (5-17). The correlated part P’ is 
described in first approximation by Fig. 2(d) with the 
operator © from Eq. (5-24). Its value therefore is 


1 
P' (pi, Pe) 


1 I 
> a(ija(j)s(p P,..)| (k|R ko«,)| ’ 


QA? ij di; 


(5-30) 

where 
k= }(pi— pz), 
and (5-31) 


P= Pit Po. 
Unless the average momentum $p lies within the Fermi 
sphere, therefore, P’ vanishes. 
The relative momentum distribution function D(z), 


16H. A. Bethe, Phys. Rev. 103, 1353 (1956), and Paul Martin 
(private communication) 
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finally, is obtained by integrating Eq. (5-29) over all 


values of p while & is constant: 


D(k)= f POp+k, \p—k)d'p 
[Pap +k) P(4p—k)d*p 


+ fr bp+k, 4p—k)d*p. (5-32) 


We again seek an expression for the high momentum 
tail of this distribution, such that k>>p,r. If we neglect 
the original momenta relative to k and set a(i) 1, the 
second integral in Eq. (5-32) becomes 


| x | (Ke) R | eos) |? 1 |A(k| RO) )2 


2A? i7| /M 


I 


|A (kK! m|O)|*. (5-33) 


2A 


Since at least one momentum must be much larger 
than the Fermi momentum, and since the single mo 
mentum distribution is small for such high excitation, 
the dominant contributions to the first integral come 
when either p;=4p+k or po=4p—k is in the Fermi 
sphere 


fro k) P(4p—k)d* pal P(2k) + P(—2k) | 


8 |A(2k| R)0) 
A| 4k/M 


Pay 
1A (2k! m|O) |? 
1 


lor the large nucleus we have in mind, this last 
contribution dominates Eq. (5-33). It therefore approxi 
mates the distribution function 


& 
D(k) =—| A (2k! m|0) |*, 
A 


k> pr (5 35) 


It is interesting to note that D(k) is the same as /’(p) 
except that the scattering operator must effect twice as 


large a momentum transfer. 


6. TWO-BODY WAVE FUNCTIONS 


In Sec. 3 expressions were derived for the mo 
mentum spectrum and pair correlation function for a 
dilute gas. To evaluate these it is necessary to have the 
two-particle wave functions. The determination of 
these was to some extent discussed in I; a more thorough 
treatment is now given. 
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The problem is one of boundary conditions. As in I, 
we use the somewhat artificial boundary condition 
that the two-body wave function vanish when the rela- 
tive coordinate r of the two particles is equal to Ro, the 
radius of a large sphere. This provides a boundary con- 
dition which is relatively easy to handle. The physical 
justification would seem to be that the actual properties 
of interest in an extended system are independent of 
the shape of the container for the system. We shall 
also neglect any spin-orbit interactions, These may be 
handled in a straightforward manner, but complicate 
the discussion, 

The wave functions for noninteracting pairs of 
particles in an angular momentum representation are 


x(k! us n)= Y "(0,p)aji(kar), 


6- 
a= k,(2/Ro)', Ji(knRo) =(), + I) 


For kRy>l, the wave number & is related to the radial 
quantum number n by 


k,Ro—4nl= nr. (6-2) 


We may also use plane waves 


x(k; r)=Untet® (6-3) 


where 


VU= (49/3)Re’. 


The density of k-states is 


U 
~-— fanuk.tbk., bk, =1/Ro. (6-4) 
a. 


, h 


Here dQ, is an element of solid angle about the direc- 
tion of k; the last step follows from Eq. (6-2). 

The transformation from the k to the (&,,/,u) repre- 
sentation is given by 


x (Rn ls =D x(k"; (kh | Tl Re’ lu), (6-5) 
where 
(| T'| Ry’ le) =5(k, Rn’) X 40-1 Ro/2k*)4( —i)'¥ *(k) 


(Ry’byue| T\k)*. (6-6) 


The notation V “(k) implies that Y;* is a function of 
the direction of the unit vector k=k/k. 

As was shown in I the scattering matrices R on the 
energy shell are 


Ri(k) = —2kb,/M Ro, (6-7) 


where 6, is the scattering phase shift for the two par- 
ticles in a state of angular momentum /. In the k- 
representation, we have (again on the energy shell) 


Rik) = (k'| 7) Ru) Ri(k) (Ryu | 7 |) 
liu 


~ (4h? /MOR)S. (214+-1)5 Pk’: b). 


l= 


(6-8) 
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The momentum space wave function for a pair of inter- 
acting particles is given by the matrix element (k|m| ko) 
of Eq. (4-5). This wave function is not normalized to 
unity, since (ko|m| ko) =1.'" Alternatively, we have the 
wave function in coordinate space, 


o(ol,u; r)= » X (Ryle) (Rnl,m| m| Ro,lm) 


nlp 
=V (P)agior(r). (6-9) 
The asymptotic form of g; as r—> © is 
Brot (7) ~ (Ai/kor) sin(ko'r—421+-6,), (6-10) 


where ko’ differs from ko by a small quantity 6k be- 
cause the wave function still must vanish at r= Ro: 


ho’ = kot-bho, bko = — 5:(ko)/Ro. 


The quantity A; is a normalization factor which is 
determined by the condition that 


(Roby |m | hot ,u) = ’ 


or that 


fread r)(Ro,l,u; r)d*r =1. (6-11) 


Since Ro is considered to be very large, this integral is 
approximately 


aA l 


Ro 
f dr cos(6k r+-61) =A, sind;/6;=1, (6-12) 
0 


2ko? 


A. =6,/sin6é. (6-12’) 
On transforming to the k-representation, we have 
o(ko; r)=U e+ 2 (2+ iP (Fk) 
X Lgror(r)— ji(kor) ]}. (6-13) 


This expression must in general be symmetrized 
properly for Fermi-Dirac or Bose-Einstein statistics. 
We readily verify that 


foot r)p(ko,r)d*r =1, (6-14a) 


and 


fied r) | 2d 


1+ (4Ro( 2ho?'V)D (21+ 1)[ (6 1/sind ,)?— 1] 
= >>| (k| m| ko) |?. (6-14b) 


This result is to be used in Eq. (4-6) to determine 
the a(t). Because of the Ro on the right-hand side of 


‘7 A complete discussion of this point is given in I. 
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Eq. (6-14b), the a(i) are O( Ro). This unphysical re- 
sult appears to contradict the assertion made earlier 
that the a(i)~1 for low-density systems. The source of 
our difficulty lies in the approximate Eq. (4-6), which 
over emphasizes the importance of the unperturbed 
state. As is indicated in the next section, multiple inter- 
actions are expected to “erase” this strong dependence 
on the unperturbed state po. Had we used the correct 
propagator (3-23) rather than the approximation (4-4), 
this “smearing” would probably have occurred already 
in the approximate Eq. (4-6). 


7. MULTIPLE INTERACTIONS 


The difficulties just encountered may be avoided by 
including more complex interactions. A straightforward 
way of doing this has been described,®!* which involves 
explicitly summing an infinite sequence of perturbation 
terms. 

We shall actually consider a system with energy near 
its ground-state energy. Suppose that every particle 
receives only a momentum + q or — q on being excited 
out of its ground state. Reasons for considering these 
terms have been given previously. '* These are based 
on the supposition that large clusters will tend to in- 
volve coherent motion of the particles when the system 
is near its lowest energy state. 

For states near the lowest state the energy denomina- 
tor d is approximately 


d=nD, D=—4q/M*, (7-1) 
where n is the number of pairs of particles excited with 
momentum +q. To illustrate our method we first 
consider the simple approximation in which only two 
particles at a time are excited. Let 


1 1 1 1 1 1 
U,=—R+—2apN R—R+—2apN R—2ayN R—R+ - - - 
D D D D D D 


1 


= ———R (7-2) 

D = 2aoNR 

The function U, is to replace the quantity (1/d)R 
of Sec. 4. The physical interpretation of Eq. (7-2) is 
that a pair of particles is first created, then may scatter 
with the remaining particles in such a manner that only 
two particles at a time are excited. The parameter ap of 
Eq. (3-22) occurs as the probability that any given 
particle is available to interact. (We have set all the 
a(i)=ao, since we have assumed all particles to have 
zero momentum in the unperturbed state.) This is in 
precise agreement with our general equation (3-24), but 
may be restated for Eq. (7-2) as assigning a factor ao! to 


Brueckner, Phys. Rev. 106, 364 
106, 1117, 1128 


18M. Gell-Mann and K. A 
(1957). 

1K. A. Brueckner and Sawada, Phys. Rev 
(1957). 
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each single particle creation and to each single-particle 
annihilation process, 

Replacing (1/d)R in Eq. (4-8) by U,, we obtain the 
momentum spectrum 


VP(p) (po > 5(p,p) Poao + Nay? (p|R Q) 2 


Pp 2 
x| +2Nao(4p|R | . (7-3) 
M* 


Going to the limit of a continuous spectrum, we have 
the spherically symmetric result 


dP =P(p)Ud*p/h 


pau?) + (Nav h’) (p R 0) . 


FP 2 
x| t2Nao(hp|R ) ; (7-4) 
M* 


Here the spectrum Po(p) of the unperturbed state is 


normalized : 
fro p)d’p=1. 


for a 


which provides an equation to determine ap. It is easy 
to see that this gives the same value of ag as does 
the general definition (3-23a), if we use the same 
approximation : 


Also, of course, 


(7-5) 


ag '=(by,M,tM ib; Pe 
1 1 1 

M, 1 Pd Rao! + 2aoN R Ray} t cigks | 
D D D 


1 
1 + P» Rao, 
D 2NaoR 


2 


me 
l=1+ay> (4) R\0) | : + 2Nao(4k|R ) 
M 


k 


This clearly normalizes Eq. (7-4) to unity. 
Let us specialize our results to a gas with hard-sphere 
interactions of radius a (M*= M): 


Po(p) = (B/24M)} exp(—Ap*/2M), 
(p|R|O)= (4p|R\4p)=49a?/MU, p=N/V. 


This expression for R is evidently valid only for low 
energies. 
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In this case, the normalization condition (7-5) and 

the expression (7-7) lead to the equation for ap, 
aot ag (xpa*/2ay)! = a 


In the approximation of Eq. (7-2), the pair correla- 
tion function [Eq. (4-13) ] is 


Co(t1,82) = U7 {14+ ae?[_29(r) + @(r) |}, 


(7-8) 


(7-9) 
where r=r,— rz and 


= eee (7-10 
gr - ’ aaa 
k [D—2Nao(4k| R| 4k) | 


For hard-sphere interactions, with R given by Eq. 
(7-8), we have 


g(r) (a/r)e*’, x=8mrpacah’. (7-11) 


Thus 


C2(14,82) 


~U 41+ ae —2(a/r)e "+ (a/r)*e?* |}. (7-12) 


ao is determined by Eq. (7-8). 

As discussed in reference 5, the technique used in 
Eq. (7-2) may be generalized by introducing a set of 
amplitudes U, for m excited pairs: 


n n(n+1) agN?R 


U,=—(2aoN R)U ,+a0 RU n4 


1 Us l- 
nD nD nD 


(7-13) 


These equations may be further generalized, but a de- 
tailed discussion is beyond our present scope. 


KARPLUS AND 


K. M. WATSON 


We finally observe that Eq. (7-12) applies also to the 
ground state of a Bose-Einstein gas of interacting hard 
spheres. To show this, we desire the expectation value 
of ©, as given by Eq. (5-5) except that now the » and 
n' are Bose-Einstein annihilation and creation operators, 
respectively. 

Using the R’s of Eq. (5-1), the “linked” terms for 
the two particles are 


1 
hagtN? > [et* *+e- *}-(k| R|0) 
NU? . d 


1 2 
+ Peed) Y [etter] (| RO) . (7-14) 
k 


The denominator d is, according to Eqs. (3-12), 
d= D(k) 
= — (#/M+ao_2(4k| R| §k)— (0| R|0) }}, 

if we keep only first-order terms in the scattering 
matrices, as in Eq. (4-3). Using 

(k| R| k) ~8xrah?/Mv, 
which is just twice the value (7-14) since R is now the 
sum of direct and exchange terms, we add to Eq. 


(7-14) the “uncorrelated term” 1/0? to obtain C2(1,r2). 
The value is precisely that of Eq. (7-12).” 


(7-15) 


(7-16) 


* Because of the approximations we have made, Eq. (7-12) 
is valid only over an intermediate range of distances. At distances 
smaller than a, the exact function vanishes, of course. C. N. Yang 
has informed us that, at very large distances, the correlation 
function for hard-sphere bosons decreases less rapidly than Eq. 
(7-12) implies. 
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The mobilities of mercury ions in helium, neon, and argon have been measured at 300°K. The values 
obtained are uo 19.6 (He), 5.95 (Ne), and 1.84 (A) cm?*/volt-sec. These values are in agreement with 
extrapolations of the mobility versus mass-number curves obtained for alkali ions in the noble gases by 
Tyndall and collaborators. The experimental values for Hg* are compared with the Langevin theory in 
the polarization limit. Good agreement is obtained only for the case of argon. 


I. INTRODUCTION 


EASUREMENTS of the mobilities of mercury 

ions in the noble gases provide an opportunity 
to study the motion of a simple heavy ion through 
simple gases under circumstances in which only inter- 
actions such as polarization attraction and short-range 
repulsion are expected to be of importance. In addition, 
the measured mobilities are of value for calculations of 
the positive column characteristics of mercury-noble 
gas discharge lamps. In the present paper we present 
the results of studies of the mobilities of mercury ions 
moving in helium, neon, and argon in small to moderate 
drift fields and compare our results with related 
measurements and available theories. 


Il. EXPERIMENTAL APPARATUS 


A simplified block diagram of the mobility tube and 
the associated electronic equipment is given in Fig. 1. 
This apparatus has been described in detail previously’ ; 
therefore, only a brief résumé will be given here. A 
discharge lasting about 0.5 usec is generated by appli- 
cation of a voltage pulse from the pulse amplifier to 
the discharge electrode at the left. Some of the ions 
formed in the discharge move through the grid and into 
the drift region where they are drawn to the collector 
as a result of the applied drift field. The motion of the 
ions in the drift space induces a current in the external 
circuit which develops a voltage across the resistor, 
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Fic. 1. Simplified diagram of the ionic mobility 
tube and associated equipment. 


!M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954). 


R. Following amplification, the voltage wave form is 
applied to a synchroscope with calibrated time base. 
The transit time is determined form the break in the 
wave form when the ions reach the collector. The 
actual data are obtained by differential measurements 
using two different positions of the collector electrode. 
In this way injection effects through the grid are 
eliminated. 

The gas-handling system used to introduce the 
mercury-noble gas fillings to the mobility tube is shown 
in simplified form in Fig. 2. The system is of the ultra 
high vacuum type? in that it is fabricated of components 
which can be baked at >450°C during processing. The 
system reached a pressure of ~10~* mm Hg and a rate 
of rise of ~10~ mm Hg/min when isolated from the 
pumps. The gas samples were Airco “Reagent” grade 
and the mercury was multiply distilled into the break- 
off capsule. All-metal vacuum valves? served to isolate 
the system from the pumps and to admit gas to the 
mobility tube from the flask. The permanent gas 
pressure was read by means of the bakeable oil ma- 
nometer® while the copper trap* prevented oil vapor 
from the manometer from contaminating the rest of the 
system. The liquid-nitrogen trap prevented mercury 
vapor from attacking the metal valves. The mercury 
vapor pressure in the mobility tube was somewhat less 
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Nitrogen Copper Trap 
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Fic. 2. Gas-handling system for the introduction of mercury 
noble gas fillings to the mobility tube. The area inside the dotted 
line is baked out. 

2D. Alpert, J. _- Phys. 24, 860 (1953). 

*M. A. Biondi, Rev. Sei. Instr. 24, 989 (1953) 

‘D. Alpert, Rev. Sci. Instr. 24, 1004 (1953) 
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F1G. 3. Mobility as a function of E/p of mercury ions in helium 
at 300°K. The solid lines indicate the previously measured values 
for He* and He,* 


than the equilibrium value at 300°K as a result of the 
pumping action of the liquid-nitrogen trap. However, 
at all times, sufficient mercury vapor was present in the 
tube so that mercury ions were the predominant species. 
This point was checked by refrigerating a small part of 
the tube and observing the decrease in the mercury ion 
component of the current relative to the noble-gas ion 
component. 


Ill. MEASUREMENTS 


The measured mobilities of Hg*t in helium, neon, and 
argon as a function of E/p, the drift field to pressure 
ratio, are shown in Figs. 3-5. Following previous conven- 
tion, the mobility yo is defined at a gas temperature of 
300°K and a density of 2.69 10" atoms/cc (equivalent 
to 760 mm Hg at 0°C). The measured points are shown 
for Hg* together with lines representing the average of 
the data obtained for the molecular and the atomic ion 
of the parent gas. In the case of helium, Fig. 3, the 
mobilities of He,t and Hg* were found to be nearly 
identical over the measured E/p range. However, it was 
possible to see the Hg* ion current disappear and the 
He,* ion appear as one part of the tube was cooled to 
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Fic. 4. Mobility vs Z/p of mercury ions in neon at 300°K. The 
solid lines indicate the previously measured values for Ne* 
and Ne;’. 
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reduce the Hg*+ vapor pressure, The pure helium data 
obtained in this way agreed with the previously ob- 
tained values.! At low E/p the ion energy is essentially 
thermal (300°K); extrapolation to E/p=0 yields a 
value of uo= 19.6 cm?/volt-sec for Hg* in helium. 

The data for Hg* in neon are shown in Fig. 4. It is 
again possible to distinguish clearly between the ions 
Ne,* and Hgt by freezing out the mercury. The 
extrapolated thermal value for Hgt in neon is wo= 5.95 
cm*/volt-sec. 

The measured values in argon are shown in Fig. 5. In 
this case it is possible to observe all three ions, Hgt, 
A,*, and At, simultaneously. As in neon and helium the 
molecular and atomic ion mobilities agree with our 
previous results. The thermal value for Hg* in argon is 
Ho= 1.84 cm?/volt-sec. 


IV. DISCUSSION 


The present results for Hg* in helium may be com- 
pared with microwave measurements of the ambipolar 
diffusion coefficient of mercury ions in helium® by noting 
that under conditions of thermal equilibrium 


Dy~™~2D,, (1) 


where D, and D, are the ambipolar and ionic diffusion 
coefficients, respectively, and that 


D,/u4=kTs/e=kT/e, (2) 


where yw, is the ionic mobility, k is Boltzmann’s con- 
stant, and ¢ is the ionic charge; 7, and 7 are the ion 
and gas temperatures, respectively, and are assumed 
equal under thermal equilibrium conditions. The meas- 
ured value D,n=2.6X10" (cm?/sec) (atoms/cc) at 
290°K then yields the value uo= 19.8 cm*/volt-sec at 
300°K. This value is in remarkably good agreement 
with the value uo= 19.6 obtained in the present experi- 
ment considering the fact that the experimental error in 
either experiment is several percent. 
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Fic. 5. Mobility vs E/p of mercury ions in argon at 300°K. 
The solid lines indicate the previously measured values for A* 
and A;*. 


5M. A. Biondi, Phys. Rev. 90, 730 (1953). 
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TABLE I. Comparison of measured mobility values, wo, and 
values calculated from the polarization theory for Hg* in various 
noble gases at 300°K. (The mobilities are given in cm*/volt-sec 
at 300°K.) 


Polarization 
theory 


Present 
Gas experiment 
19.6 
5.95 


1.84 


Difference 

15.4 28% 
5.13 16% 
1.89 3% 


Helium 
Neon 
Argon 


The present results may also be compared with 
extrapolations of the mobility versus mass curves 
obtained by Tyndall’s group for alkali ions in the noble 
gases. The comparison for Hg* (mass number 201) with 
the alkali ions Lit through Cs* (mass numbers 7 
through 133) is given in Fig. 6. In all cases good agree- 
ment is obtained, although the data for various ions in 
helium show a slightly greater scatter than is the case 
in neon and argon. 

Also shown in Fig. 6 are the assumed values of 
Waymouth and Bitter’ for neon and argon, based on 
modification of the microwave values for Hg* in helium 
“for the difference in mass and kinetic theory cross 
section.” It will be seen that their estimated values are 
in very poor agreement with the measured values. As a 
result, in their analysis of the plasma of a fluorescent 
lamp, the calculations of the rate of loss of ions and 
electrons by ambipolar diffusion to the walls are 
seriously in error. 

A better estimate of the mobility of Hgt in the 
various noble gases can be obtained either by extrapola- 
tion of the Tyndall group data or by the use of 
Langevin’s theory in the polarization limit.’ Using the 
published dielectric constants’ for helium, neon, and 

6A. M. Tyndall, The Mobility of Positive Ions in Gases (Cam- 
bridge University Press, London, 1938), Secs. 30 and 31. 

7 J. F. Waymouth and F. Bitter, J. Appl. Phys. 27, 122 (1956). 

§ P. Langevin, Ann. chim. et phys. 5, 245 (1905). 

® Landolt-Bérnstein Tables, Alom- und Molekularphysik, 1 Teil, 
‘on und Ionen, edited by A. Eucken (Springer-Verlag, Berlin, 


IONS IN 


He, Ne, AND A 





28 T 


26 Li* Na*K* 


24 


22 


) 


*/volt-sec 
A. @ 


> ®D @®@ O 














Mass Number 


Fic. 6. The thermal (300°K) values of mobility as a function 
of the mass number of the ion for helium, neon, and argon. The 
o’s indicate the measurements of Tyndall’s group, *’s indicate 
the present values, () indicates the microwave result, and g’s 
indicate the assumed values of Waymouth and Bitter. 


argon in the Langevin formula, 
p=0.51[1+m,/m, |*/[ N(e—1) }}, (3) 


where JN is the gas density, ¢€ the dielectric constant of 
the gas, and m, and m;, are the masses of the gas atom 
and ion, respectively, we obtain the values listed in 
Table I. The agreement is poor for helium but improves 
in the heavier gases. Thus, one might expect a reliable 
estimate for the cases of Hg* in krypton and xenon 
through the use of the polarization theory. Such 
agreement between polarization estimates and measured 
values has been verified for the alkali ions.° 

The authors wish to thank A. V. Phelps and L. S. 
Frost for interesting discussions of this work. 
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Van Kampen’s method of treating the singularity which occurs in the solution of Boltzmann’s equation 
for plasma oscillations is applied to the corresponding problem in the presence of a uniform external mag- 
netic field. The propagation of electromagnetic waves in the direction of the field is considered in this paper. 
Expressions for the refractive index and damping of the waves have been obtained which show striking 
departures from the Appleton-Hartree electromagneto-ionic theory near the cyclotron resonance frequency. 


I. INTRODUCTION 


| the presence of an external magnetic field the 
motions of electrons in a plasma are very complex. 
The electrostatic and the electromagnetic modes of 
electron-oscillations of the plasma, which exist ordi- 
narily as independent modes,’ are in general, coupled 
due to the presence of the external magnetic field.‘ 
Only in the special case of a steady and uniform mag- 
netic field, whose direction coincides with the direction 
of propagation of the waves, are the electromagnetic 
and the electrostatic modes independent; the electro- 
magnetic modes in this case are circularly polarized. 
When propagation in directions other than that of the 
magnetic field are considered, the coupling of the elec- 
trostatic and the electromagnetic modes tends to zero 
in the limit of very large propagation constant,‘ i.e., 
when ck>Q and ck>>wo, 2 and wo being, respectively, 
the Larmour and the plasma frequency. In this limiting 
case one can use Poisson’s equation (instead of the 
complete set of Maxwell’s equations) together with 
Boltzmann’s equation to obtain the dispersion formula 
for the electrostatic modes.’ The present paper (Paper 
I) is concerned with the case when the direction of 
propagation is in the direction of the magnetic field. In 
a subsequent paper (Paper II) the case of the arbitrary 
direction of propagation will be treated. 

It is known that for plasma oscillations in the absence 
of external magnetic fields, the method of stationary 
solutions of the linearized Boltzmann equation without 
the short-range collision term, gives dispersion formulas 
which contain certain singular integrals.’* Recently 
Van Kampen® has shown that the prescription for 

* Research reported in this paper is supported jointly by the 
“Navy Fluid Behavior Research Project” and the “Study of 
Hydromagnetic Problems bearing on Geomagnetism Research 
Project.” 

t A summary of this work was presented at the 1957 Midwest 
Conference of Theoretical Physics held at State University of 
Iowa, Iowa City, Iowa, on March 15 and March 16. 

t On leave of absence from Ravenshaw College, Utkal Univer- 
sity, Cuttack, India. Present address: Institute for Theoretical 
Physics, Copenhagen, Denmark. 

''A. Vlasov, J. Exptl. Theoret. Phys. U.S.S.R. 8, 291 (1938). 

?D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951). 

*L. Tonks and I. Langmuir, Phys. Rev. 33, 195°(1929). 

‘FE. P. Gross, Phys. Rev. 82, 232 (1951). 


*H. K. Sen, Phys. Rev. 88, 816 (1952). 
*N. G. Van Kampen, Physica 21, 949 (1955). 


integrating across the pole in these integrals is deter- 
mined uniquely by the initial conditions of the problem. 
Exactly the same type of singular integrals occur in the 
dispersion formulas for the plasma oscillations in the 
presence of an external magnetic field. The application 
of Van Kampen’s technique to the problem of electro- 
magnetic oscillations propagated in the direction of 
the magnetic field shows that the refractive index of the 
plasma does not tend to infinity at the electron cyclotron 
resonance and that these oscillations are damped, 
the damping being maximum at the cyclotron fre- 
quency. This is in contrast to the ordinary Appleton- 
Hartree theory (hereinafter referred to as AH theory) 
which does not taken into account the thermal motion 
of electrons. 


Il. DISPERSION FORMULA BY THE METHOD OF 
STATIONARY SOLUTION OF THE 
BOLTZMANN EQUATION 


In the absence of short-range collisions, the Boltz- 
mann equation describing electrons in the plasma can 
be written as 


of e 1 
—-+u-v,f-—(E+-uxB)-¥./=0, (1) 
lt Cc 


m 


where f= f(r,u,/) is the distribution function, u is the 
velocity vector, B is the steady, uniform magnetic field 
vector, and Y, and ¥, are the gradient operators in the 
coordinate and the velocity space, respectively. The 
electric field E arises from the charges and currents that 
develop in the plasma in consequence of departures 
from the equilibrium state. Consequently E obeys 
Maxwell’s equation. Thus we must have 


VeX(V 


where j denotes the current density vector; this can be 
expressed as an integral over the distribution function 


f: 
j=—ef uféu. (2b) 





PLASMA OSCILLATIONS 
It will be seen that in virtue of Eqs. (2a) and (2b), 
Eq. (1) is nonlinear in f. However, if one is dealing 
with very small departures from equilibrium, as obtain 
in oscillations with small amplitudes, Eq. (1) can be 
made linear by the following procedure. We split the 
distribution function f into two parts: 


f(r,u,t) = nofo(u)+ fi(r,u,t), (3) 


where no is the electron density, fo(u) is the equilibrium 
distribution function when the system is not oscillating, 
and f,(r,u,t) represents the perturbation caused by the 
oscillations. We assume that /i< fo, and neglect terms 
quadratic in f; in Eq. (1). We then get a linear Boltz- 
mann equation for f;: 


Of; é 
—+u0-¥,fi— 


at m 


1 
(E+ uxB) VWult 
c 


e 
—(uXB)-¥.ufo. (4) 
mc 


Since in the absence of oscillations f; should vanish, 
we have the following differential equation for fo(u) 
from Eq. (4): 


(uXB)- Vy fo(u) 0, (5) 
whose solution is immediately found to be of the form 
fo(u) = fol (us?+-m2")4, us). (6) 


Equation (4) now becomes, as a result of Eq. (6), 


Of; e 1 
—+u-Vrfi- (E+-uxXB) af 0. (7) 


at m ri 


This equation has to be solved simultaneously with 
Eqs. (2a) and (2b) which can be combined in the 
manner 
1@E 4ne 0 
V-X(V,XE)=—- + fw fit, (8) 
OF ¢ 0 


since the first moments of fo(u) vanish [see Eq. (6) ]. 
Equations (7) and (8) have stationary solution of the 
form 


fi _ f,*) (r,u,t) oz g (hie) (y)ei(e-# wt) (9a) 


E=E“ @) = Eyet(* r- wt). 


and 
(9b) 


these form a complete set. We shall see below that there 
does not exist a dispersion formula, i.e., a relation between 
k and w, for these stationary oscillations of the plasma.° 
Oscillations which are special linear superpositions of 
these stationary oscillations, and are governed by the 
initial conditions on f;, do have a dispersion formula. 

We shall first use the stationary solutions (9) to 
obtain, by a formal procedure, a dispersion formula. 
The resulting formula however contains (as we shall 
presently see) a singular integral and as such is not 
useful without an interpretation 
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As mentioned in Sec. 1, we shall consider propaga- 
tion in the direction of the steady magnetic field. We 
shall take both B and k to be along the z axis. We also 
introduce the new variables: “,;=vcos0, u2=v sind, 
a=, Q= —eB/me, 2F\") = Ey) —i Ey), 2F (+) 
= F444 Fhe), Fybe)  Fylhe) DJ, (be) xe 5, Cm, 
Hg he), DJ g ibe) me 5b) teg fait) and Jy (bee) a j,(te), 
In terms of these new variables Eqs. (7) and (8) reduce 
to 

0 fi“ ° 
i(ku—w) fi" —Q 
00 
dfo 


Noe df 
I 3(* ,@) : 


_ (Fy @ wet Ot fra (k we i) + 
m \ dv du 


(10) 


(kc? hha... ee) 


-w*) FP, *#) - A4mriwJ ,(* ? ne 


wh, * (11b) 


4riw] s*, 


In these equations f,; and E have the stationary forms 
given by Eq. (9). The solution of Eq. (10) gives 


ku =( Fy wre" 
brit dv \up+up—u 


dfo PF, we 
} ( ) | (12) 

du \up~u 
where up=w/k, up =2/k, and 9 = wo/k = (4ange*/mk?)!, 
Using this value of f,;-” to construct J, (n= 1, 2, 3) 


in accordance with Eq. (2b) and substituting the result 
in Eqs. (11) we obtain the following dispersion formulas: 


), (13a) 
u 

) (13b) 
u 


F,*« mode: 
2 


C*- Up” +o +e dfo l 
v*dudv 
= 
Tugutp I» % dv \up+uz 


a 


F,“ a) mode ° 


4 


’ ve d fi 1 
= f f v’dudv ( 
«a Ve dv \up— uz 


F,*@ mode: 


up pt pt dfos 1 
- -f f uvdudv ( ) (13c) 
rug -« “0 du \up—u 


We observe that the integral expressions on the right 
hand side of Eq. (13) contain singular integrands. Post 
poning the discussion of these singularities, we note 
that substitution of fF,” (n=1, 2, 3) from Eqs. (11) 
in (12) leads to the following integral equation for 


C— tp’ 
TUG Up 


and 
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g**'(u): 


ug dfs Ci“ wet b Cy we # 
g “)(w) ( + ) 
2rki di U—Upt+uUy 


dfo C; @) 
, ( )} (14) 
du \up—u 
wupk tate anal wat 
J f f ve 8 gk) (a!) du'dv' dé’, 
uy? & x 0 0 


(15a) 


mupk 7? pte pit 
f f vet #9) (y’)du'dv' dd’, 
up'— Cc 2 %0 9 


(15b) 


nk +o tw 2” 
f f [ u'v'g*) (u')du'dv'dd’. (15c) 
up * 0 “oO 


Also F,,*” (n=1, 2, 3) can be written in terms of the 
C,,*” (n= 1, 2, 3) with the help of Eqs. (11) as follows: 


" 


UuU~Up— uy 


where 


21 


I aw’ @) C,“ w eikls 


bk? 


upt) 


(16) 


Since the electric field vectors Ff,” are well-behaved 
functions without singularities, it follows from Eq. (16) 
that the C,,* are also free of singularities. 

As we have already noted, the dispersion formulas 
(13) contain singular integrals. For example the 
integrand on the right-hand side of Eq. (13b) has a pole 
at u=up—uy. Writing fo(u,v)=G(v)F(u) and inte- 
grating over v, this equation can be written as 


2 


up—c te FF (u)du te F(u)du 
Yy 
Upuy _«» (Up—uy)—U » (Up—uy)—U 


tA(up—uy)F(up—uz), (17) 
where @ stands for the principal value and ) is an 
undetermined parameter which is a function of 
(uwp— uz). Its value has to be determined from boundary 
conditions either in space or in time.® For instance, in 
scattering theory where singularities of this type occur, 
the value of \ is found to be +im by demanding that at 
infinite distance from the scatterer there should be only 
incoming or outgoing waves.’ In the case of the plasma 
waves with which we are dealing, \ should be fixed by 
suitable choice of the initial perturbation Boltzmann 
function f;(r, u, 40). Since in deriving the dispersion 
formula (17) we have used stationary solutions of the 
type {,(*-@) = g\* “)(uje'***® there is no scope for pre- 
scribing initial conditions. This means that by choosing 
\ appropriately, equation (17) can be fulfilled for every 
real k and w, i.e., they are not connected by a dispersion 

7P. A.M. Dirac, The Principles of Quantum Mechanics (Claren 
don Press, Oxford, 1947), third edition, p. 195 
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formula.* However, since the stationary solutions 
fie = gk.) (y)ei(hs wt) 


form a complete set, we can construct a general solution 
/i(za,) as a linear superposition of the solutions 
fi*(z,u,l) for varying k and w; and we can impose 
initial conditions on the general solution. We shall show 
in the following section that by suitable choice of initial 
conditions this method of linear superposition of the 
stationary solutions gives plasma waves which are 
damped and which are characterized by a unique dis- 
persion formula. 


III. LINEAR SUPERPOSITION OF 
STATIONARY SOLUTIONS 


We may express the general solution as a linear super- 
position of f;‘*? for all possible & and w in the manner: 


fi(z,u,t) -f f fi*™dwdk 
J f g**) (wet *?-*9dadk. 
Thus, 


f,(z,u,0) f f g*) (ule**dadk 


+D 
f V,(uje**dk, (19) 


La 
where 


+” 


V,(u) f ge) (u)dw 


e 1 ses 
= J fi(z,u,0O)e~**dz 
2x J _, 


is the Fourier transform of fi(z,u,0). Equation (20) 
can be written, after performing a suitable averaging 
over v and @, as follows: 


(20) 


+2 
(v(u)) f (g'-#) (u))deo 


wn 


1 +a 
f (filzu,0))e~**dz, (21) 


: dr JV _» 


+o Qn 
ww)= f J W(u)v’et “dvd, 
0 0 


and (g*-)(u)) and (f(2,u,0)) are defined in the same 
way. In Eq. (21) and thereafter, the index k has been 
suppressed. Now using g“-“’(u) from Eq. (14) in Eq. 
(21) we get 


+0 
(W(u)) = ueP(w) f dup 
va up— 


where 


(22) 


Cy 
(23) 


uy 
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The integrand on the right-hand side of the above 
equation has a singularity of the kind we encountered 
in Eq. (17). Let us assume that C, is a function of the 
difference (up—uyz), i.e., 

we (24) 


= C.(up— uy). 


In that case (V(u)) becomes a function of u alone, so 
that (f:(z,u,0)) is independent of the presence of the 
magnetic field. This choice for the form of C2 is arbi- 
trary. One could assume any other form for C2, but this 
would make the treatment very complex; and the final 
result would be unaffected in any case. With the aid of 
(24) we have, from Eq. (23), 


+? Cy(up—uz) 
(V(u)) = wtF | f - 


_« (up—uy)—U 
Xad(up—us)+Nayea( | (25) 
we can rewrite this as 


(VW (u))/uc?F (u) = iwCe* (u)+rA(u)Co(u), (26) 


where C;* is the Hilbert transform of C2. In the same 
notation, Eq. (17) can be written as 


[ (u+-uy)?—c? \/uc?(ut+uy) = —ink*(u)+d(u)F (u). (27) 


We can now eliminate \ from Eqs. (26) and (27) by 
decomposing C2(u), C2*(u), F(u), F*(u), and (¥(u)) 
into their positive and negative-frequency parts. Thus, 
writing 
FO) (x) . f P(petir“dp 
0 


and 


FO (u) f D(p)et'?“dp, 


2 


where 


+0 
0(9)=(1/2n) f F (ue “du 


is the Fourier transform of (uu), we have 


F(u)=FO(u)+ FO (u) 


and 


F*(u)=F (u) —FO (u). (28b) 


F)(u) and F?(u) are the “positive frequency part” 
and the “negative frequency part” of F(u), respectively 
F“(u) has an analytic continuation without singu- 
larities in the upper half of the complex u-plane while 
F(u) has a similar continuation in the lower half- 
plane. The above relations hold good for C2(u), C2*(u) 
(¥(u)). Now, the of Van 
Kampen,® we obtain, by eliminating A(u) from Eqs. 


and following method 
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(26) and (27): 


Co(u) =Ca"* (u)+C.™ (u) 
(W(u)) 


(u+uzy)?—c 
+-Qring?h > (1) 
(u+ uz) 
(V(u)) 
+ 
(u+uy)?—ec 
2ring’ h(n) 
(u-+ uz) 


This result is correct provided the denominators on the 
right-hand side do not vanish in their respective half 
planes of regularity. That this is actually the case will 
be seen from later Eqs. (37) and (38) which show that 
the only zero of the denominator of the first term in 
Eq. (29) occurs at u=ug=Up—iny, with u;>0, 

With the value of Cy, thus determined, we now exam 
ine the nature of oscillations that can arise by the use 
of the perturbed Boltzmann function f; expressed as 
the linear superposition of the stationary solutions 
This will of course depend on the initial conditions 
imposed on f;. Let us choose the initial conditions such 
that 


(f1(2,0,0) )= go(uye**. (30) 


It then follows from Eq. (21) that 


(V(u)) . £o(u)o(k ko), 
so that 


(um) 


got (u) go! 
| 5(k 


Z(u) 


Co() 
Z*(u) 
(u+uy)*—c* 

ring’ hO 


Z(u) 


(u), 
(u+uz) 


(u+uy)?*—c? 


Z*(u) 2riud’' lh (1), (33b) 


(u-+-uUy) 


With the aid of Eqs. (16), (32), and (33) we obtain for 
F.: 


+@ +@D 
F, J f F,*.) dkduo 
s a 
+@ 1 1 
- f Cy (up 
. L nD k 


21 77 go't’ (up— uz) 
e'kor dup 
ky Z(up—urz) 


DL 


“PO dkdup 


uz)e* ‘ 


go (tp ty) 


oe *ourt) = 34) 
Z*(up—Uuz) 
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For ko>O and t>0, the second term in the integrand in 
Eq. (34) does not contribute so that 


—2i + go (up— uz) 
F,= com f dup - ’ 
ko a Z(up—uz) 


(35) 


Suppose now we assume that go't’(u) is as smooth as 
F’(u) and that the only zero of Z(u) occurs at u=u5—_. 
It then follows from Eq. (35) that 


Fyr~we* Met) 


(36) 


where ug is determined from the equation 
Z(ug —U,)= 0. 
From Eqs. (33a) and (37) one finds that 


2 
+imud l* (ug—uy)+irugl (ug—uzy) =0. 


= (38) 
38) 


us 


Since F(u) is real and F*(u) is purely imaginary for 
real u, %s must be complex in order to satisfy Eq. (38). 
Equation (36) therefore represents a damped wave 
whose phase velocity is Re(ug) and whose decay time 
r=1/ko Im(ug). If we assume that Im(us)<Re(us), 
then we get from Eq. (38) the following approximate 
identity, with us=up—iuy, 

2 


~ iu; +-inuge?l* (up—uz) 


+irug lh (up 


Up —C 


UR 

uy,)=0. (39) 
Equating the real and imaginary parts in Eq. (39), we 
obtain 

(40a) 


(up? —c*)/ug= —inugl*(urp—Uuz), 


and 
uy). (40b) 


1/r(u rR) Rouy - hark uc’ F | Up 


Equations (40a) and (40b) give, respectively, the dis 
persion formula and the damping of the oscillations of 
the F, mode given by Eq. (36). One finds from these 
equations that at up= 1, i.e., at the electron cyclotron 
resonance frequency, up=c; this means that the re- 
fractive index is unity, and the damping 1/r is the 
maximum. The damping decreases on either side of 
up= uy; in this respect it is similar to the behavior of 
the function F() on either side of u=0. 


IV. REFRACTIVE INDEX WHEN THE DISTRIBUTION 
IS MAXWELLIAN 


The refractive index can be found from the dispersion 
formula (40a). For this we shall evaluate F*(up—1_,) 
for a Maxwellian distribution function 


F(u) = (m/2axT)' exp(—mu?/2«T), 
Since F* (uo) =F (uo) — FF (uo), and 


0 
Pon(ad= f b(pemmdp, Fé vuo)= f &(p)e'™dp, 
0 0 
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where 


ise 1 

b(p) =0(—p) orn f F(uje~?“du= : -exp(— p?/4a), 
us 

a=m/2xT 


TV 


we have® 


imF* (tuo) -{ exp(— p?/4a) sinpucdp 


=— ZauoS (1, ;, —au;), 


where § is the Pochhamer-Kummer function. Using 
this result in Eq. (40a), we obtain the following formula 
for the refractive index: 


2(Q—w) (w—2)? 
1-4 1,4, -— ), (41) 


n'u*d p* 2w?n?u*r p’ 


where Ap=(x7'/4anoe”)'= (1/2awy)! is the so-called 
Debye wavelength. In the limit 7=0 when Ap=0, for- 
mula (41) reduces to the AH formula’: 


n?—1=w?/w(Q—w). (42) 
For finite, but small T we get by making use of the 
asymptotic expansion of the Kummer function*® and 
keeping only the lowest order terms in 7, 


wo wo warp” 
n* (14 )/(- ). (43) 
w(Q—w) 2(Q2—w)?* 

It will be seen that while formula (42) gives n= @ at 
w=, formula (43) gives n=1 at this same frequency. 
It is thus clear that the AH formula is inadequate for 
plasmas with finite temperatures and formula (41) 
must be used. For w—-0 Eq. (41) reduces to the AH 
formula for all temperatures. The same is true for 
w>>. The departures between formulas (41) and (42) 


a? ) Present Work 


, 
Ff a (w) Appleton - Hartree 
/ 
Eee EE 











a 


Fic. 1. Behavior of refractive index and damping 
near cyclotron resonance frequency. 


*W. Magnus and F. Oberhettinger, Functions of Mathematical 
Physics (Chelsea Publishing Company, New York, 1954), p. 35 
and p. 87. 

*L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956), p. 53. 
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are great in the neighborhood of w=. All these results 
are qualitatively indicated in Fig. 1. The damping 
predicted by (40b) is also illustrated in the same figure. 
These results are similar to those of optical dispersion 
theory for neutral gases where the infinities in the re- 
fraction index at the resonance frequencies of the atoms 
are smoothed out, almost exactly the same way as ours, 
by adding a damping term to the equation of motion of 
the electron. In our treatment, however, we have no 
such damping terms and yet we get an attenuation of 
the waves. The reason for this apparent paradox has 
been discussed by Van Kampen® and need not be 
reapeated here. 


V. KRAMERS-KRONIG DISPERSION RELATION 


In this section we shall show that relations (40a) and 
(40b) satisfy the condition 


1 “ (w’) 
n(w) =1+ vf doy’ —, 


ape 
wr vy w?—¢" 


(44) 


which is called the ‘““Kramers-Kronig dispersion rela- 
tion.”’ Here y is the attenuation coefficient. This condi- 
tion is a general requirement that must be satisfied by 
a genuine dispersion formula just as the law of conser- 
vation of energy is a general requirement for a problem 
in classical mechanics. It serves as a check on the cor- 
rectness of a dispersion formula. We shall presently 
show that this condition is obeyed by our dispersion 
formula. There is another reason for invoking this 
relation here. This is to suggest an experimental method 
of determining the refractive index of the electromag- 
netic waves in a plasma which could check the theo- 
retical relations (40a) and (40b). If one could measure 
the attenuation coefficient as a function of frequency, 
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then it would be quite easy to compute the refraction 
index by the use of the relation (44). We shall now 
show that this relation holds good for (40a) and (40b). 


From Eq. (40b) we get 

1 1 w 
we (—), 
ko 


ee EZ 


r(w +) 2k» 


(45) 


and from Eq. (40a) 


2 pt® —§ 1/r(w' +2) 
nt(u)—1=-0 f du! — 


ww’ —w+2) 


v a 


2 = 1/7(w’’) 
x of dw" . 
T w(w’’—w) 


x 


and since 1/r(w) = 4y(w)/n(w), we have, for ( 


1 . 7 (w’) 
n(w) =1+- vf dw’-———.. 
Tv 0 w” -w* 


Owing to the smallness of wo’ our assumption that 
(n—1)<C1 is in keeping with Eq. (41) except for w 0. 
Thus our results check with the ‘‘Kramers-Kronig 
relation,” except for the region w— 0. This latter dis 
crepancy for w—0 must arise from the fact that the 
approximate relation (40b) for 1/r does not hold good 


11, 


(46) 


in this region. 
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The torsion pendulum technique has been applied to the study of normal fluid density and viscosity of 
dilute solutions of He* in He‘ from 1.3°K to the lambda points. Three isotopic mixtures and pure He* have 
yielded data which cover the range from 0 to 11 mole percent He? concentration. Lambda temperatures are 
found to vary as the two-thirds power of the He* mole fraction. Densities at 7 indicate a liquid volume 
contraction proportional to the concentration of He*. Normal fluid densities at lower temperatures are de 
scribed by a single analytic function for all solutions and temperatures studied. The experimenta] values 
may be interpreted in terms of an effective hydrodynamic density of He*; empirical behavior of the effective 
He’ density is seen to increase linearly with the density of superfluid, in qualitative agreement with the 
model suggested by Feynman. Viscosities of all solutions exhibit temperature variations similar to that of 
pure He‘, Dependence of the viscosity on He* concentration appears to be markedly nonlinear at all tempera 
tures. Analysis of the data in terms of the Landau-Khalatnikov theory of viscosity, together with additional] 
simple assumptions, yields an empirical estimate of the roton-He’ atom collision cross section. 


I. INTRODUCTION earlier report on the viscosities of liquid He’* and of 
liquid He‘ above its lambda point was based upon the 
behavior of a single disk oscillating in the liquids. In 
the present work, observations of a single disk in 
He*®-He* solutions below 7, were supplemented by 
studies of a finned rotor in the same solutions; the 
independent sets of data were combined as in I to 
yield the density and viscosity of the normal fluid 
component at temperatures from 1.28°K to the lambda 
point of He‘ and for He* concentrations from 0 to 10.8 
mole percent. 


i ibe addition of small amounts of He* produces 

marked changes in the properties of liquid Het 
below its lambda point. Although the dependence of 
some He II phenomena on He’ concentration has been 
studied in detail, previous investigations have not in- 
cluded direct measurements of the normal fluid densities 
and viscosities, information necessary for a description 
of the hydrodynamics of the solutions below their 
lambda points. Direct measurement of normal fluid 
density and viscosity can be obtained by means of the 
torsion pendulum techniques used in studies'? of the 


‘ei sont ‘ : Il. EXPERIMENTAL DETAILS 
pure liquids He* and He‘. These papers, which will be eee 


referred to here as I and II, contain a description of the 
method and theoretical analysis. 

We have studied He’-He‘ solutions with the cryostat 
and torsion pendulum design described in II. This 


1. Schematic drawing of 
Rotor (S) construction 





tte” 


tA preliminary report on this research was presented at The 
Third International Conference on Low Temperature Physics and 
Chemistry, December 17-22, 1953 (Rice Institute, Houston, 1953) 

' J. G. Dash and R. D. Taylor, Phys. Rev. 105, 7 (1957). 

?R. D. Taylor and J. G. Dash, Phys. Rev. 106, 398 (1957). 


Cryostat construction is fully described in IT. Chrono- 
graph and optical lever design and performance are 
given in I. The torsion pendulum and Disk (S) used 
here were identical to those used in II. Finned rotor 
studies were performed with a small Rotor (S) of a 
design similar to one described by Andronikashvili® and 
shown schematically in Fig. 1. Fifty thin aluminum 
disks were alternated with 50 spacers of smaller diameter 
within a thin Dural cylindrical shell. Dimensions of the 
Rotor (S$) components are: aluminum disks, 0.617 cm 
radius, 0.0011 cm thick ; Dural spacers, 0.238 cm radius, 
0.019 cm thick; Dural cylinder, 1.262 cm o.d., 0.0038 
cm wall thickness, 1.031 cm high. The Dural mandrel 
of the rotor was fitted with a small nut and was ce- 
mented to the lower end of the Pyrex tube of the 
pendulum. Dimensions and characteristics of the single 
Disk (S) pendulum are given in II. 


Calibration Procedures 


The period 79* of the Rotor (.S) pendulum in vacuum 
at liquid helium temperatures was determined by a 
procedure similar to that described in I. Its period was 
measured as a function of He gas pressure while the 
cell was surrounded by a liquid helium bath. Rotor 
period varied linearly with gas pressure in the range 


*E. L. Andronikashvili, J. Phys. (U.S.S.R.) 10, 201 (1946). 
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DENSITY AND 
from 500 to 1 mm Hg pressure, as shown in Fig. 2. 
Extrapolation yielded r9* = 5.2680 sec. 

Rotor characteristics required as constants in the 
equations of motion [ Eqs. (30a, b) of I] are the spacer 
and cylinder radii, the cylinder height, spacing between 
disks, and total moment of inertia. Values for the radii 
and cylinder height were taken as the dimensions 
measured at room temperature and corrected by the 
total thermal contraction coefficient determined in I. 
Owing to the small size and complexity of Rotor (5S), 
room temperature measurements of the moment of 
inertia and disk spacing were deemed unreliable; these 
constants were measured by calibration in liquid He‘. 
The equations of motion, together with known values 
of liquid density and viscosity, specify the experimental 
periods and decrements as functions of the disk spacing 
and moment of inertia. Using the values of p, and 7 
given in I, measurements of Rotor (8) behavior in 
pure He‘ near 7, were thus made to yield the required 
parameters. In connection with Rotor (11) in I, we 
discussed the effect of imperfections in the oscillations, 
such as are caused by warpage of the rotor disks. These 
imperfections cause an artificial increase in the measured 
value of p,, the increase being proportional to the actual 
density of superfluid. Such distortions could be expected 
to be present in Rotor (S$); we therefore determined 
their effect by comparison with the low-temperature 
results of Rotor (12), where no imperfections in the 
oscillations were apparent. As a check on the param- 
eters, iterations of the pure He‘ data given by Disk (.5) 
and Rotor (S) were then carried out on an IBM 704 
computer according to the calculation scheme to be 
used later in analyzing the solution data. Final values 
adopted for the calibrated quantities were: moment of 
inertia [=0.09069 g cm’; spacing 2s=0.02040 cm; 
superfluid excitation, 3.4%. The calculation scheme 
was not completely accurate, since the computing 
machine iterations were made with the Eq. (30a) for 
the rotor, which assumes no imperfections in the shear 
oscillations. Corrections for superfluid excitation was 
applied to the p, and 7 results of the machine calcula- 
tions. This procedure, which avoided considerably more 
complicated iterations, introduces second-order errors 
in the penetration depths; the resuiting estimated un- 
certainties in final values of p, and 7 are given in the 
section on experimental errors. 

Percentage deviations of these new p, values from 
the smoothed data of paper I is shown in Fig. 7; mean 
deviation is 1.83%. 

Vapor pressure measurements taken during the pure 
He‘ studies showed that the cell liquid tended to be 
slightly warmer than the bath. This effect, presumably 
due to the “Kapitza resistance’ of the liquids, varied 
from zero at the lambda point to about 6 millidegrees 
at 1.3°K. Careful comparison of cell and bath tempera- 
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tures yielded a calibration table of temperature dif 


ference as a function of He‘ bath temperature. 


Solution Measurements 


Three gaseous mixtures of pure He*® and He* were 
prepared and stored in glass bulbs. The percentage He* 
molar concentrations were; sample A, 3.8%; B, 6.6%; 
C, 11%. Following the procedure used in II, samples 
were condensed in the cell via a mercury Toepler pump 
and liquid helium cooled impurity trap. Het bath 
temperature was stabilized to within 10~ deg by an 
electronic bath regulator and throttled vacuum pump. 
Solution temperature was determined from the vapor 
pressure of the bath, the 1955E” vapor pressure scale,® 
and the calibration curve of temperature difference 
between the bath and cell. The relatively large vapor 
volume of the solution chamber caused appreciable 
fractionation of the solutions, and required the measure- 
ment of liquid concentration at each experimental point. 
The molar concentrations were therefore determined 
from the smooth table given by Sommers® and the 
measured vapor pressures and temperatures of the cell 
liquid. 


MERCURY 


mm 


CELL 


PRESSURE OF GAS IN 








5.25 5.30 6.35 
ROTOR PERIOD SECONDS 





Fic. 2, Variation of rotor period with He gas pressure at 4°K 


* Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955); 
see their “Note added in proof;”’ W. E. Keller, Nature 178, 883 
(1956). 

*H. S. Sommers, Jr., Phys. Rev. 88, 113 (1952) 
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n 
micro. 
poise 


17.03 
15.77 
14.82 
15.15 
15.87 
16.91 
19.44 
25.35 
34.92 
33.24 
22.01 
17.67 
16.33 
15.28 
15.05 
19.02 
22.20 
21.49 
17.38 
15.17 
14.75 
17.14 
18.54 
20.55 
23.34 
26.55 
27. 
31 

36 
26 
23.63 


pr 
g/cm? 

0.01610 
0.02259 
0.03676 
0.05110 
0.06690 
0.08399 
0.10725 
0.13683 
0.14397 
0.14349 
0.12150 
0.09363 
0.07523 
0.05634 
0.02865 
0.01036 
0.00641 
0.00721 
0.01400 
0.02789 
0.04446 
0.08767 
0.10097 
0.11431 
0.12720 
0.14365 
0.14403 
0.14358 
0.14214 
0.13914 
0.13063 


7 Mole % 
*K Het 
1.515 
1.600 
1.740 
1.853 
1.946 
2.024 
2.102 
2.166 
2.375 
2.299 
2.139 
2.058 
1.987 
1.885 
1.663 
1419 
1.325 
1.351 
1,480 
1.657 
1.801 
2.037 
2.083 
2.121 
2.151 
2.1713 
2.1730 
2.248 
2.432 
2.169 
2.156 


10% 
2.270 
2.455 
2.815 
3.185 
3.580 
4.005 
4.680 
5.820 
691 
6.74 
5.200 
4.255 
3.785 
3.310 
2.605 
2.065 
1.890 
1.935 
2.190 
2.590 
3.000 
4.095 
4.475 
4.920 
5.440 
6.065 
6.180 
6.58 
6.99 
5.950 
5.530 


Ber 


5.432 
5.477 
5.572 
5.605 
5.704 
5.868 
6.010 
6.198 
6.267 
6.200 
6.100 
5.926 
5.815 
5.098 
5.518 
5.391 
5.362 
5.368 
5.417 
5.513 
5.622 
5.890 
5.971 
6.054 
6.137 
6.240 
6.246 
6,256 
6.259 
6.214 
6.157 


0.0 


0.05449 
0.06922 
0.10574 
0.12909 
0.14280 
0.14094 
0.14214 
0.14434 
0.13948 
0.12206 
0.09393 
0.04302 
0.02585 
0.01564 
0.01469 
0.02001 
0.03377 
0.08143 


3.13 
3.48 
4.55 
5.38 
5.80 
6.3 
5.98 
5.69 
5.60 
5.08 
4.14 
2.89 
2.52 
2.29 
2.27 
2.39 
2.68 
3.80 


13.70 
14.36 
18.42 
22.41 
24.14 
29.15 
25.89 
22.94 
22.84 
20.75 
16.49 
13.80 
15.03 
17.80 
18.32 
16.23 
14.04 
15.33 


1.802 
1.893 
2.047 
2.106 
2.124 
2.171 
2.137 
2.119 
2.116 
2.086 
2.001 
1.704 
1.506 
1.311 
1.277 
1.410 
1.609 
1.952 


5.6815 
5.7717 
5.9962 
6.1426 
6.2243 
6.2334 
6.2284 
6.2266 
6.2003 
6.0966 
5.9215 
5.6101 
5.4981 
5.4285 
5.4219 
5.4586 
5.5503 
5.8400 


ne ee 
2 : ~: 


wr 
~ 


Observations of pendulum behavior were made ac- 
cording to the schemes described in I and II. Rotor 
periods r* were obtained by averaging the times of at 
least 3 sets of 10 oscillations at each temperature ; mean 
deviations of r* were within 2X10~ sec. Disk decre- 
ments at every point were given by the average of two 
or more decay curves of at least 20 oscillations each ; 
these individual decrements differed by less than 2%. 

The Disk (S) data were interpolated in temperature 
and concentration in order to obtain Disk (S$) data at 
temperatures and concentrations corresponding to the 
Rotor (S) points; calculations according to the estab- 
lished scheme yielded values of p, and for each Rotor 
(S) experimental point. Table I lists these input and 
derived data. 





micro- 
poise 


13.54 
14.21 
16.33 
21.67 
24.83 
14.65 
14.02 
15.45 
17.76 
13.53 
14.38 
16.84 
19.30 
22.31 
23.66 
26.15 
26.46 
23.24 
20.16 
18.18 
15.85 
13.45 
12.98 
13.40 
14.82 
16.92 
19.64 


pra 
g/cm? 


0.06556 
0.07564 
0.09978 
0.14092 
0.14238 
0.07923 
0.03494 
0.02687 
0.02194 
0.06191 
0.07974 
0.10175 
0.11728 
0.13266 
0.14175 
0.14161 
0.14261 
0.14216 
0.12668 
0.11214 
0.09274 
0.05563 
0.04523 
0.03604 
0.02924 
0.02216 
0.11860 


Mole % r 
He Bec 
5.7468 
5.8077 
5.9523 
6.2012 
6.2252 
5.8301 
5.5577 
5.5053 
5.4732 
5.7253 
5.8316 
5.9659 
6.0631 
6.1611 
6.2162 
6.2265 
6.2333 
6.2164 
6.1179 
6.0293 
5.9113 
5.6874 
5.6219 
5.5639 
5.5207 
5.4740 
6.0720 


5.43 
5.42 
5.64 
5.67 
6.0 

5.75 
6.55 
6.64 
6.69 
5.40 
5.88 
5.77 


1.826 
1.886 
1.990 
2.086 
2.134 
1.904 
1.517 
1.408 
1.318 
1.804 
1.900 
1.999 
2.047 
2.080 
2.103 
2.165 
2.191 
2.093 
2.062 
2.028 
1.962 
1.753 
1.659 
1.556 
1.461 
1.318 
2.048 
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15.92 
19.39 
20.77 
26.50 
23.16 
21.72 
20.97 
20.15 
18.43 
15.44 
14.76 
14.49 
15.04 
16.27 
17.30 
19.07 
16.81 
24.60 
23.55 


0.09358 
0.11136 
0.12140 
0.13620 
0.13676 
0.13443 
0.12612 
0.11953 
0.10634 
0.08024 
0.06556 
0.05579 
0.04584 
0.03763 
0.03293 
0.02930 
0.09139 
0.13867 
0.13900 


5.9160 
6.0312 
6.0926 
6.1972 
6.1864 
6.1672 
6.1190 
6.0794 
5.9990 
5.8392 
5.7511 
5.6912 
5.6301 
5.5786 
5.5484 
5.5254 
5.9084 
6.2036 
6.2006 


1.901 
1.982 
2.008 
2.151 
2.037 
2.027 
2.014 
2.000 
1.960 
1.848 
1.752 
1.659 
1.557 
1.457 
1,364 
1,286 
1.903 
2.095 
2.057 


5. 
5. 
5.7 
5.8 
5. 
$i 
Ls 
oa 
5.7 
5.7 
5.7 
5; 


10.00 
10.15 
10.46 
10.38 
10.81 
9.45 
9.3 
9.3 


Discussion of Errors 


The normalization of Rotor (8) characteristics in 
liquid He* cause the new results to be subject to the 
uncertainties in the smoothed I data. For normal densi- 
ties, these are 0.9% at 7), and 3.4% at 1.3°K. The 
Rotor (S) periods were reliable to better than 5 10~* 
sec all temperatures, implying a p, uncertainty within 
0.5% at T, and 3% at 1.3°K. The incompleteness of 
the calculating scheme, due to the neglect of the 
influence of superfluid excitation on the calculated 
penetration depth, introduces estimated errors which 
vary from zero at T) to 4% at the lowest temperatures. 
Thus, the maximum combined uncertainty in p, due to 
the above causes is approximately 1.5% at T, and 10% 
at 1.3°K. 
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Fic. 3. Variation of lambda temperature with He? concentration. 


Similarly, the estimated uncertainty in 7 is 5% at 
high temperatures and 20% at 1.3°K. 

We estimate the reliability of temperature measure- 
ment as better than 10~* deg at high temperatures and 
3X 10-* deg in the lower range. 

Uncertainties in temperature and vapor pressure of 
the solutions lead to errors in the computed He’ con- 
centrations. These errors are estimated to be within 
5% of the measured values of x; at all temperatures. 


Ill. NORMAL FLUID DENSITY 


Analysis of the data requires repeated reference to 
certain liquid properties whose algebraic symbols and 
definitions have not been standardized. With an attempt 
to maintain general usage wherever it exists, we define 
the quantities and notation to be used here. As denoted 
by most previous authors, we label properties of the 
individual isotopes by subscripts 3 or 4; in the case of 
the pure isotopes we add the superscript 0. For some 
characteristics of pure He* below its lambda point, we 


may omit the subscript without incurring confusion. 


N°: number density of atoms in pure He’, 

N;: number density of He* atoms in solution, 

ps’: mass density of pure He’, 

ps: effective mass density of He’ in solution, M;/V3;, 
V;°: molar volume of pure He’, 

V;: partial molar volume of He’ in solution, 

T,: lambda-point temperature of solution, 
T»°=T)°: lambda-point temperature of pure Het, 
p: mass density of solution, 

px: mass density of solution at 7), 

par’= py: mass density of pure He‘ at 7)°, 

x3: mole fraction of He*, N3/(N3+N,4), 

¢3: volume fraction of He’, 

w;: weight fraction of He’, 

T* : reduced temperature, T/T), 

ps": effective hydrodynamic density of He’ in solution. 
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Fic. 4. Dependence of molar volume of solution at 7 on Heé 
concentration. @ this research; * pycnometric measurements of 
Kerr.?! 


Lambda-Point Temperatures and Densities 


Large graphs of normal density plotted versus tem 
perature indicate the coordinates p, and 7) of the 
lambda point of each sample. The experimental values 
of T, are shown in Fig. 3. As in the case of 7) deter- 
mined from the 1948 temperature scale,’ the present 
results given in terms of the “19552” scale are within 
2X 10~* deg of the semiempirical function,* 


T),=2x8T)°, (1) 


where now 7°=2.1735°K. 
The variation of molar volume, 


Vi= (3x54 4x4) /py= XaVgtx V4, 


with x; is shown in Fig. 4. Our data are in agreement 
with the pycnometer results of Kerr’ and show an 
appreciable volume contraction on mixing. The straight 
line drawn in Fig. 4, which describes the pycnometric 
measurements of p, to within 0.15% up to x;=0.50, 
corresponds to 


V», cm?/mole = 35,552x3+ 27.291 x,. 


The partial molar volume V;, is approximately 8% 
smaller than that of the pure liquid at the same tem- 
's® (2.0°K) = 38.456 cm*/mole.” The partial 
molar volume of Het corresponds to that of the pure 


perature ; 


liquid He‘ at 7,°." As a more convenient property, we 
obtain an expression for the solution densities at 7° 


7J. G. Dash and R. D. Taylor, Phys. Rev. 99, 598 (1955) 

*L. Goldstein, Phys. Rev. 95, 869 (1954) 

* EF. C. Kerr (to be published). We thank Dr. Kerr for permis 
sion to quote his results in advance of publication 

0 F.C. Kerr, Phys. Rev. 96, 551 (1954) 

" E. C, Kerr, J. Chem. Phys. 26, 511 (1957) 
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Fic, 5. Normal fluid densities of He*-He* solutions. @ pure He‘; 
A sample A; ¥ sample B; @ sample C. 


derived from the empirical molar volumes” : 


Pr= Papr’ + Papa; 


ps = 0.08438 g/cm’, 


ryVy Maps ' 
: Xa] Xo tX » #4 
V) . Maps 


The change in total density due to thermal contraction 
below 7) for concentrations 0 <a; <0.10 is not greater 
than 0.8% of p,;* in the following analysis we shall 
therefore approximate p(T <T7),)=p, and compute p 
from Eq, (2). 


p»’=0.014657 g/cm’, 


Analysis of », Data 


Values of p, listed in Table I are shown graphically 
versus temperature in Fig. 5. The smooth curves drawn 
through experimental points do not represent lines of 
constant concentration, but only serve to connect the 
data corresponding to each sample A, B, C. Within the 
concentration range of each sample, the curves show 
qualitative features which have helped in the choice of 
methods for analyzing the data. 

The lateral shifts in the curves caused by the lambda- 
point depressions suggest that the various solutions 
should be compared at corresponding “stages of de- 
generation” below their individual values of 7). Such a 
comparison can be approximated by means of the 
“reduced temperature” 7*=7/7)." When considering 
their superfluid properties, it is obvious that mixtures 
of differing concentrations are equivalent at 7*=1; we 


“For ideal solutions, the linear superposition of component 
densities according to the mass concentration, as implied by P. J. 
Price, reference 16, and F. London, Superfluids (John Wiley and 
Sons, Inc., New York, 1954), Vol. 2, p. 195, is not appropriate. 
For dilute He*-Het solutions, ws™0.75x;—0.58 ¢3; improper speci- 
fication of the concentration may in some cases lead to correspond- 
ing errors in deduced quantities 

'8 The reduced temperature ratio has previously been employed 
in similar fashion by L. Goldstein, reference 8. 
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Fic, 6. Effective hydrodynamic density of He* in solution 
versus density of superfluid. @ mean value at 7); a sample A; 
v sample B; @ sample C. 


shall assume that the correspondence holds for all 
values of 7*. Thus, solutions of different molar con- 
centrations x;, x; are considered to be at corresponding 
temperatures 7;, 7; when they are at the same reduced 
temperature referred to their individual lambda points: 


T; T; 
T*=——_= (3) 
T)(x;) T(x;) 


When one examines the experimental results in terms 
of T*, each sample curve appears to approach an 
asymptotic value of p, at low 7*; the asymptotic values 
increase with increasing x3. This behavior is in quali- 
tative agreement with the prediction’ that the He’ 
atoms move with the normal fluid. Superposition of 
contributions of the Het and He* components to p, has 
been assumed by Pomeranchuk"*: 


Pn =pint Nps, 


where p,, is the contribution due to the He‘, N; is the 
number of He’ atoms per unit volume, and y; is the 
effective mass of the He*® atoms. Although we shall 
assume linear superposition of the He* and He‘ con- 
tributions, the above formula is not satisfactory for 
quantitative comparison with the data.!® We shall 
assume an equation for superposition based upon the 
correspondence of reduced temperatures and which 
satisfies Eq. (2) at T*=1: 


pn(T*, 03) = Gapn(T*, ¢s=0)+ Gaps". (4) 


“FE. Pollard and W. L. Davidson, Applied Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1942), p. 183; J. Franck, 
Phys. Rev. 70, 561 (1946); L. Landau and I. Pomeranchuk, Dok- 
lady Acad. Nauk (U.S.S.R.) 59, 669 (1948) 

16T. Pomeranchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 19, 42 
(1949). 

P. J. Price, Phys. Rev. 89, 1209 (1953). Price has remarked 
on the failure of Pomeranchuk’s formula to describe the solution 
densities correctly at T=T7). 
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TABLE II. Normal fluid densities in g/cm’ at regular intervals of reduced temperature and He* mole fraction. 


0 


0.01 





1.000 
0.995 
0.990 
0.985 
0.980 
0.975 
0.970 
0.965 
0.960 
0.955 
0.950 
0.945 
0.940 
0.935 
0.930 
0.925 


0.920 
0.900 
0.880 
0.860 
0.840 
0.820 
0.800 
0.780 
0.700 
0.740 
0.720 
0.700 
0.680 
0.660 
0.640 
0.620 
0.600 


0.14657 
0.13371 
0.12776 
0.12261 
0.11781 
0.11354 
0.10959 
0.10587 
0.10242 
0.09916 
0.09608 
0.09310 
0.09017 
0.08735 
0.08459 
0.08195 


0.07935 
0.07036 
0.06187 
0.05451 
0.04782 
0.04163 
0.03623 
0.03152 
0.02707 
0.02325 
0.01973 
0.01658 
0.01375 
0.01130 
0.00921 
0.00737 
0.00576 


0.14576 
0.13320 
0.12739 
0.12236 
0.11767 
0.11349 
0.10964 
0.10600 
0.10263 
0.09945 
0.09644 
0.09353 
0.09065 
0.08791 
0.08521 
0.08263 


0.08009 
0.07131 
0.06302 
0.05583 
0.04929 
0.04324 
0.03797 
0.03337 
0.02902 
0.02529 
0.02185 
0.01877 
0.01601 
0.01362 
0.01157 
0.00978 
0.00820 


0.02 


0.14496 
0.13269 
0.12701 
0.12209 
0.11751 
0.11344 
0.10967 
0.10612 
0.10282 
0.09971 
0.09677 
0.09393 
0.09112 
0.08844 
0.08581 
0.08329 


0.08080 
0.07222 
0.06412 
0.05710 
0.05071 
0.04480 
0.03965 
0.03515 
0.03091 
0.02726 
0.02390 
0.02089 
0.01819 
0.01586 
0.01386 
0.01210 
0.01057 


0.03 


0.14416 
0.13217 
0.12662 
0.12182 
0.11734 
0.11336 
0.10968 
0.10621 
0.10299 
0.09995 
0.09708 
0.09430 
0.09156 
0.08894 
0.08636 
0.08390 


0.08148 
0.07309 
0.06518 
0.05831 
0.05208 
0.04630 
0.04127 
0.03688 
0.03273 
0.02916 
0.02588 
0.02294 
0.02030 
0.01802 
0.01607 
0.01435 
0.01285 


0.04 


0.14337 


0.13165 
0.12623 
0.12154 
0.11716 
0.11327 
0.10967 
0.10628 
0.10314 
0.10017 
0.09736 
0.09465 
0.09197 
0.08941 
0.08689 
0.08449 


0.08212 
0.07393 
0.06619 
0.05949 
0.05339 
0.04775 
0.04283 
0.03854 
0.03448 
0.03100 
0.02780 
0.02493 
0.02235 
0.02011 

0.01821 

0.01653 
0.01507 


0.05 


0.14258 
0.13113 
0.12583 
0.12125 
0.11697 
0.11317 
0.10965 
0.10634 
0.10327 
0.10037 
0.09763 
0.09497 
0.09235 
0.08985 
0.08740 
0.08504 


0.08273 
0.07473 
0.06717 
0.06061 
0.05466 
0.04915 
0.04434 
0.04014 
0.03618 
0.03278 
0.02965 
0.02684 
0.02432 
0.02214 
0.02028 
0.01864 
0.01721 


0.06 


0.14180 
0.13061 
0.12543 
0.12095 
0.11677 
0.11306 
0.10962 
0.10638 
0.10338 
0.10055 
0.09787 
0.09527 
0.09272 
0.09027 
0.08787 
0.08557 


0.08331 
0.07549 
0.06810 
0.06170 
0.05588 
0.05049 
0.04579 
0.04170 
0.03782 
0.03450 
0.03144 
0.02870 
0.02623 
0.02410 
0.02228 
0.02068 
0.01928 


0.07 


0.14102 
0.13008 
0.12502 
0.12064 
0.11656 
0.11293 
0.10957 
0.10641 
0.10348 
0.10071 
0.09809 
0.09555 
0.09305 
0.09066 
0.08832 
0.08607 


0.08386 
0.07622 
0.06900 
0.06274 
0.05705 
0.05179 
0.04720 
0.04319 
0.03941 
0.03616 
0.03317 
0.03049 
0.02808 
0.02600 
0.02422 
0.02266 
0.02129 


0.08 


0.14024 
0.12956 
0.12461 
0.12033 
0.11634 
0.11280 
0.10951 
0.10642 
0.10356 
0.10085 
0.09829 
0.09581 
0.09337 
0.09103 
0.08874 
0.08655 


0.08439 
0.07692 
0.06986 
0.06375 
0.05819 
0.05304 
0.04856 
0.04464 
0.04094 
0.03777 
0.03485 
0.03223 
0.02988 
0.02784 
0.02610 
0.02457 
0.02324 


0.09 


0.13947 
0.12903 
0.12420 
0.12001 
0.11612 
0.11265 
0.10944 
0.10642 
0.10362 
0.10097 
0.09847 
0.09605 
0.09366 
0.09138 
0.08914 
0.08700 


0.08488 
0.07758 
0.07069 
0.06471 
0.05928 
0.05425 
0.04987 
0.04604 
0.04243 
0.03933 
0.03647 
0.03391 
0.03161 
0.02962 
0.02792 
0.02643 
0.02512 


0.10 


0.13871 
0.12850 
0.12378 
0.11969 
0.11588 
0.11249 
0.10936 
0.10640 
0.10367 
0.10108 
0.09863 
0.09627 
0.09394 
0.09171 
0.08952 
0.08742 


0.08536 
0.07822 
0.07148 
0.06564 
0.06033 
0.05542 
0.05113 
0.04740 
0.04386 
0.04083 
0.03804 
0.03554 
0.03329 
0.03135 
0.02969 
0.02823 
0.02695 


O11 


0.13795 
0.12797 
0.12335 
0.11936 
0.11564 
0.11232 
0.10926 
0.10637 
0.10370 
0.10117 
0.09878 
0.09647 
0.09419 
0.09201 
0.08987 
0.08782 


0.08580 
0.07883 
0.07224 
0.00654 
0.06135 
0.05654 
0.05236 
0.04870 
0.04525 
0.04229 
0.03956 
0.03711 
0.03492 
0.03302 
0.03140 
0.02997 
0.02872 


Approximate correspondence between Eq. (4) and 
Pomeranchuk’s formula at low values of ¢; is obtained 
by setting the effective hydrodynamic He’ density p;* 
= p1ap3/Ms; 43/m, must be unity at 7*=1. 

The use of Eqs. (1)-(4) and p,(7*, gs=0) from the 
smoothed data of I allows us to calculate p;* for each 
experimental p, in Table I. These calculated p;* show 
definite regularities in their dependence on temperature 
and He’ concentration. Except for the region 0.97 < 7* 
<1, ps* increases with decreasing 7*, but tends rapidly 
toward asymptotic limits at low 7*. The limiting values 
of p3*(¢s, 7*<0.7) increase with decreasing He’* con- 
centration. Within experimental uncertainty all values 
of p;* are described by the same linear function of the 
density of superfluid. Using the p, calculated from the 
experimental data, 


p.(1*,¢3) =pr(¢3)—pn( 1, ¢3), (5) 


we plot p;* versus density of superfluid in Fig. 6. The 
straight line average of the data, as shown in Fig. 6, 
corresponds to the equation 


pa* = p3t+0.796p,. (6) 


With Eqs. (1)-(6) we obtain a completely analytic 
expression for p, (in terms of p, of pure He*) for the 


temperature and concentration ranges studied : 


pn(1*, gs) = aps 


¥4 
+( )Eoacrs ¢i=0)+r7¢mr"], (7) 
1+ ¢3 


p3=0.08438, p,®=0.14657, y=0.796. 

It is noteworthy that the analysis depends on directly 
measured data only, except that the p,(7*, g;=0) 
values from I have been smoothed. For convenience, we 
have used Eq. (7) to construct Table II, which lists 
values of p, at regular intervals of 7* and x;. The 
intervals are sufficiently small to permit linear inter- 
polation in both directions. Deviations of the original 
pn data from corresponding values according to Table II 
are shown in Fig. 7; mean percentage deviation in p, 
for all points is 1.77%. 


Discussion of », Results 


Pellam" has studied the normal fluid density and 
viscosity of a solution containing 0.044 mole fraction 
of He*. These measurements, obtained from observa- 
tions of the period and damping of a finned rotor, indi 


'7 J. KR. Pellam, Phys. Rev. 99, 1327 (1955) 
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Fic. 7. Deviations of experimental normal fluid density 
data from values derived from Table II. 


cate an asymptotic value of p,/p at low temperatures 
which appears to be in qualitative agreement with 
our data. 

For comparison with recent p, measurements, see 
note added in proof.* 

Experiments on the variation of second sound ve- 
locity with He’® concentration have provided another, 
but less direct, method for deducing the He’ effective 
mass. Such measurements,'*” analyzed by means of 
the dilute solution theory of Pomeranchuk,'* have given 
values for ys in qualitative disagreement with the find- 
ings reported here. The published yu; furthermore vio- 
late the requirement ys—> m, as T—>T). There are, 
however, certain equivocal aspects of the second sound 
analysis; we shall suggest several modifications which 
yield calculated yz, values considerably different from 
those originally published. 

The equation for second sound velocity “2 in very 
dilute He*-He‘ solutions, as derived by Pomeranchuk, is 


Tp, ke? ke 
uy = - | (s+) c+] 
Pn m4 m4 


* Note added in proof.—Brief description of p, measurements in 
He*—Het solutions by means of a torsion pendulum is given by 
N. G. Berezniak and B. N. Eselson, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 902 (1956); Soviet Phys. 4, 166 (1957) (transla 
tion). Their results, for x;=0.0, 0.03, 0.056, 0.082, and 1.4°K 

T<T), are in qualitative agreement with our findings. Dis 
crepancies amounting to as much as 18% can be explained in 
their calculation of p,/p to a first approximation only, apparently 
no account being made of variations in boundary layer thickness 
or of slippage of liquid between the disks. Their analysis for us 
was fees upon the asymptotic formula of Pomeranchuk for very 
smal] x3; deduced values for us therefore show an erroneous in- 
crease to very high values near 7). 

18 E. A. Lynton and H. A. Fairbank, Phys. Rev. 80, 1043 (1950). 

# J. C. King and H. A. Fairbank, Phys. Rev. 93, 21 (1954). 
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where S, is the entropy/gram of pure Het‘, & is the 
Boltzmann constant, m, is the mass of the He‘ atom, 
C is the heat capacity/gram of solution, and ¢ is the 
“mole ratio” N3/N4. The specific heat of the dissolved 
He’ is assumed to correspond to an ideal gas,” 


C= Cot hhe/m,. 


Accordingly, measurement of u2(¢,7), together with 
known values” of the specific heat and entropy of pure 
He‘ suffice for the determination of p.(e,7). These 
values for the normal fluid density are then compared 
with the values for p, calculated from second sound 
measurements in pure He‘; the change in p, is ascribed 
to the He’. 

The application of these approximations to solutions 
of appreciable He® concentration requires somewhat 
more detailed treatment than that indicated by 
Pomeranchuk. Where properties of the solutions are 
assumed to be resultants of the linear superposition 
of the pure components, some account should be made 
of the reduction in the atomic density of the He‘; as 
in the case of p», Pomeranchuk has consistently neg- 
lected this effect. Although not explicit, the theory also 
apparently ignores the effect of the lambda-point 
depressions, implying that the contribution of the Het 
in a solution at some temperature corresponds to the 
value of the property in pure He‘ at the same tempera- 
ture. It is unlikely that the published calculations of 
us could have taken into account the recently observed 
deviations from ideality of the total densities of the 
mixtures. We therefore recompute the He’ effective 
mass from the published values for #2, Sy, C4 according 
to the same ideas on linear superposition and reduced 
temperature that formed the basis for analysis of our 
own data. Thus, we use Eqs. (1)-(5) of this paper, 
together with modified formulas for uz and C; 


rz ~ Ps 
[u2/ T*,€) P - T- -(T*,€) 
Pn 


ke P- ke 
" [wasir, e=0)4+—] Ec Mo y'+—}, 
m4 ms, 


C(T* 6) =wiC(T*, «=0)+hhke/m,. 


Using these modified equations, we show in Fig. 8 the 
calculated p;* for a mixture of x3= 0.008 ; the new values 
are compared with the curve originally published" and 
with the trend corresponding to Fq. (6). The behavior 
of p;* as obtained from second sound studies is now in 
better agreement with the values obtained from the 
torsion pendulum data. In spite of these changes, the 
p3* calculated for higher concentrations and lower 

” We are here considering the special case, in Pomeranchuk’s 
treatment, of approximately zero minimum value for the dis- 
solved He? momentum spectrum. According to his theory, this 
condition is indicated by the qualitative behavior of the p, data 


and by the second sound velocity at very low temperatures. 
*™ Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 
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temperatures still show a positive temperature coeffi- 
cient. These residual discrepancies may arise from the 
nature of the approximations in the Pomeranchuk’s 
theory. It is also possible that the disagreement origi- 
nates in the same sources that cause the unresolved 
discrepancies between the second sound and torsion 
pendulum values for p, in pure Het (see I). 

A division of normal density values into the separate 
contributions of the He‘ and He’ as in the preceding 
analysis is an arbitrary procedure, since the torsion 
pendulum technique cannot distinguish between the 
isotopes excited by the oscillations of the rotor. Equa- 
tion (4) is therefore only an assumption in the present 
treatment, although it is based upon theoretical con- 
siderations. Nevertheless, the use of the empirical rela- 
tionship Eq. (6) and the final Eq. (7) yields values for 
pn which may be considered as completely empirical 
in describing the original data. Agreement between Eq. 
(7) and the measurements is well within experimental 
accuracy throughout the range of study, except for 
x3>0.03 at temperatures within 0.05°K of T,. The 
calculated p, appear to lie systematically below the 
data in this narrow interval, indicating that the 
temperature dependence of p, near 7, becomes progres- 
sively less steep with increasing x;. This effect is not 
very pronounced, however, since deviations of sample 
C points from the calculated values are no greater than 
4.2%, less than 3 times the estimated accuracy at these 
temperatures. 

If one accepts the theoretical implications of Eq. (4), 
the empirical values of p;* are in qualitative agreement 
with the behavior postulated by Feynman.” In this 
theoretical treatment, the He* atoms are considered to 
be analogous to small solid spheres moving through an 
ideal fluid. The solution of this familiar problem in 
classical hydrodynamics shows that the effective mass 
of the sphere is the sum of its “true” mass and one-half 
of the mass of displaced fluid. For He’ atoms in very 
dilute solutions at T7=0, the effective mass becomes 


a= mat 3 (03/04), 


where 3, v4 are the atomic volumes of the isotopes in 
the liquid. Substituting the value of v3 corresponding 
to the pure liquid molar volume V,°= 38.46 cm yields 
ua=5.82 atomic mass units, as given by Feynman; use 
of the empirical volume in solution V,=35.55 cm 
yields 43=5.61 amu. In order to obtain the effective 
hydrodynamic density p;* for the He’, the above for- 
mula is transformed by dividing through by 13; 


pa =pat dpa. 


These expressions cannot be valid except where 7~O, 
xy~0. At higher temperatures and concentrations we 
may no longer consider each He’ atom to be surrounded 
by superfluid He‘, Since it is only by relative motion 


™R. P. Feynman, Phys. Rev. 94, 262 (1954). 
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Fic. 8. Effective hydrodynamic density of He* in solution de 
rived from second sound measurements behavior given by 
King and Fairbank"; @ calculated from data of King and Fair 
bank by means of modified formulas of Pomeranchuk ; our 
results, Eq. (6) 


that the mass (or density) of the He’ is increased, the 
density of the fluid through which the He* moves is p,. 
The theoretical effective hydrodynamic density at all T, 
x; is therefore 

pa* =pat4py. (8) 


Equation (8) is formally identical with the Eq. (6). 
The empirical y = 0.796 appears to indicate only quanti 
tative failure of classical hydrodynamics when applied 
to atomic dimensions. The discrepancy is perhaps under- 
standable in terms of the details of the classical problem, 
for we might expect that the motion of a He’ atom 
should create a disturbance of greater extent among the 
surrounding atoms than if the velocity gradients could 
decrease in a microscopically smooth and continuous 
fashion. 

Alternatives to Eq. (4) could attribute some of the 
increase in normal fluid density to the He* comporent. 
The introduction of He?’ atoms into the He‘ is evidently 
a strong perturbation on the He II phase, as mani 
fested by the lambda-point depression. The readjust 
ment of the p, behavior by means of reduced tempera- 
tures has made different solutions artificially equivalent 
at T,, but also tends to obscure one of the important 
phenomena. A more satisfactory view of the solutions 
might treat the increase in normal density as some kind 
of a composite of the He’* and of a He‘ contribution 
enhanced by the presence of the He’. Although we have 
not attempted to treat the experimental data according 
to this type of model, it is apparent that our results 
can be made to correspond to such a nonlinear alter 
native to Eq. (4). 


IV. VISCOSITY 


The measured viscosities of the solutions and of 
pure He’ and He‘ are listed in Table I and are shown in 
Fig. 9. Here, as before, the smooth curves in Fig. 9 
connect data points of each mixture and are not lines 
of constant concentration. All samples have the same 
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Fic, 9. Variation of viscosity of He*-He* solutions with tem 
perature, + pure He*; @ pure Het; & sample A; Ww sample B; 
@ sample C. 


qualitative behavior : an initially steep decline from the 
value at the lambda point, to a broad minimum at 
1.6-1.8°K, followed by a continuous rise in 7 at lower 
temperatures. Comparison between the curves shows 
several interesting features. 


(1) The lambda-point viscosity (7),x;) decreases 
with increasing x3. 

(2) The temperatures at which the viscosity reaches 
a minimum decrease with increasing x3. 

(3) The value of » at the minimum is initially de- 
pressed by the presence of He’ for the more dilute 
solutions, but thereafter appears to increase with in- 
creasing He* concentration. 

(4) The monotonic rise in 9 at low temperatures is 
less pronounced in the solutions. 


At no temperature can the viscosity of the solutions 
be expressed as the linear superposition of the viscosities 
of the pure components. The nonlinear influence of the 
lighter isotope is clearly shown in Fig. 10(A), where we 
have plotted 9(7,x%) versus xs. Values for the solutions 
appear to approach rapidly the viscosity of pure He’ 
in the same temperature range. For solutions of higher 
concentration, 9(7',,%3) probably eventually rises again, 
in order to approach the increased viscosity of He’ at 
lower temperatures. The dependence of 9 on x; at the 
minimum appears to follow a more complicated de- 
pendence on x;. As shown in Fig. 10(B), the curve of 
(minimum) versus x3; seems to have a minimum of 
its own at x;~5%. The viscosity at these tempera- 
tures cannot be described by any form of superposition, 
since the viscosity of the solutions becomes less than 
the viscosity of either pure component. Although the 
decreasing dependability of the data makes generaliza- 
tions hazardous at lower temperatures, the qualitative 
variation of » with x; in Fig. 10(B) is apparently main- 
tained down to 1.3°K. 


AND 
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Discussion of Viscosity Results 


Our viscosity results are in strong disagreement with 
the measurements of Pellam,'’ who reports a monotonic 
decrease in » with temperature, approximately propor- 
tional to p,; his estimated value for the viscosity at 
1°K is 4-5 micropoise. The calculation apparently in- 
volved a normalization at 7, although the details of 
the calculation are not given. We believe that this dis- 
crepancy can be attributed in large part to the difference 
in temperature dependences of the corrections due to 
the “internal friction” (see I) and boundary layer of 
the rotor. 

No theory has yet successfully described the viscosity 
of pure He‘ over the entire range of temperatures 
covered in the present study. Landau and Khalatnikov” 
have calculated the viscosity at temperatures below the 
viscosity minimum on the basis of the quantum- 
hydrodynamical model, but have not succeeded in 
applying these ideas to the warmer region of high roton 
density. Although a more complete theoretical de- 
scription of pure He* must probably precede a clear 
understanding of He’-He* solutions, the empirical be- 
havior of the mixtures suggests theoretical implications 
which we shall report here. 

The apparent correspondence between the p, con- 
tribution of the dissolved He’ and the sphere problem 
of classical hydrodynamics implies that the analogy 
might describe the viscosity effects equally well. Ein- 
stein” has calculated the influence of a dilute concen- 
tration of small neutral spheres suspended in a liquid; 
the viscosity is shown to be increased as } times the 
volume concentration of the suspended particles. This 
result, yielding an effect of opposite sign to that of the 
He solutions, is apparently restricted to the case of 
particles considerably larger than the atoms of the 
liquid. A more promising domain to consider might be 
the behavior of gaseous mixtures, as treated by Chap- 
man.”® The addition of chemically inert atoms to a gas 
of heavier atoms is found generally to increase the 
viscosity of the mixture above the value given by 
linear superposition. This tendency, again opposite to 
the behavior of the He solutions, may be understood as 
the resultant of three factors; a reduction of the mean 
free path of the heavier atoms, an increase in the num- 
ber of momentum carriers, and a tendency toward 
persistence of the heavy atoms’ initial momenta after 
collision with the lighter particles. The first two factors 
cancel to a first approximation, leaving the third as a 
dominant tendency toward an increase in the viscosity. 
The tendency toward a viscosity increase may also be 


*L. D. Landau and I. M. Khalatnikov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 19, 637, 709 (1949). 

4A, Einstein, Ann. Physik 19, 289 (1906); 34, 591 (1911): 
also in collected papers, Theory of the Browntan M ovement, edited 
by R. Firth and A. D. Cowper (Dover Publications, New York, 
1956). 

%6S, Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, New York, 
1953). 
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considered as the result of a decreased average collision 
cross section. 

It appears that an explanation for the decreased 
viscosity of He*-He* solutions must be sought in the 
unusual character of the Hell energy spectrum. 
According to the work of Landau and Khalatnikov,” the 
viscosity of He II above 0.8°K results from the scatter- 
ing of phonons and rotons by rotons; above about 1.5°K, 
roton-roton scattering is dominant. We shall assume 
that He II in the high-temperature region can indeed 
be treated as a roton gas. These excitations may be 
treated as elementary vortices of 7 or so He‘ atoms, 
and whose internal energy is quantized. An encounter 
between such a He‘ vortex and a He* atom must evi- 
dently produce a strong perturbation on the roton, for 
it may not drift through the region of the He* atom 
without a change in its quantized internal energy. We 
therefore expect a high probability for a deflection of 
the original drift direction of the roton. Hence, the 
presence of the He’ decreases the roton mean free path. 
If there is any He’-induced decrease in the density of 
the rotons, the effect on the viscosity should be com- 
pensated by a corresponding increase in the roton-roton 
collision free path. The He* atoms themselves, if suffi- 
ciently dilute, will not contribute a significant increase 
in momentum transport. The net effect of the He? is a 
decrease in the viscosity. 

Since the viscosity of He II at the minimum is almost 
completely due to rotons, we can make a crude numeri- 
cal test of these speculations. We find that 7 (minimum) 
is decreased from 14.7 micropoise in pure Het to 13.7 
micropoise when x;= 0.031, or N;=6.8X 10” atoms/cm’. 
Using the relation” p,/p= Vu, and the empirical roton 
effective mass u,=0.4m,,2" we find for the number of 
rotons pNV,= 1.6610” per cm* at 1.8°K. Thus, the 
volume percentage of He’ atoms to rotons is 4.1%, 
while the viscosity is reduced by 7%; we therefore esti- 
mate that the roton-He’ cross section is 1.7 times that 
for roton-roton collisions. The semiempirical value for 
the latter” is given as 5K10~'® T~! cm?; we obtain for 
the value of the roton-He’ cross section about 6.3 107! 
cm’. Since the simple ideas proposed for this inter- 
action suggest that the collision cross section should be 
approximately geometrical, we compare the above em- 
pirical value with the projected area of a sphere of 
liquid containing 7 He‘ atoms. This is 5.8 10~'® cm’. 

#6 L,, Landau, J. Phys. (U.S.S.R.) 5, 71 (1941). 

#7 R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956). 
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Fic. 10. Dependence of viscosity on He* concentration, Curve 
A, viscosities at the lambda temperatures; Curve B, viscosities 
at minima 


In spite of the agreement between these independent 
values we do not believe that the estimate is dependable 
to better than an order of magnitude. In particular, the 
uncertainty in roton effective mass is indicated by the 
discrepancies between the value u,=0.4m, which we 
have used, the earlier estimate u,=0.77m,,""" and 
br= 1.7m, which we obtain by a comparison of p, ' and 
specific heat” at 1.80°K, using A/k=10.60°K. Further- 
more, the calculated value of the roton-roton cross 
section depends upon the choice of the roton effective 
mass. 

The over-all dependence of the viscosity on x; must 
be concave upward since 7 must approach the higher 
He’® value at greater concentrations. Although this 
trend is empirically confirmed, we can make no theo 
retical estimate of the concentration at which dy/dx, 
is zero. 

Despite the highly speculative character of the argu 
ments and the need for more precision in the measure 
ments, we do appear to find a qualitative correspond 
ence between this simple model and the observed effect 
of He’ on the viscosity of He IT. 


ACKNOWLEDGMENT 


We gratefully acknowledge the comments of Pro 
fessor J. R. Pellam, who originally pointed out the 
effect of imperfections of a finned rotor upon normal 
density measurements. 





PHYSICAL REVIEW VOLUME 


107, 


NUMBER § SEPTEMBER 1, 1957 


. 


Anisotropy in Electroluminescence and Conductivity of Single Crystals of ZnS 


A. Lempicki, D. R. FRANKL, AND V. A. Bropny 
Research Laboratories, Sylvania Electric Products Incorporated, Bayside, New Y ork 


(Received May 27, 1957) 


Synthetic ZnS single crystals possess highly anisotropic electrical properties. The dark conductivity 
may be as much as a factor of 10° larger in directions perpendicular to the c-axis than parallel to it. Photo 
conductivity and electroluminescent emission are also anisotropic but in smaller degree. It is proposed 
that these effects are caused by barriers due to stacking faults. 


HE existence of anisotropy in electroluminescent 

light emission from synthetic crystals of ZnS has 
recently been reported by Strock' and Zalm.? We present 
here measurements of the anisotropy of the dark 
current, photocurrent, and light output obtained on 
several crystals grown from the vapor phase by 
Kremheller’ and Koury,‘ and offer a tentative expla- 
nation based on a well-known structural defect. 

In all measurements a half-wave rectified 60-cycle 
voltage was applied to the crystals. The results are 
quoted in terms of average field strength, current den- 
sity, and light output. For photocurrent excitation we 
used an H-100 BLA mercury arc (mainly 3650A) 
operated at 1 amp dc, All measurements were carried 
out at room temperature. 

Table I lists ratios of light output (1) dark current 
density (j) and photocurrent density (j,) at equal field 
strengths in directions perpendicular and parallel to 
the c-axis, respectively (designated by subscripts 1 
and ||, respectively). Figure 1 shows typical behavior 
of the measured quantities as functions of the field 
strength for crystal 5. The ratios of light output, current 
and photocurrent in the two directions are seen to 
change with applied field. The ranges of ratios given in 
Table I correspond to this variation. The dark current 
density ratios for crystals 1 and 3 are uncertain because, 
within the accuracy of the measurements, no current 
could be measured in the direction parallel to the c-axis 
over the entire field strength range. 


TABLE I, Anisotropy ratios of electroluminescence, dark-current 
density, and photocurrent density. 


Color of 
electrolu 
Geometry minescence 14/L\) 


Number j1/i\\ 


Grown rod, 
cl) length 
Polished plate 
cl) plane 
Grown plate 
cl plane 
Polished plate, 
él plane 
Grown rod, 
¢L length 


Blue-green 50-100 > 20- > 1000 5 


Blue 1-150 10° 100 


Orange 1-100 >1l- >10¢ 10-100 


Blue 1-5 108-10 1-106 


Blue 108 10° 300-3000 


'L, W. Strock, Acta Cryst. Abstracts, Montreal Meeting, July, 
1957. 

*P. Zalm, Philips Research Repts. 11, 353 (1956). 

4A. Kremheller, Sylvania Technologist 8, 11 (1955) 

‘ Sylvania Lighting Division, Salem, Massachusetts. 


A striking feature of these results is the magnitude of 
the dark-current anisotropy ratio, which can be as large 
as 10°. It is to be noted that the light output and 
photocurrent anisotropies are lower than that of the 
dark current. This shows that there exists a marked 
difference in the efficiency of the electroluminescence 
process for field applied parallel or perpendicular to the 
c-axis. The efficiency is larger in the parallel direction. 
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Fic. 1. Average light output (L), average current density (7), 
and average photocurrent density (j,) as functions of average 
field strength. Continuous lines, | to c-axis; broken lines, {| to 
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ANISOTROPY IN 

It is well known®*® that virtually all synthetic ZnS 
crystals contain appreciable numbers of stacking faults 
in the direction of the c-axis. These result in streaking 
between certain spots in the x-ray diffraction patterns 
obtained by precession about the c-axis. Insome crystals, 
the faulting has sufficient periodicity so that “polytype” 
spots are also obtained. The crystals used in the present 
work exhibit primarily 3-layer stacking (cubic structure) 
with various amounts of random stacking reversals. 
Two crystals, No. 4 and 5, showed a small amount of 
the 2-layer (hexagonal) modification. 

A natural supposition was that the highly structure- 
sensitive anisotropy is caused by the variable degree of 
faulting. For fields parallel to the c-axis, the faulted 
planes (or regions) might constitute barriers, impeding 
the flow of current but increasing the probability of 
excitation by those electrons which do penetrate them. 
Under strong photoconductive excitation, the effects of 


5L. W. Strock and V. A. Brophy, Am. Mineralogist 40, 94 
(1955). 
6 Short, Steward, and Tomlinson, Nature 177, 240 (1956). 
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the barriers would be diminished and a less pronounced 
anisotropy would be expected. 

In accordance with these ideas, the precession diagrams 
for the crystals of Table I were examined, and the 
crystals are listed in this table in order of increasing 
density of streaking relative to the density of prominent 
spots. This can be, at best, only a rough measure of the 
stacking disorder, since various size and shape factors 
enter into the relative intensities, and since the effects 
of polytypes (stacking disorder) is difficult to assess. 
Nevertheless, there is a trend towards an increase in 
the dark current and photocurrent anisotropies as we 
proceed down Table I. The lack of correlation in light 
output shows, however, that other factors such as, 
perhaps, the distribution of impurities, also play im 
portant roles. It is hoped that the preparation of more 
nearly perfect crystals, together with a quantitative 
evaluation of their disorder, will shed more light on 
this problem. 

Thanks are due Dr, J. L. Birman for several discus- 
sions and Dr. G. Neumark, Dr. H. Samelson, W. S. 
Romito, and S. R. Kellner for assistance in the measure- 


ments. 
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Theory of the Forbidden Transitions of Nitrogen Atoms Trapped in Solids* 


C. M. Herzreip 
National Bureau of Standards, Washington, D. C., and Department of Physics, University of Maryland, 
College Park, Maryland 
(Received May 29, 1957) 


A detailed theory of the forbidden transitions of nitrogen atoms trapped in solids is given. The trapped 
atoms are perturbed by the solid. Configuration interaction, produced by the solid, is important. Splittings 
and shifts of levels, and reduction of half-lives are explained in one consistent scheme. The trapping sites of 
atoms are shown to have low symmetry and to be nearly identical for different atoms. 


1. INTRODUCTION 


N a recent paper! a qualitative theory for some of the 

spectroscopic observations by Broida and 
workers’ on trapped nitrogen atoms was given. In their 
experiments nitrogen gas was passed at about one 
millimeter pressure through a 2450-Mc electric dis- 
charge and the discharge products frozen on a surface 
kept at 4.2°K. A series of glows and flashes were 
observed, whose spectra indicated the presence of 


CO- 


nitrogen atoms in the deposit, trapped along with nitro- 
gen molecules. Many features of the spectra were 


interpreted successfully. 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1C. M. Herzfeld and H. P. Broida, Phys. Rev. 101, 606 (1956). 

2A. M. Bass and H. P. Broida, Phys. Rev. 101, 1740 (1956); 
H. P. Broida and J. R. Pellam, Phys. Rev. 95, 845 (1954) 


1. It was assumed that some of the trapped nitrogen 
atoms were deposited while in the excited state 2p’ *D, 
and went by a radiative process to the ground state 
2p**S. The neighboring molecules were assumed to 
perturb this transition. 

2. It was further assumed that recombination of 
atoms produced excited Nz moleculs in the state °2, 
which went by a radiative transition to the state *Z. 

The present paper reports a detailed examination of 
the perturbing effects of neighboring molecules on the 
transition 2p'*D-—»2p''S, and the resulting theory 
makes it possible to explain completely the relevant 
experimental results, It may be well to summarize the 
experimental data? first. Table I shows the position and 
relative intensities of plate blackenings of the spectral 
lines emitted by the solid which are to be associated 
with the *D—+‘S transition. The positions of these lines, 
which we call “a lines,” are accurately known, and they 





M. HERZFELD 


TAB Le I. Some intense lines emitted from the 
condensed solid nitrogen. 


AA vy, cm 


’ Rel. intens. 
(air) (vacuum) I 


“5214.2 
5220.1 
5228.5 
5235.0 
5240.4 


19173.1 
19151.4 
19120.6 
19096.9 
19077.2 


are quite sharp with half-widths of about one cm™. The 
half-life of the strongest line has been measured to be 
approximately 10 to 20 seconds. The corresponding 
transitions of the free N atom, 2p'*), and 2p’ *Dy-> 
2p’ *S,, occur at 19 223 and 19 231 cm™, respectively.* 
The half-life of these highly forbidden transitions is 
known to be about 20 hours.‘ 

If the a lines arise from these forbidden transitions 
three effects must be explained : 

1. The two lines of the free-atom transition are split 
into five lines for the trapped atom, with the separations 
given in Table I. 

2. The center of gravity of the free-atom lines is 
shifted by 102 cm™ to the red in the trapped atom. 

3. The half-life is reduced from 20 hours to about 15 
seconds, 

These three effects can be explained in detail by 
calculating the perturbing effect of neighboring mole- 
cules on the trapped atoms. The perturbations are 
assumed to arise from the electric quadrupole moments 
of the N» molecules which surround the atoms and their 
effect can be calculated with crystal field theory.’ The 
Hamiltonian for a trapped N atom can be written 
schematically in the form 


H=F(i)+G(i,j)+ Eh) +V, (1) 


where F(t) consists of the kinetic energy, and the 
potential energy in the field of the nucleus, of the 
electrons of the N atom. G(i,j) is the electrostatic 
repulsion energy of these electrons. The terms F (7) and 
G(i,j) are assumed to be diagonalized, and the calcula 
tion begins in the SLJM representation. The term 
E(s,,1;) consists of the spin-orbit, spin-spin, and spin- 
other-orbit interactions of the electrons of the N atom 
and accounts for the split in the *D term of the free 
atom.*® V describes the perturbation of the electrons 
of the N atom by the neighboring molecules, It depends 
on the arrangements of these neighbors and must ac- 
count for the three differences between the free and 
trapped atoms. 

The present theory consists of finding a V which will 


t 


Atomic Energy Levels, U. S. National Bureau of Standards 
Circular No. 467 (U.S. Government Printing Office, Washington, 
D. C., 1948), Vol. 1. 

*C. W. Ufford and R. M. Gilmore, Astrophys. J. 111, 580 
(1950). 

*B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1953), Vol. 16, p. 108. 

* Aller, Ufford, and Van Vleck, Astrophys. J. 109, 42 (1949) 


give a trapped-atom spectrum in agreement with 
experiment, and then interpreting this V in terms of a 
geometrical model of atoms and molecules. 

The forma! part of the theory is straightforward and 
the results are quite definite and reliable. A general V 
can be written down which depends primarily on 
the symmetry of the problem, and which contains the 
magnitudes of the interactions as unknown parameters. 
The predictions of the theory are then fitted to the data 
by adjusting the values of the parameters. Thus, the 
separations of the a lines, their shift from the free-atom 
transition, and their relative intensities can be explained 
in one consistent scheme. 

In the second part numerical estimates of the parame- 
ters are made, using a detailed model. Such calculations, 
if made rigorously, would be equivalent to the solution 
of a molecular orbital problem for a many-atom, 
many-center system, and therefore quite difficult. 
Careful approximate methods are sometime success- 
ful,’"* but involve lengthy computation. The present 
study limits itself to relatively crude numerical esti- 
mates of the parameters for various geometrical models. 
Estimates for a few of these models give adequate 
agreement with the values obtained by fitting the data. 
Thus, the over-all reasonableness of the theory is 
verified, and the range of possible molecular models is 
greatly restricted. 

The states whose perturbations are of primary 
interest in this theory are 2p**D and 2p*4S. Gen- 
ernal considerations as well as direct calculations 
show that all matrix elements of V of the type 
(2p? SLM 5M | V | 2p* SLM Mz’) vanish identically, be- 
cause the p shell is half-filled. Therefore the observed 
changes in the spectrum on trapping the atoms must be 
caused by interactions between the levels 2p**D and 
2p’ *P, and by configuration interaction. Configuration 
interaction is very difficult to treat completely with 
rigor, and we do not attempt this here. Rather we inves- 
tigate the effect of the 2p* *P level in detail, and also 
that of the lowest levels of the lowest configurations 
which can play a role in this mechanism. This procedure 
is incomplete but affords the possibility of doing a rela- 
tively simple calculation completely. The configurations 
which provide the basis for the calculation are 2’, 
2p* 3s, and 2p’ 3p. 


2. FORMAL THEORY 
A. General Considerations 


The perturbation energy of an N atom by its neigh- 
bors can be expanded in a Taylor’s series in the coordi- 
nates of the electrons of the atom, about the nucleus of 
the atom. The perturbing potential energy is then of 
the form 


V=VotVitVet::-, (2) 


7™W.H. Kleiner, J. Chem. Phys. 20, 1784 (1952). 
*Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753, 766 
(1954); 11, 864 (1956). 
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where Vo is a constant, V; a linear function of the 
electron coordinates, V, a quadratic function, etc. 
Because we consider the effect of V on s and p electrons 
only, all matrix elements of Vi>2 vanish rigorously. 
The detailed form of the terms V, depends on the 
geometrical details of the model. We present first the 
theory for a model with a symmetry which gives agree- 
ment with experiment, and consider later those alterna- 
tives which can be ruled out. 

This model is of the following general type: the N 
atom is assumed to lie closer to one neighboring mole- 
cule than to the others, so that the symmetry of the 
perturbation as well as the major contributions to its 
magnitude are determined by one molecule. Figure 1 
shows the arrangement and defines the coordinate 
system. The potential in this system has cross-terms 
of the form (y—yo)(z—zo). A rotation in the y-z plane, 
depending on d and 6, can be found which suppresses 
this cross-term. In the new coordinate system 


V =Votaut+pwt+yu'?+ bv? — (y+5)w*. (3) 


The constants a, f, etc., are functions of d, 6, and the 
electric quadrupole moment of the molecule. The 
variables u, v, and w are linear functions of («— 4»), 
(y—yo), and (z—z»). The potential satisfies Laplace’s 
equation. 

The theory involves the calculation of the quantum- 
mechanical averages of the effects of V on the states 
2p**P, 2p**D, and 29'S, taking configuration inter- 
action with 2p’ 3s and 2? 3p into account. 


B. The Splitting and the Shift 


The constant term V9 plays no role because it affects 
all levels equally. The linear term V ; increases the tran- 
sition probability for the *D—‘S transition. The 
quadratic term V2 produces the splitting of the levels, 
and much of their shifts, and we investigate its effects 
in this section. Figure 2 indicates these effects 
schematically. 

The most important contribution to the splitting 
comes from the matrix elements of form 


(2p? *DJM\V2|2p**PJ'M’). 


(Yo, 20) 
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Fic. 1. The model for an N atom trapped near an N2 molecule 
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Fic. 2. Schematic summary 
of levels involved in the calcu- 
lation. SO represents mixing 
through spin-orbit coupling, V; 
through linear potential terms, 
V2 through quadratic potential 
terms. Numbers on the right 2p? 
give energy in units of 1000 
cm", 


2p* 3p 


2p’ 3s 


Additional contributions will be made by the levels such 
as 2p"(°P)3p *D, which lies about 8X 10* cm™ above the 
2p*?D level.’ These effects explain completely the ob- 
served splittings, and much of the observed shift. The 
calculation must take into account the magnetic inter 
actions /(s,, |;) for the 2p**D level*®: 

1. The second-order spin orbit coupling E(s;-1,) 
mixes the *D and *P levels of 2p* and contributes of the 
order of one cm™ to the splitting of the *) in the free 
atom, It cannot be disregarded here because these 
matrix elements mix with the crystal field elements in 
the perturbation calculation. The matrix elements are 
given in Condon and Shortley.’ 

2. The spin-spin coupling £(s,°s,) mixes the *D and 
‘S levels of 2p*. This effect contributes about one cm”! 
to the splitting and is neglected in our calculation, The 
transition probability for *D-—‘S of the free atom is 
affected strongly by this, but the effect is too small to 
matter for the transitions of the trapped atom. 

3. The spin-other-orbit coupling (s,-1;) must also 
be taken into account. The relevant matrix elements are 
given by Aller, Ufford, and Van Vleck®: 


(*:D,| E|2D,)= — (37/5)n, 


sian (4) 
(*Dy| E|2Dy) = (111/10)n, 


where 7 is an integral over the wave functions of the 2p 
electrons which gives the magnitude of the interaction. 
The value of y for the free atom can be determined by 
direct calculation or by fitting the theoretical splittings 
of the *D and *P levels to the observed splittings of the 
free atom. Fitting the most recently observed splittings 
gives n=0.715 cm™ for the free atom.” 

The matrix elements of type (2p**D|V.|2p*?P) are 
calculated by using angular parts of wave functions 
obtained by standard methods (TAS, Chap. 8). The 
term V» of Eq. (3) can be written as a linear combina 
tion of spherical harmonics of degree 2, multiplied by 
r=wu'+v+w*, The matrix elementsare then linear com 
binations of terms having three factors each. The first 
factor (r’) isa radial integral of r’ times two 2p radial one 
electron wave functions. The second factor is an integral] 
of a product of three associated Legendre polynomials of 
second degree, is proportional to a specific Wigner coeffi 
cient, and can be obtained directly from the tables in 
TAS, Chap. 6. The third factor is an integral of products 
of the form exp(im@) and is evaluated directly. V2 has 


{lomic 
, second 


*E, U. Condon and G,. H. Shortley, The Theory of 
Spectra (Cambridge University Press, New York, 1951 
edition, Chap. 11, Hereafter referred to as TAS 

17. S. Bowen, Astrophys J. 121, 306 (1955) 
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Fic, 3, Comparison of theoretical eigenvalues of V2+ /(s;,l;) 
with experimental levels. Theoretical eigenvalues are plotted 
versus —ad/W, for |o2|=230 cm™, and 4=3.46 cm“. Circles 
indicate experimental values; diameters of circles indicate experi 
mental uncertainties. 


no elements of type (2p**D| V»|2p*?D), and hence the 
eigenvalues of V2 can be obtained by second-order 
perturbation theory. They are: 

2 


9 


37. | «Be 
W(?D §4 §) = Wo- n+ ’ 
W 


37 1440, 2407 
W (?D $44) =Wo-—t+-——+—, 
5 5W SW 


37 720° 8a ? 
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5 SW 5W 
’ : 1 11 360°" 360 Me 50 60 of 
W (CD §4:§) =Wot+—qt+—_+—_+—__+—_, 
10 SW SW 4W W 


111 
W (2D $44) =Wot+—nt+ 
10 


108607 1 207 5° 6a of 
+——+—-—. 


SW SW 4W W 


Here W» is the unperturbed energy of the level 2p’ *D, 
W =W (2p'*D)—W (2p*?P) = —76000 cm", ¢=90 cm™ 
is the spin-orbit coupling constant for the 2p’ configura- 
tion,’ » the spin-other-orbit coupling constant, and a» 
and o2 are two crystal field splitting constants. The 
perturbation leaves M;, an approximately good quantum 
number, and g, enters only as the square. 

We have not shown here the effects of the level 
2p’ 3p *D. These are smaller by a factor of twenty than 
those considered here, and do not change the result for 
the splittings significantly. It is possible to show that 
the effect of V2 on 2’ 4S is small, much less than one 


cm™', Therefore the observed splittings and shifts of the 
a lines must be attributed to changes in the level 
2p’*D and should therefore be given by the Eqs. (5). 
The eigenvalues of Eqs. (5) contain two undetermined 
parameters : oo, 72, and two atomic parameters, ¢ and 7. 
The values of ¢ and 9 are known for the free atom, but 
steadily accumulating evidence shows that all atomic 
integrals (such as Slater integrals, spin-orbit coupling 
constants, etc.) are modified in a solid. We have decided, 
more or less arbitrarily, to allow adjustments in 9, but 
to leave ¢ fixed. The constants oo and a2 are unknown. 
Numerical estimates of them are given in Sec. 3. The 
three parameters oo, 72, and 7 are adjusted to give agree- 
ment between the observed levels and the predicted 
ones. There are four observed energy differences be- 
tween the a lines, hence any agreement so obtained is 
not trivial. 

Figure 3 shows the eigenvalues for |o2| = 230 cm™ 
and n= 3.46 cm™ as a function of oo, together with the 
levels inferred from the data in Table I. 

The agreement between the predicted and the ob- 
served relative separations of the levels is seen to be very 
good. A slight improvement of the fit might be obtained 
by revising the values of the parameters, but this would 
be pointless, because experimental uncertainties and the 
neglected configuration interaction and spin effects are 
of the same magnitude as the possible improvements. 
Fitting the eigenvalues of this three-parameter problem 
to the data was a lengthy procedure, and in particular, 
the relatively large value of n necessary to obtain agree- 
ment was unexpected. Only after considerable searching 
for combinations with smaller » proved unsuccessful was 
the present value adopted. Variation of ¢, leaving 7 
fixed, does not give agreement with experiment. 

The choice of parameters which gives agreement be- 
tween the predicted and observed separation of levels 
also predicts a lowering (with respect to the ground 
state) of the center of gravity of the *D levels by 37 cm™. 
The observed lowering is 102 cm™, Thus the same 
choice of parameters which gives complete agreement 
for the relative positions also predicts about one-third 
of the observed shift in the lines. Configuration inter- 
action with 2p? 3p *D contributes an additional splitting 
equal to about 3% of the total and has been neglected 
in our calculation. It also contributes about 5% to the 
shift, thus relatively much more to the shift than to the 
splitting. It is thus qualitatively clear that all possible 
configuration interactions can account for the rest of the 
shift. Agreement is obtained only for negative oo, which 
limits the possible geometry of the atom sites. The 
Eqs. (5) were derived assuming y#6 in Eq. (3). If the 
atom is in a site having a C, axis, then y=6 and o2=0. 
In this case the eigenvalues cannot be fitted to the 
observed levels, because they fall into two widely 
separated groups of closely spaced levels. A discussion 
of the interpretation of the values of the parameters 
and what they imply about the atom sites will be given 
in Sec. 3. 
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C. Transition Probabilities 


The formal model which correctly predicts the posi- 
tions of the spectral lines also correctly predicts their 
relative intensities. Configuration interaction is assumed 
to determine the transition probabilities. We discuss 
here only such mixing of states which favors electric 
dipole transitions. The perturbation V will also increase 
the probability for electric quadrupole and magnetic 
dipole transitions, but this effect is negligible compared 
to the increase in the electric dipole transition 
probability. 

The levels whose admixture to 2p**D is important 
are 2p’ 3s?P and 2p? 3s*P. The *P and ‘P levels are 
mixed by spin-orbit coupling to the extent that Russell- 
Saunders coupling is broken down. (See Fig. 2.) The *? 
state is mixed into the 2p**D state by the perturbation 
V;. The over-all effect is to introduce into the 2p**D a 
small amount of 2p’ 3s‘P. Because the transition 
2p? 3s *P—>2p* 4S is completely allowed, the small 
admixture of 4‘? with *D has a striking effect on the 
transition probabilities. 

The calculations of the transition probabilities are 
lengthy and only an outline is given here. The mixing 
of 2p’ 3s*P and 2p’ 3s ‘P is calculated from the formulas 
of TAS (Chap. 11), using the observed separation of 
*P and ‘P and the spin-orbit coupling constant for the 
free atom. The matrix elements for V; which connect 
the 2p**D states with the 2p’ 3s?P states are easily 
calculated by methods analogous to those discussed for 
V2 above. 

The admixture of ‘? and *P levels to the 2p* *D level 
is then obtained by perturbation theory. The atomic 
states in the solid are finally presented in the form 


|2DJM)= | 2p? *?DJM)+>-, a;| 2p 2PJ'M’) 
+3 i by| 2p? 35?PR)+-31 01! 2p? 35 4Pl). (6) 


It should be noted that the |?D/M) are mixtures of 
states with opposite parity. This mixing is the result of 
V, (which has odd parity) and is the basic reason for the 
larger transition probability for the trapped atom. 

The lower state of the transition under study is 
2p* 4S. Theoretical considerations as well as experi- 
mental evidence indicate that this state is almost 
completely unperturbed. The matrix elements which 
give the transition probability are, therefore, propor- 
tional to |(4SM5|P|?DJM)\?, where P is the electric 
dipole vector, and M g indicates that the ground state is 
is a linear combination with average M equal to zero. 

The Einstein transition probabilities for the five lines 
are obtained by direct computation. The results are 


A ($+$) = Aol 540K /, 

A ($+4)=Ao{0.618K ?+1.222K;*}, 

A ($+4) = Ao{1.222K?+0.618K ?}, (7) 
A (§+4) =A o{0.154K ?+0.571K/}, 

A ($44) = Ao{0.220K ?+0.043K }. 
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TABLE II, Relative transition probabilities 


Line Observed Calculated 
2 1 

8 3 
10 10 

6 8 

4 5 


In these equations A o= 7\S*p*| (4S|P|*P)|*, where 7 
is a collection of fundamental and numerical constants, 


(2p|r| 3s) 
“W (2p82D) —W (2p%3s *P)’ 


- 


Sp 


p= , 
W (2p?3s *P)—W (2p**D) 


where ¢, is the one-electron integral for the spin-orbit 
coupling, and 
Ko 2Beo(m 3)}, 


K | = 2aeo(2/3)!, 


where a and f are given in Eq. (3) and éo is the electronic 
charge. The observed plate-blackenings of Table I are 
proportional to the logarithms of the intensities of the 
lines, and hence approximately proportional to the tran 
sition probabilities. It is possible to calculate the 
relative transition probabilities from Eq. (7) as a func- 
tion of Ko?/K,*, if we assume that the excited levels are 
initially equally populated, and to compare the calcu- 
lated transition probabilities with the observed ones. 
If K?/K=2, good agreement with experiment is 
found ; the resulting relative transition probabilities are 
shown in Table II, The observed relative transition 
probabilities are uncertain by about 30%, and the 
predicted ratios fall more or less within this limit of 
error. 

The terms in the Eqs. (7) proportional to K/? arise 
from a term in V; proportional to P;'(cos@é). This term 
is necessary to get comparable transition probabilities 
for all five transitions. Without it, line (§ §) would have 
zero probability for electric dipole transitions (at least 
in the present approximation) and would hardly be 
observable, and the relative transition probabilities for 
the other four lines would be quite different than the 
observed ones. 


3. MODELS AND NUMERICAL ESTIMATES 
A. Symmetry of the Model 


The form of the potential of Eq. (3) allows us to rule 
out a number of models completely. The potential must 
contain terms proportional to P;'(cos@) and P(cos#) 
for the theory to agree with experiment. This eliminates 
completely the possibility of atomic sites with two fold 
and higher axes of symmetry. For example, a substitu- 
tion of an atom for a molecule in the low-temperature 





@ <> 


(a) (b) 


Fic, 4. Examples of trapping sites which are ruled out by theory 
Three-dimensional] sites with C, or axes of higher symmetry are 
also ruled out 


form of solid N», without appreciable rearrangement, 
would leave the atom in a site with C3; symmetry. This 
would require the vanishing of ?;' and P? terms in V. 
Other models which are excluded by such arguments are 
shown in Fig. 4. 

The model with correct symmetry is that shown in 
Fig. 1. with 0<@<m/2, It may be well to emphasize 
again that the potential arising from the quadrupole 
moment of the Nz molecule falls off very rapidly with 
distance. Thus, if the N atom is somewhat closer to one 
molecule than to the others, this nearest molecule will 
make the greatest contribution to V, and the relative 
geometrical configuration of this molecule and the atom 
will decide the symmetry and the major contributions 
to V. 


B. Numerical Estimates 


The crystal field parameters occurring in the theory 
are estimated from a classical point-charge model of the 
Nz molecule. This procedure is not very reliable, but 
gives some insight if the results are not taken too 
seriously. 

The electric quadrupole moment Q of the N» molecule 
in the gas is known from pressure broadening of micro- 
wave spectra to be 0=0.27e9X10~'® cm’, with eo in 
electrostatic units."' The value for molecules in the 
solid is not known, but the approach is so crude that 
the difference is not important. A point-charge model 
with positive charges equal to feo at the two nuclei of 
the N» molecule, and a negative charge }e¢o between the 
nuclei, has almost exactly the required quadrupole 
moment, The higher moments of the molecule are 
represented poorly by this model, but involve terms 
V x>2, Which do not contribute to the matrix elements in 
our approximation. 

The classical potential energy V can be expanded 
explicitly for the point-charge model with the geometry 
shown in Fig. 1, and transformed to the form in Eq. (3). 
Each coefficient in Eq. (3) is then given in terms of the 
geometrical constants and the charge distribution of the 
model. These relations are complicated and not suffi- 
ciently general to warrant their publication here. It is 
easy to calculate oo and a in terms of these coefficients, 
and to estimate oo and o2 numerically for different 
distances and orientations. All necessary expressions 
are readily calculated, and the relevant atomic integrals 


1 C, Greenhow and W. V. Smith, J. Chem. Phys. 19, 1298 
(1951). 
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can be estimated roughly using Slater wave functions 
for N atoms. Similarly the transition probability 
parameters a and # are readily evaluated, and Ao 
estimated. It is found that several geometrical arrange- 
ments give reasonable results, but the best compromise 
model has d=2.5 A and 6=0.86 radians (50 degrees). 
The significant numerical constants for this model are 
shown in Table III. The agreement is reasonably good. 
The predicted crystal field splitting constants are of 
the right order of magnitude, while the predicted 
transition probabilities are somewhat too small, The 
calculation of the transition probabilities requires a 
value for A for the allowed transition 2p’ 3s *P—>2p* 4S. 
This is apparently not known, and has been assumed to 
be 10-7 sec~'. An estimate of (2p r| 3s) was obtained by 
using hydrogen atom functions. 

On the whole the direct numerical estimates give 
results no worse than is usual in such an approach. We 
can give here no explanation for the change of the spin- 
other-orbit coupling constant from 0.715 cm™ in the 
gas to 3.46 cm™ in the solid. In fact a change in 9 by a 
factor of 5 implies large changes in the Slater integral 
F,, and hence changes in the separation of the 7D and *S 
levels larger than are observed.” It is thus likely that an 
unknown physical effect contributes to these matrix 
elements. 

The width of the observed lines and the spread in 
measured half-lives make possible an estimate of the 
variations in the sites of different N atoms. This can 
be done by assuming that the theory gives correctly 
the dependence of the parameters on geometry even 
though it does not give their absolute values correctly. 
The a lines are quite sharp, one cm or less. This 
implies that all radiating N atoms are located in sub- 
stantially the same environment. Calculation shows 
that a spread in the distances d for different atoms of 
approximately 0.1 A and a spread of one degree in the 
angle 6 would change the levels by about the line width. 
Similarly variations in d by 0.1A and in @ by two 
degrees imply a spread in the half-life of a factor of two. 
Thus it is seen that all the excited N atoms must be in 
almost exactly the same types of sites to produce such 
narrow lines with such definite half-lives. The implica- 
tions of this are discussed below. 


4. DISCUSSION 


The calculations reported here confirm the presence 
of nitrogen atoms in the low-temperature deposits from 


TABLE III. Comparison of predicted and observed parameters. 


Best model Observed 


—85 cm“ —37 cm™ 

o 110 cm™ +220 cm™ 
K#/K} 2.0 2.0 

A(§ 4) 0.02 sec™ 0.05 sec™ 


#2 R. E. Trees (private communication). 
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electric discharges. The formal crystal field theory gives 
excellent agreement with experiment when a small 
number of parameters are suitably adjusted. The agree- 
ment of the formal theory shows it to be a powerful tool 
for the study of systems from the first row of the 
periodic table of elements. Crude numerical estimates 
of the parameters agree as well as can be expected with 
the values obtained from the data using the formal 
theory. 

The symmetry of the sites of excited atoms has been 
shown to be very low, but the sites of different excited 
atoms are seen to be identical, or nearly so. It is not yet 
clear how best to explain this. We believe at present that 
each excited N atom is linked in a loose molecular 
complex to a particular N» molecule. The link must be 
quite weak to modify the spectrum so slightly from that 
of a free atom. Were this link as strong as an ordinary 
nitrogen-nitrogen single bond, the observed spectrum 
would bear no resemblance to that of the free N atom. 
Thus, it is very unlikely that the systems discussed in 
this paper are the Nz molecules proposed by Pimentel 
and his collaborators. This implies no conflict of 
interpretations, since the two different interpretations 
are based on quite different sets of observations. The 
present theory allows no direct deductions about the 
sites of the atoms after they radiate. It is possible that 
they move to a quite different position after the tran- 
sition. The a lines have sharp edges toward the violet, 
and diffuse edges toward the red. This can be interpreted 
to mean that the atoms acquire translation kinetic 
energy during transition to the ground state. The 
presence of N atoms in deposits of the kind considered 
has recently been verified by Jen,'* who has found in 
these systems paramagnetic resonance absorption by 
very slightly perturbed N atoms in the ground state. 

In the earlier interpretation! a tentative explanation 
of the 8 lines (a group of three broad lines near 5600 A) 
was given. This explanation is now seen to be untenable, 
because direct crystal field effects for the highly excited 
states which were then postulated should be several 
orders of magnitude greater than the splittings of the 
B lines. It is possible that the 6 lines correspond to a 
transition of the type 2p**D-—»2p**S in which the 
excited atom is in a different site than that which 
produces the a lines. If d is much less than 2.5 A, say 


48 Milligan, Brown, and Pimentel, J 
(1956). 
“C.K. Jen (private communication). 
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1.5 to 2.0 A, and 6=0 or w/2, then four broad lines may 
be expected, which may appear as three lines. The half- 
life would be expected to be much shorter than that of 
the a lines, in agreement with experiment. The observed 
over-all spread of 300 cm™, red-shift of 1000 cm™', and 
half-life less than 0.1 sec are quite compatible for such a 
model. Again the red edges of the lines are much more 
diffuse than the violet edges, suggesting that a bound 
excited state goes to a ground state where the atom has 
some kinetic energy of translation. 

An explanation can now be given of the weak long 
lifetime emission line at 5940 A, suggested by a remark 
of Vegard. The line at 5940 A lies 2290 cm™! to the red 
of the strongest of the a lines. The energy of vibrational 
excitation of an Nz molecule in its ground state is 2330 
cm when the molecule is in the gas or in the liquid. 
The value for the solid is not yet known. Two possible 
explanations of the 5940 A line suggest themselves: 
Either some quanta of the @ emissions get Raman 
scattered on their way through the solid by Ny molecules 
or the emissions of the a quanta leave some N» molecules 
of the “molecular complexes” in an excited vibrational 
state. One of these alternatives can be ruled out when 
the Raman spectrum of solid N» is better known, 
because only if the vibrational Raman frequency of 
ordinary N» molecules in the solid is 2290 cm™ is the 
first alternative correct. In either case all five a lines 
should be found repeated with low intensity near 
5940 A. The one line so far observed corresponds 
probably to the strongest @ line. More intensive search 
may lead to the others. 
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A method of measuring the first magnetic anisotropy constant, K,, of cubic crystals having a large 
anisotropy was developed which utilized measurements of the torque for directions of the applied field near 
the direction of easy magnetization. By this method K, of a cobalt ferrite crystal was found to be closely 
approximated by the empirical relationship K,; = 19.6 X 10® exp(— 1.90 10~*7*) ergs/cc from 20° to 325°K. 
Above 325° the measured anisotropy depended upon the length of time the crystal was in the magnetic field. 
For a nickel cobalt ferrite crystal, K;, as measured by the usual torque method, was given empirically by 


K,=[8.08 exp(—3.57 10~°7*) 


9.78 exp (—0.863 X 10-*7*) ]X 104 ergs/cc from 20° to 600°K while K, 


increased from —4.7 10 ergs/cc at 20.5°, passed through zero at 190°, rose to a maximum of 1X10 at 
280°K, and then above this temperature decreased rapidly to zero. The relationships for K, are of the same 
form as those found by Briikhatov and Kirensky for metallic ferromagnetic materials. 


I, INTRODUCTION 


HE magnetic properties of single crystals depend 
on the direction in which they are measured. The 
anisotropy energy, or magnetocrystalline energy, acts 
in such a way that the magnetization tends to be 
directed along certain crystallographic axes called easy 
directions. For a cubic crystal, such as a ferrite, one can 
represent the anisotropy energy for an arbitrary direc- 
tion having direction cosines aj, a2, and ag referred to 
the cube edges as 


E Eo + K (a;,a? + ava; + as'a;") 


+ K o(a;as*a3") +: *» (1) 


where K, and Ky are known as the first and second 
anisotropy constants. 

Keffer' has recently shown that the temperature 
dependence of the ferromagnetic anisotropy in cubic 
crystals is closely related to the degree of correlation 
between the directions of neighboring spins and that the 
theories of Van Vleck? and Zener® can be regarded as 
limiting cases of no correlation and complete correlation, 
respectively. These theories yield a relation between K, 
and M of the form 


K\(T)/K,(0)=[M(T)/M(0) }", (2) 


where the magnetization, M, is the appropriate 
Brillouin value rather than the experimental value, For 
the limiting case of no correlation, n=6, and for the 
limiting case of complete correlation, n= 10. In addition, 
Van Vleck* has shown that in a particular case of partial 
correlation m decreased from 10 to 6 as the temperature 
is increased from absolute zero. 

* This work was performed at the U. S, Naval Ordnance 
Laboratory and was submitted to the University of Maryland in 
partial fulfillment of the requirements for the Doctor of Philosophy 
degree in physics. 

t Now at the U. S. Naval Research Laboratory, Washingten, 
D. C. 

1F, Keffer, Phys. Rev. 100, 1692 (1955) 

* J. H. Van Vleck, Phys. Rev. 52, 1178 (1937) 

*C. Zener, Phys. Rev. 96, 1335 (1954). 


For ferromagnetic metals having cubic symmetry, the 
temperature variation of K, has been found to follow 
the empirical Briikhatov-Kirensky’ relation, 


K,(T)/K,(0)=exp(—a7”). (3) 


This relation follows directly from Eq. (2) if the 
temperature variation of M is of the frequently observed 


form, M(T)/M(0)=(1—a7”), thus: 
K,(T)/K,(0) = (1—aT?)"~exp(—naT7*), 


If the temperature variation of M at low temperatures 
is of the form M(T)/M(0)=(1—6T") as predicted by 
spin-wave theory, then the corresponding temperature 
variation of K, is 


K,(T)/K,(0)= (1—67)"~exp(—nbT). (4) 


It is not possible to distinguish between the above 
formulas on the basis of presently available data. 

The magnetic anisotropy can be measured either by 
methods utilizing the measurement of static forces or 
torques or by methods utilizing the measurement of 
electronic resonance absorption at microwave fre- 
quencies. These methods have been shown to yield 
different values for the magnetic anisotropy for the 
specific case of nickel ferrite at low temperatures by 
Bozorth et al.° 

In the present work, measurements of the magnetic 
anisotropy of a cobalt ferrite (Co; .o:Fe2.0003.s2) and a 
nickel cobalt ferrite (Nio,72F€o,20Coo,osF e204) single 
crystals by static torque methods are presented. 


Il. APPARATUS AND PROCEDURE 


The apparatus used to make these measurements is a 
torque magnetometer designed so that the torque 
exerted by the crystal can be measured as a function of 


‘N. L. Briikhatov and L. V. Kirensky, Physik. Z. Sowjetunion 
12, 602 (1937) and Tech. Phys. (U.S.S.R.) 5, 171 (1938). 

* Bozorth, Cetlin, Galt, Merritt, and Yager, Phys. Rev. 99, 
1898 (1955). 
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temperature, applied magnetic field, and crystal orienta- 
tion with respect to the applied field. 

The torque, L, exerted by a magnetized crystal is 
given by —0E/dy, where y is the angle between an 
arbitrary direction in the plane perpendicular to the 
torque axis and the projection of M onto this plane. For 
the specific case shown in Fig. 1 where the torque axis 
is in the [011] direction, M is in the (011) plane, and 
y is measured in this plane from the [100 ] direction, the 
magnitude of the torque is given by 


L= —}K,(3 sin4y+2 sin2y) 
—1/64K2(sin2y+4 sin4dy—3 sin6y)+---. (5) 


If the applied field is strong enough to saturate the 
crystal magnetically, the values of K; and Ky can be 
found by fitting the observed torque vs direction-of- 
magnetization curve to this equation. 

In cases where the applied field is not strong enough 
to saturate the crystal except in directions near the 
direction of easy magnetization the following method 
was developed. The magnetic field, H, is applied in the 
(011) plane and 6, y, and ¢ are defined as shown in Fig. 1. 
For small y, Eq. (5) reduces to L= —2K,y. The torque 
exerted by the crystal is given by the equation, 
L=—HM sind, which for small values of ¢ reduces to 
L=—HMg@. If A is defined as — L/6, and since 6=+¢, 
it then follows that 


(1/A)=(1/2K,)+(1/HM). (6) 


Thus, at a fixed temperature, K,; and M can be deter- 
mined from measurements of L as a function of 6 and H. 
It can be shown® for materials having a positive K, 
that, when H is in the (011) plane near a [011 ] direc- 
tion, it is in general not energetically favorable for M 
also to lie in the (011) plane. This means that this 
method cannot be used to obtain the value of K ». 


Ill. SPECIMENS 


The chemical analysis’ of the cobalt ferrite crystal 
performed on a sample of 50 mg indicated the formula 
Coy,o1F €2,000s,62 a8 Compared with the ideal CoFe.O,. 
None of the other components exceeded 0.05% by 
weight. The nickel cobalt ferrite crystal was also 
chemically analyzed,* but here the chemical equation 
Nio.72F €0.70Coo,0e203 was obtained by assuming that 
there is an amount of divalent iron present to make the 
total divalent-trivalent ratio 1 to 2, and also that there 
is sufficient oxygen to balance the metallic components. 
If one assumes that the above single crystal spinel is 
completely inverted and uses 2.2ug for Nitt, 4.0ug 
for Fe**, and 3.8u, for Co**, a total magnetic moment 


*H. Shenker, Ph.D. thesis, University of Maryland, 1955, 
Publication No. 12090 University Microfilms, Ann Arbor, 
Michigan (unpublished). 

7 Chemical analysis performed by Horace J. Hallowell, Dan 
bury, Connecticut. 

* Chemical analysis performed by the Naval Gun Factory, 
Washington, D. C. 
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of (2.68+0.05)ue should be expected. This particular 
sample has been measured by Maxwell® and the 
saturated moment at low temperatures was found to be 
(2.63+0.03)ux. The agreement between the magnetic 
and chemical data gives confidence in the chemical 
formula. 

The crystals were formed into spheres in a Bond-type 
sphere grinder.” Measurements of the diameter and 
weight of the cobalt ferrite sphere gave a density of 
5.33 in comparison to the theoretical density of 5.29 
which is based on x-ray measurements. Similarly the 
measurements of the diameter and weight of the nickel 
cobalt ferrite sphere yielded a value of 5.27 for its 
density as compared with a theoretical value of 5.38. 
The volumes used in the anisotropy calculations, how- 
ever, are based on volumes calculated from the meas 
ured weights and theoretical densities. 

After being formed into spheres, the crystals were 
annealed by heating to 700°C and cooled to room 
temperature at the rate of about 100°C per hour in a 
furnace heated with alternating current so that in 
effect the cooling was done in a small alternating 
magnetic field, 

The crystals were oriented by using back-reflection 
Laue pictures and were mounted on the support rod 
with a [110] crystal direction parallel to the direction 
of the support rod, It is estimated that the orientation 
of the crystal as mounted on the support rod was within 
1 degree of a [110] direction. 


IV. RESULTS AND DISCUSSION 


The torque on the cobalt ferrite crystal was measured 
in fields greater than 7500 oersteds and at small angles 
with the easy direction of magnetization [100], The 
plots of 1/A versus 1/H, shown in Fig. 2, are linear and 
with the aid of Eq. (6) Ky and M can be calculated. The 
graph of logK, vs 7? is shown in Fig. 3 and the M vs 7 
curve in Fig. 4. Since logK, versus 7? is a straight line 
up to about 340°K, the measurements can be fitted to 
the Briikhatov-Kirensky relation. The result is 


K,= 19.6 10° exp(— 1.90 10°°7*) ergs/ce. 


It is interesting to note that below 100°K the data are 


*T. R. McGuire and L. R. Maxwell, Bull. Am. Phys. Soc. Ser 
II, 1, 23 (1956) 
 W. L. Bond, Rev. Sci. Instr. 22, 344 (1951) 
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not sufficiently accurate to select between Eq. (3) and 
Eq. (4). 

At temperatures above 425°K the torque depended 
on the length of time the specimen was in the magnetic 
field and also upon the crystallographic orientation 
relative to the magnetic field during the heat treatment. 
In general the torque values no longer displayed cubic- 
type symmetry." 

The value of the saturation magnetization is in good 
agreement at 0°K with that obtained by Pauthenet” 
for very pure powdered cobalt ferrite. The differences 
up to about 325°K may well be due to actual differences 
in the composition of the material; however, the more 
rapid falloff above 325° is probably due to a magnetic 
heat-treatment effect such as found by Bozorth, Tilden, 





74 — 
K,#19,6 x 10%xioretTa1o@ 1 ® 
7.2| 


7.0 COBALT FERRITE 


LOG.oK, (K, IN ERGS /CC ) 








A. i iL iL i 
. °c vw ow 16 
T*(TIN*K) 





4 
1@xio* 


Fic. 3. LogyoX, as a function of 7* for cobalt ferrite. 
"| am grateful to Dr. Bozorth of Bell Telephone Laboratories 
for informing me of his heat treatment work on cobalt ferrite 
prior to these measurements. 


1% R. Pauthenet, Ann. phys. [12] 7, 710 (1952). 
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and Williams" and Williams, Heidenreich, and Nesbitt." 

For the nickel cobalt ferrite crystal, measurements of 
torque were made for the applied field in the (011) 
plane. It was found that there was a variation of the 
torque of the order of 3% as the applied field was 
changed from 7500 to 15 000 oersteds. The torque varied 
linearly with field strength in this range and the 
absolute value of the torque increased with increasing 
field for directions of magnetization between the [111] 
and the [100] directions, and decreased between the 
[111] and the [011] directions. Because of this torque 
variation with field, it was necessary to extrapolate 
these measurements back to zero magnetic field. The 
values of K, and K» obtained from the zero-field data 
are shown in Fig. 5. 

The measured values of K, up to 600°K can be fit by 
the equation 


K,=[8.08 exp(—3.57X 10°77?) 
—9.78 exp(—0.863 X 10-°7*) |X 104 ergs/cc. 


This equation consists of two terms of the Briikhatov- 
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Fic. 5. First (K;) and second (K;) anisotropy constants of nickel 
cobalt ferrite as a function of temperature. 


~ 4 Bozorth, Tilden, and Williams, Phys. Rev. 99, 1788 (1955). 
4 Williams, Heidenreich, and Nesbitt, J. Appl. Phys. 27, 85 
(1956). 
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Kirensky type. Preliminary measurements by McGuire® 
of K, for this crystal by the microwave resonance 
method, indicate that the major part, if not all, of the 
first term represents the difference between the values 
of K, obtained by a static method and that obtained by 
a microwave method. 

Measurements were also made on the crystal after it 
had been heat treated by cooling slowly in a magnetic 
field parallel to each of the principal crystallographic 
directions from 700°C. Generally this heat treatment 
caused a departure from cubic symmetry of the torque 
curves and a maximum change in the torque values of 
about 15%. 

Since the theories of ferromagnetic anisotropy have 
not been explicitly extended to ferrites, it is of interest 
then that the temperature dependence has the form 
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expected of a ferromagnetic substance. If the experi- 
mental values of A, and M for the nickel cobalt ferrite 
crystal are substituted in Eq. (2) the following values 
of m are obtained: 8+4 at 100°K 8+2 at 200°K, and 


8+1 at 300°K. 
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New Type of Oscillatory Magnetoresistance in Metals* 


Jutius Bapiskin AND P. G. SIEBENMANN 
United States Naval Research Laboratory, Washington, D. C. 
(Received May 21, 1957) 


The magnetoresistive properties of a thin sodium wire have been studied at 1°K in transverse magnetic 
fields (Hr) up to 60 000 gauss. This study was undertaken in order to determine whether magnetoresistive 
oscillations of the de Haas-van Alphen type could be detected in the vicinity of 60 000 gauss, Although no 
such oscillations were found, the magnetoresistance for 17 below 15 000 gauss exhibited a completely new 
type of oscillatory phenomena. These new oscillations are periodic in H with a decreasing amplitude in in 
creasing magnetic fields, whereas the de Haas-van Alphen oscillations would be periodic in 1~ with an 
increasing amplitude in increasing magnetic fields. The period of these new oscillations is in excellent agree 
ment with the period of the oscillatory behavior predicted theoretically by Sondheimer for the magneto 
resistance due to surface scattering of thin metallic films in 17. From this period, a value for the electronic 
momentum was obtained. The significance of these new oscillations is discussed. 


INTRODUCTION 


N the study of the electronic energy-band structure 

of metallic media, de Haas-van Alphen and cyclotron 
resonance phenomena! have proved to be important 
tools for obtaining some information concerning various 
electronic parameters and the nature of some parts of 
the Fermi surface. However, there exists a disappointing 
gap between the successful experiments which have 
been perforrhed and tractable theory. Whereas the 
detailed theory on the one hand is based upon a free- 
electron model employing simple Fermi surfaces, so 
that it can best be applied to the Group I metals, the 
experiments on the other hand have revealed these 
phenomena only in non-Group I metallic conductors 
with complicated Fermi surfaces. These phenomena 
have not as yet been observed in the Group I metals 
because of the inherent difficulties in establishing the 


* For a preliminary report, see J. Babiskin and P. G, Sieben 
mann, Bull. Am. Phys. Soc. Ser. I, 2, 140 (1957). 

'R. G, Chambers, Can. J. Phys. 34, 1395 (1956). A recent 
review on cyclotron resonance and de Haas-van Alphen phe 
nomena as related to the Fermi surface. 


necessary experimental conditions. Since the Group I 
metal sodium is the closest known approximation to an 
isotropic free-electron metal, a very careful search 
was made in this experiment to find the characteristic 
H™ oscillations of the de Haas-van Alphen? type in the 
magnetoresistance® of sodium under reasonably favor- 
able experimental conditions. While no H~ oscillations 
were found,‘ a new type of magneto-oscillatory behavior 
stemming from magnetic “‘size effects’? was observed, 
The first theoretical analysis using Fermi statistics 


* For a recent review article on the de Haas-van Alphen effect, 
see D, Shoenberg, Progress in Low Temperature Physics (North 
Holland Publishing Company, Amsterdam, 1957), Vol. U, 
Chap. VIII. 

* A one-to-one correspondence has been experimentally estab 
lished between the periods in H~' of both the de Haas-van Alphen 
effect and of the oscillatory galvanomagnetic and thermomagnetic 
effects for various non-Group I metals; e.g., see M. C. Steele and 
J. Babiskin, Phys. Rev. 98, 359 (1955) 

‘Previous unsuccessful attempts to find H~™ oscillations in 
Group I metals have been made in steady magnetic fields up to 
32 000 gauss |. S. Dhillon and D, Shoenberg, Trans. Roy. So« 
(London) 248, 1 (1955)] and in pulsed magnetic fields up to 
100 000 gauss [D. Shoenberg, Physica 19, 791 (1953) ]; see also 
reference 2. 
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of the “size effects’’® (the increase in the resistivity of 
a conductor as the distance between the external 
boundaries is diminished) for an isotropic conductor 
was given by Fuchs® for a thin film in the absence of an 
applied magnetic field (/7). This analysis was extended 
to the two-dimensional case of thin wires by Dingle’ 
and by MacDonald and Sarginson.* Further statistical 
analyses of the size effects in H (i.e., magnetic size 
effects) have been given for thin films by Sondheimer® 
and by MacDonald and Sarginson® in a transverse 
magnetic field (17) and by Azbel’” in a longitudinal 
magnetic field (/7,). Magnetic size effects have also 
been treated using a kinetic approach by Chambers" 
for a thin wire in 7; and for a thin film in 7/7, and by 
Koenigsberg” for a thin film in //,. Experimentally, 
magnetic size effects were first discovered in the 
magnetoresistance of thin sodium wires by Mac- 
Donald," who observed negative magnetoresistances 
(dR/dH <0) in Hy, and Hr. The negative magneto- 
resistance was attributed the decreased surface 
scattering caused by /7. Subsequent experiments on 
the magnetoresistance of thin sodium wires by Mac- 
Donald and Sarginson,*’ by Chambers," and by White 
and Woods" have also exhibited similar magnetic size 
effects. Although all of these theoretical analyses yield 


to 


a negative magnetoresistance as observed, the analysis 
of Sondheimer was the first to also predict an oscillatory 
behavior which had never been observed until now. 


‘For relevant reviews on size effects, see E. H. Sondheimer, 
Advances in Physics (Taylor and Francis, Ltd., London, 1952), 
Vol. 1, p. 1; reference 15, p. 183; reference 26, p. 242. 

*K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938). 

7R. B. Dingle, Proc. Roy. Soc. (London) A201, 545 (1950) 

*D. K. C. MacDonald and K. Sarginson, Proc, Roy. Soc 
(London) A203, 223 (1950). 

* EF. H. Sondheimer, Nature 164, 920 (1949); also Phys. Rev. 
80, 401 (1950). 

 M. Ya. Azbel’, Doklady. Akad. Nauk S.S.S.R. 99, 519 (1954). 

" R, G. Chambers, Proc, Roy. Soc. (London) A202, 378 (1950) 

2 E, Koenigsberg, Phys. Rev. 91, 8 (1953). 

"DPD. K. C. MacDonald, Nature 163, 637 (1949). 

4G. K. White and S. B. Woods, Phil. Mag. 1, 846 (1956). 
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EXPERIMENTAL DETAILS 


The high-purity (Ro5/Rs.2= 2000) sodium specimen 
was obtained through the kindness of S. B. Woods of 
the National Research Council of Canada and was pre- 
pared by methods described by MacDonald.'® The 
sodium was contained in a soft-glass capillary with 
bulbous ends through which two current and two po- 
tential probes of platinum were sealed. The sodium 
capillary was 80, (microns) in diameter and 1.1 cm 
long. This diameter was determined from the resistivity 
and measured resistance at 295°K, as well as from 
direct optical measurements. Since the sodium solidified 
slowly from one end during its preparation, it is be- 
lieved to be a single crystal or nearly so. 

The magnetic field was produced by a Bitter solenoid'® 
and was smoothly and slowly varied to 60000 gauss 
during the continuous recordings. The magnetic field 
was known to 1% and was uniform over the specimen 
to better than 0.1%. The specimen length was aligned 
perpendicular to H to within 1°. 

The measurements were made at 1°K and 4.2°K and 
were recorded continuously on a 10-millivolt X-Y 
recorder. The magnetic field which was directly pro- 
portional to the solenoid current was recorded on the 
X axis, while the voltage across the potential probes in 
the sodium specimen was amplified by a Leeds and 
Northrup de microvolt amplifier and then recorded on 
the Y axis. The specimen current was 10 amperes and 
was constant to better than 0.1%. By setting both the 
X and Y voltages to ~90 millivolts at 60000 gauss, 
and by using standard biasing techniques in conjunction 
with the 10 millivolt scales of the X-Y recorder, the 
data were recorded on the equivalent of a 90 in. 90 in. 
chart. The recorded measurements have a relative 
accuracy of better than 0.03% over any 10-millivolt 

'D. K. C. MacDonald, Handbuch der Physik (Springer- 


Verlag, Berlin, 1956), Vol. 14, p. 165. 
‘6 F. Bitter, Rev. Sci. Instr. 10, 373 (1939). 
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interval (~7000 gauss on the X axis) and closer to 
0.01% for smaller intervals. 


RESULTS AND DISCUSSION 


The solid curve of Fig. 1 shows a continuous plot of 
the measured total resistance (R) against H at 1°K for 
the 80 u sodium wire, where R consists of both the bulk 
resistance (Ry) and the resistance due to surface 
scattering (R,). Since the resistance of bulk sodium 
normally rises slowly in increasing magnetic fields, the 
departures from this behavior as reported here and in 
previous experiments*"!-*."4 are attributed to the varia- 
tion of R, with H (the surface magnetoresistance) or, 
in other words, to magnetic size effects. Thus in Fig. 1, 
the surface magnetoresistance exhibited an initial in- 
crease to a maximum at ~300 gauss and then exhibited 
a strong negative magnetoresistance. This general be- 
havior is very similar to that previously observed by 
White and Woods." However, in the present experiment 
the surface magnetoresistance exhibited a damped 
oscillatory behavior as shown in Fig. 1 before becoming 
completely damped out at ~15 000 gauss. Thus the 
observed magnetoresistive maxima of previous ex- 
periments**- as well as the initial maximum of the 
present experiment can now be recognized to be part 
of an oscillatory behavior which had been predicted,’ 
but not previously observed. 

From ~15 000 gauss to ~35 000 gauss, the magneto- 
resistance exhibited a linear dependence, which is in 
agreement with previous observations'’ on the Group I 
metals in Hy. The dotted straight line at the high fields 


17 For the most recent reference, see R. G. Chambers, Proc. 
Roy. Soc. (London) A238, 344 (1957). Also, R. T. Webber and 
J. RK. de Launay have privately reported to us that the transverse 
magnetoresistance of high purity copper at 4.2°K exhibits a linear 
dependence up to 100 000 gauss 
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is an extension of this linear region. However, above 
~35 000 gauss, the magnetoresistance falls below this 
linear extrapolation in such a manner as to suggest the 
beginning of a saturation effect. Although saturation 
is predicted by the theory'* of magnetoresistance for 
Group I metals, no indications of a saturation effect 
have been previously observed in Hr. No evidence for 
an oscillatory magnetoresistance of the de Haas-van 
Alphen type was found at the high fields in the vicinity 
of 60 000 gauss, even with a resolution of ~0.01% for 
both R and H/ over small intervals of #7. The calculated 
spacing in 1] (Al/=6*H?/E,) from Table I is ~14 


Tae I. Electronic parameters* of sodium at 1°K. 


(A 
Intrinsic parameters 


m*0 

n= 8r(m*0)®/3h3 

14n,=1/ne (cgs emu) 

rll = m*tc/e 
B*/Eo=2eh/c(m*0)* (gauss 
on/ly=ne/m*d (ohm™ 
un/ly=e/m*0 

p 

Fo=m*0"/2 (ev) 


1 
} 


cm 


B 
Structure-sensitive parameters 


op (ohm™ cm™) 


MB 
on/o 


p 
the Ip/0 


2 


Theoretical 


9.71x10-™ 
2.64 * 10” 
2.37 K 1074 
6.06 
3.5910 
6 97 & 10 
4.95 x10" 
1.07 K 108 4 
3.234 


Theoretical 


1.53% 10° 

1.09 108 

3.71 
7A).05 


2.06% 107" ' 


* All unite are in cgs esu unless otherwise specified 
+ These values are based on m*j =9.71 X10°* which was obtained as 


explained in the text 


Experimental 


9.27K10°" 
2.30% 10" 
2.72% 10% 
5.79 
3.93%10 
6.36% 10" 
5.18% 10% 
1.02 108 4 
2.954 


Experimental 


1.40% 10% 
1.14. 108 
3,39 
“10 
2.16K10~" 4 


* These values are based on m*) =9,27 X10°* from the experimentally 


determined period of the oscillations 


4 These parameters are calculated for m* —mo 
© These parameters are based on ly ~220 w at H =O for this 80 » sample 


‘8M. Kohler, Ann. Physik 5, 99 (1949) 
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gauss at 60 000 gauss. Thus, it is seen that the de Haas- 
van Alphen oscillations would have been just detectable, 
if they had sufficient amplitude. The above measure- 
ments were not appreciably affected upon varying the 
temperature from 1°K to 4.2°K. 

In order to show the new oscillatory behavior more 
clearly, Fig. 2 shows a plot of AR, against H. As shown 
in Fig. 1, AR, is the difference between the experimental 
data for R and the dashed curve which approximately 
represents the mean of the oscillatory data. This dashed 
curve is included for illustrative purposes only and for 
reasons to be presented shortly should not be taken to 
represent the bulk magnetoresistance. Figure 2 ex- 
hibits clearly the first three maxima and the first two 
minima of the oscillations, while a third minimum can 
be seen by sighting along the AR, curve. In the actual 
continuous recording on the equivalent of a 90 in. «90 
in. chart, this third minimum was more clearly visible 
and a fourth maximum was also discernible. 

This discovery of a magneto-oscillatory size effect 
has finally opened up the possibility of making defini- 
tive studies on the Group I metals with much greater 
ease than previously envisioned for the de Haas-van 
Alphen or cyclotron resonance phenomena. This is so, 
since these oscillations occur at comparatively low 
magnetic fields with measurable amplitudes and, as 
will be shown, they yield significant information con- 
cerning electronic parameters and the nature of the 
Fermi surface. In order to observe these effects, it is 
desirable to satisfy three conditions: (a) the bulk mean 
free path (ly) should be of the order of, or preferably 
larger than, the smallest specimen dimension; (b) the 
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Fic. 3. Values of H at which the magnetoresistive maxima and 
minima occur for both the experimental and theoretical! oscilla 
tions plotted against corresponding integers 
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radius of the electron orbits (r) as varied by H should 
range from r= © at H7=0 to r of the order of 10 to 20 
times smaller than the smallest specimen dimensions; 
(c) the bulk magnetoresistance should not be so large 
as to overwhelm the surface magnetoresistance. All 
these conditions were satisfied in these experiments. 

The characteristics of this new type of oscillatory 
behavior differ completely from those of the de Haas- 
van Alphen oscillations in that they exhibit a damped 
periodicity as a function of H rather than of H™. 
However, the period and behavior of these new oscilla- 
tions are in excellent agreement with the oscillatory 
behavior, which was predicted theoretically by Sond- 
heimer® for the surface magnetoresistance of thin films 
in Hr. A similar behavior, which appears to be oscilla- 
tory, was also predicted” by Azbel’”” for thin films in 
H,. In a kinetic treatment, Chambers" also predicts 
a similar oscillatory behavior for thin films in Hz and 
gives physical reasons as well for the existence of such 
an oscillatory behavior. 

In Sondheimer’s theory, the variation of ag/o is 
plotted as a function of a dimensionless parameter” 
y=a/r=aeH/m*ic for fixed values of another dimen- 
sionless parameter x= a/l, and of the surface reflection 
coefficient (p). The quantity og is the bulk conductivity ; 
a is the total conductivity; a is the thickness of the 
film; m* is the effective mass; 0 is the Fermi velocity. 
The coefficient p ranges from p= 0 for completely diffuse 
scattering of the electrons at the specimen boundaries 
to p=1 for completely specular reflection. Sondheimer 
finds that this theoretical plot of og/o vs y (for constant 
x and p) exhibits a damped oscillatory behavior. The 
position of the maxima and minima of og/o occur 
periodically in y with a period of Ay=6 and with the 
first maximum occurring at y=1. Sondheimer also 
finds that the amplitude of the oscillations is strongly 
affected by the choice of the values for « and p, but 
that the periodicity and the positions of the maxima 
and minima are not appreciably affected. 

The nature of the agreement between Sondheimer’s 
theory and the present experiment is shown in Fig. 3. 
The values of 7 at which the maxima and minima occur 
for both the experimental and theoretical oscillations 
are plotted against successive integers (V) which are 
assigned to the successive maxima and minima. The 
theoretical values of H at y=1, 4, 7, 10, 13, 16 were 
obtained by substituting a= 80 u and m*i=9.71X 10-” 
into y. This value of m*i was obtained for sodium from 
the relation n= (82/3)(m*i/h)* assuming one conduc- 
tion electron per atom, where n is the number of con- 
duction electrons per cm* using the density * of 1.0066 


'® Azbel’ uses an ellipsoidal Fermi surface of constant energy 


and shows that the anisotropy 
nature of the results. 

® In Sondheimer’s notation, 8 is used instead of y. This change 
in notation was made, since f* is used here as an effective double 
Bohr magneton. 

% Handbook of Chemistry and Physics (Chemical Rubber Pub 
lishing Company, Cleveland, 1952), thirty-fourth edition. 
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g/cm* at 85°K. The experimental values of H are 
plotted in Fig. 3 only for the first three maxima and 
the first two minima. The observed third minimum and 
fourth maximum are not included, because the damping 
made it difficult to locate their positions with sufficient 
accuracy. Since the respective theoretical and experi- 
mental points of Fig. 3 fall on straight lines (except for 
the first experimental maximum at V = 1), these oscilla- 
tions are periodic in H. The value of the period in 7 is 
obtained from the slopes of the lines. The experimental 
slope is 4.5% smaller than the theoretical slope, so 
that the experimental value of m*i=9.27X10~* is 
obtained. This pleasant agreement between Sond- 
heimer’s statistical theory and the present experiment 
not only shows that sodium does closely approximate 
the free-electron model, but more importantly shows 
that a high degree of confidence in Sondheimer’s theory 
is justifiable. 

Although this agreement is rather good, the validity 
of a comparison between a thin-film theory and a 
thin-wire experiment is naturally open to question, 
because the magnetic size effects depend upon the 
specimen geometry. In a later article by one of us 
(J.B.), an analysis which extends some aspects of 
Sondheimer’s thin-film theory in Hy to Dingle’s’ thin- 
wire theory at H=0 will be presented. The pertinent 
results of this analysis relative to the present discussion 
indicate (a) that og/o of a thin wire in H does exhibit 
an oscillatory behavior and (b) that the periodic nature 
of the oscillatory behavior of thin films is relatively 
unchanged in going to thin wires, so that the good agree- 
ment in the above comparison is not too surprising. 

From a phenomenological standpoint, even the rela- 
tively small differences in Fig. 3 between the results of 
the thin-film theory and the thin-wire experiment can 
be reasonably explained by the following arguments. 
When the curvature of the electron orbits becomes large 
compared to the curvature of a regular bounding sur- 
face, one would reasonably expect that the magnetic 
size effects will become less dependent upon the ge- 
ometry of the bounding surface. Thus one would expect 
the oscillatory behaviors of thin films and thin wires 
to approach one another, when H is such that r<a/2 
or d/2, where a is the thickness of the film and d is the 
diameter of the wire. Since r>a/2 or d/2 at N=1, the 
large deviation between the results of the thin-wire 
experiment and the thin-film theory near V=1 is not 
unexpected from the above arguments. However, at 
N=2,1r<a/2 or d/2 and becomes progressively smaller 
at higher V. For N=2 or higher, it is seen in Fig. 3 
that the experimental and theoretical behaviors are in 
good agreement. It is also seen that the phase difference 
between the experimental and theoretical oscillations 
decreases continuously as NV increases, so that they 
appear to be merging at the higher V (or H). These 
observations are again in accord with the above argu- 
ments. The phase difference is equal to the horizontal 


MAGNETORESISTANCE IN 


METALS 1253 
distance between the experimental and_ theoretical 
curves, and is equal to x for AV=1. 

On the basis of this apparent merger at higher H, 
the choice of the theoretical value of m*i= 9.71 10-* 
for the ensuing calculations would appear to have 
some merit. However, the alternate choice of the ex- 
perimental value of m*i=9.27X10~" may be prefer- 
able, since the following evidence from other sources 
indicates a somewhat smaller value than the theoretical 
value: (a) Chambers" obtains a value of m*i=9.1 
X10-” from measurements on the longitudinal mag- 
netoresistance of 30 u sodium wire at 4.2°K; (b) from 
x-ray measurements, Barrett” finds that the crystal 
structure of sodium partially transforms from body- 
centered cubic to close-packed hexagonal at low tem- 
peratures, so that the Fermi energy (£o) probably 
becomes smaller; (c) MacDonald* observes that the 
Hall voltage of sodium increases in going from 300°K 
to 4.2°K; (d) Brooks* has calculated a value for 
m* =(). 98m. 

Since both the theoretical and experimental values 
of m*i have significance, the various parameters given 
in Table I are calculated for both values. Upon sub- 
stituting the values of m*d into the free-electron rela- 
tions as given in Table I, one can calculate directly 
the values for the following intrinsic parameters: n, r, 
the bulk Hall coefficient (Ag), and also the period 
(8*/Eo) of the carefully sought de Haas-van Alphen 
oscillations, where p*=eh/m*c is the effective double 
Bohr magneton and £p is the Fermi energy. One can 
also calculate the values of the intrinsic parameters 
op/lp and pup/lp, which are the ratios of the structure 
sensitive parameters og, /, and the bulk mobility (u,). 

A bulk mean free path of 220 4 at H=0 was deter- 
mined graphically by comparing the experimental! data 
for R at H=0 of three sodium wires of different di 
ameters (our 80 » wire and the 130 yu and 350 p wires of 
White and Woods") with the theoretical curves given 
by Dingle’ for the size effects of a thin wire at //=0. 
This determination was based on three assumptions: 
(a) Dingle’s free-electron theory can be applied to 
sodium; (b) /p and p are the same for the three speci- 
mens, since they were prepared by the same techniques 
for the same sodium; (c) p&0 from arguments pre 
sented by Chambers" on the basis of anomalous skin 
effect measurements. This value of ly= 220 u is esti- 
mated to be reliable to ~10%. A more direct method of 
determining /, would be from the damping of the 
oscillations in the family of « curves at p=0 given by 
Sondheimer.’ Since neither the present thin-wire data 
nor the thin-film theory were sufficiently detailed, this 
method could not be employed with accuracy. However, 
a value for lx could be bracketed between 160 uw and 
300 uw using this method. 


™(C._S. Barrett, Acta Cryst. 9, 671 (1956). 

%1. K. C. MacDonald, Phil, Mag. 2, 97 (1957) 

*“H. Brooks, private communication quoted by D 
Phys. Rev. 95, 1090 (1954) 


Pines, 





1254 BABISKIN AND 

Using this value of lg, values for og and uz can now 
be calculated. Since Rg at H=0 as obtained from og 
is ~15 micro-ohms, the reasons become obvious as to 
why the dashed curve of Fig. 1 was not taken to repre- 
sent the bulk magnetoresistance. From this value of Rg 
and the value for R=53.0 micro-ohms at H=0 in 
Fig. 1, values for og/o can also be obtained. Upon 
plotting the values obtained for og/o at x=0.364 on 
the Dingle curves, approximate values for p were 
obtained, Values for all these structure-sensitive pa- 
rameters are given in Table I. Although a value for 
m* can be obtained from the period of the oscillations, 
the values of m* and 0 cannot be obtained separately. 
However, if m* is assumed to be equal to the free- 
electron mass (my), then appropriate values can also be 
calculated for 5, Zo and r as given in Table I, where 
7r=l,/0 is the collision relaxation time. 

In Sondheimer’s theory, the Fermi surface was 
assumed to be spherical so that there is no bulk mag- 
netoresistive effect®® and l, is independent of H. In the 
present experiment, the observed bulk magnetoresistive 
effect is comparatively small, but it is not zero. There- 
fore, /, does depend weakly on H for sodium and the 
Fermi surface is not perfectly spherical. In view of the 
difference between Sondheimer’s thin-film theory and 
the present thin-wire experiment, and because the bulk 
magnetoresistance could not be separated from the 
surface magnetoresistance, a comparison of the ampli- 
tudes of the theoretical and experimental oscillations 
was not attempted. However, it is interesting to point 
out that the experimental data would not fit any single 
Sondheimer curve of constant « due to the dependence of 
ly upon JT. Instead, the data will cut across the family 
of constant « curves. 

From the agreement between Sondheimer’s statistical 
theory and the present experiment, it appears that the 
quantum restriction®® of the Boltzmann 
transport equation in // is not at all severe as long as the 
Fermi energy Ey>6*H, where 6*/ is the spacing be- 
tween the magnetically quantized energy levels and 
w= eH /m*c is the cyclotron resonance frequency. For 
example, at /7= 10000 gauss where the amplitude of 
the oscillations still can be observed, wr=37 for lL, 

= 220 w, but there still exist 25 400 quantum levels, so 
that a statistical treatment should still be applicable. 
This argument is further supported by the infinitesmal 
amplitude of the de Haas-van Alphen oscillations, 
which cannot be observed at these magnetic fields. 

It is interesting to note that the first observed maxi- 
mum occurs at wr1 or r=/, rather than at r=a (or 
y=1) as predicted in Sondheimer’s theory. For /, 

28R. Peierls, Ann, Physik 10, 97 (1931). 


% AH. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1953), p. 210. 
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= 220 4 and H=270 gauss, 6*H becomes equal to the 
collision broadening of the quantum levels and wr=1. 
In previous experiments,* the first observed maxima 
also occur at wr1 when the appropriate value for Jp 
is taken into account. These observations suggest the 
possibility that all the observed first maxima might be 
due to an unexplained bulk effect rather than a size 
effect. 

Magnetic size effects should be observable in Group I 
metals other than sodium and even in non-Group I 
metals. For metals having a smaller m than sodium and 
consequently a smaller m*d, the oscillations for speci- 
mens with the same sizes should occur at lower H than 
for sodium but will be complicated*” because of the 
anisotropy of their Fermi surfaces. The longitudinal 
magnetoresistance of antimony** and bismuth” have 
both exhibited an anomalous resistance maximum, 
which has been tentatively attributed to the magnetic 
size effects due to the scattering of electrons from 
internal boundaries.” 

A systematic magnetoresistive study on sodium 
wires and films with sizes ranging from ~20 yu to bulk 
specimens is planned in order to clarify some of the 
questions which have been suggested by the present 
experiment. For specimens thinner than 80 y, the oscil- 
lations should occur at higher magnetic fields and with 
greater amplitudes than those observed in the present 
experiment. From the variation of the period of the 
oscillations with orientation for thin metallic single 
crystals, it should be possible to map out the Fermi 
surface. Since the oscillations for the thinner sodium 
specimens would occur principally above 7500 gauss 
where #*H>kT at T=1°K, the effects of anisotropic 
lattice scattering* would be subdued and the Fermi 
surface could be studied alone. Finally, since no dis- 
turbing flaws in the theory were detected in the present 
experiments, we believe that the de Haas-van Alphen 
oscillations will be observable at 17> 60 000 gauss and 
that the search should continue. 
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Dielectric and Thermal Study of Tri-Glycine Sulfate and 
Tri-Glycine Fluoberyllate* 
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The dielectric constants ¢, of tri-glycine sulfate and tri-glycine fluoberyllate show a pronounced anomaly 
at the Curie temperature of 48°C and 70°C, respectively. The dielectric constants ¢, and ¢, are practically 
temperature-independent. In the vicinity of the Curie point, the square of the spontaneous polarization 
increases linearly with decreasing temperature. The transition of both salts is of the second order. Measure 
ments of the specific heat as a function of temperature yield AS =0.48 cal/mole degree for tri-glycine sulfate, 
and AS = 1.17 cal/mole degree for tri-glycine fluoberyllate. The results are discussed on the basis of Mueller’s 
thermodynamic theory for ferroelectric transitions. 


I, INTRODUCTION parison is actually unfair, since the values reported in 
the literature were measured for both salts at room 
temperature, which is only 24 degrees below the Curie 
point of the sulfate, but as much as 52 degrees below 
the Curie point of the fluoberyllate. It is interesting to 
note that in the case of the ammonium salts the replace- 
ment of the (SO,)~* group by (Bel*,)* has opposite 
consequences. The only conclusion possible at this stage 
for these experimental facts is that the transition 
mechanisms of the tri-glycine salts and the ammonium 
salts are not closely related. 

Crystallographic and structural data are already 
available for all the ferroelectric tri-glycine salts.*” The 
crystals are monoclinic both below and above the Curie 
temperature, with space groups 72, and /2,/m, 
respectively. 

The structure of the nonpolar phase has been recently 
elucidated by Okaya, Hoshino, and Pepinsky,’® and 
reveals one glycine lying on the mirror plane, together 
with the inorganic anion, while the other two glycines 


ERROELECTRIC behavior has recently been 

discovered in a good number of sulfates, selenates, 
and fluoberyllates. The discovery of ferroelectricity in 
guanidinium aluminum sulfate hexahydrate, C(NH2)s: 
Al(SO,4)2:6H,O, by Holden ef al.,| the subsequent 
discovery of ferroelectric behavior in a good number of 
organic amine and ammonium alums, by Pepinsky 
et al.,?* in ammonium sulfate, (NH4)2SO4, by Matthias 
and Remeika‘ and in the isomorphous ammonium 
fluoberyllate, (NH4).BeF,, by Pepinsky and Jona,® and 
in di-ammonium di-cadmium sulfate, (NH4)2Cd2(SO,4)s, 
by Jona and Pepinsky,® emphasized the significance of 
the role played by N—H---O bonds and the sulfate or 
related ions in the occurrence of ferroelectricity in these 
types of compounds. 

The most recent and, from the point of view of pos- 
sible practical applications, the most important dis- 
covery is that of ferroelectricity in tri-glycine sulfate, 
(CH2NH2,COOH) 3: H.SO,, and tri-glycine selenate by 
Matthias ef al.,’ and in the isomorphous tri-glycine 
fluoberyllate, (CH,.NH,COOH);:H.BeFy, by Pepinsky 
el al.® 

It is found that the substitition of (BeF,)~? for 
(SO,4)~ in these tri-glycine salts raises the Curie point 
from 47°C in the sulfate (and 22°C in the selenate) to 
70°C in the fluoberyllate. The values of the spontaneous 
polarization are of the same order of magnitude, since at 
room temperature the moment is 2.2 10~* coulomb/cm? 
in the sulfate and 3.2X10~® coulomb/cm’ in the 
fluoberyllate. The reported values of the coercive field 
are about 2.5 times smaller for the sulfate (220 v/cm) 
than for the fluoberyllate (5 kv/cm). The latter com- 


are mirrored across the plane. The structure is main 
tained by hydrogen bonds. ‘The mechanism of the onset 
of spontaneous polarization at the Curie point appears 
to be related to that hypothesized by Matthias et al.’ 
hydrogens of the glycine in the mirror plane twist out 
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1G, 2, Spontaneous polarization, /’s, of tri-glycine sulfate and tri 
glycine fluoberyllate as a function of temperature 


of the plane, and this ion develops polarization along 
the monoclinic axis, therewith inducing a moment in 
the anion and the other glycines. 

The case of the tri-glycine ferroelectrics seems to be 
the first, in the field of ferroelectricity, where a struc- 
tural mechanism of the transition was given before 
phenomenological data were collected and a thermo- 


dynamical theory established. The purpose of the 
present investigation is the collection of dielectric and 
thermal data which allow the thermodynamical char- 
acterization of these ferroelectric transitions as phase 
changes of the second order, and the determination of 
the energy involved at the transition 


Il. DIELECTRIC PROPERTIES: MEASUREMENTS 
AND DISCUSSION 


The small-field dielectric constants, ¢,= €, of a b-cut 
specimen of tri-glycine sulfate and tri-glycine fluobery]- 
late exhibit a pronounced anomaly at the Curie point 
of 48°C and 70°C, respectively. The temperature 
behavior of «, measured with 1 v/cm at 10 kc/sec, is 
depicted in Fig. 1 for both tri-glycine salts. 

Above the Curie point, ¢€ satisfies the well-known 
Curie-Weiss law: e=C/(T—T,), where C is the Curie 
constant, 7 the temperature and 7’, the extrapolated 
Curie temperature, C equals 3280° for tri-glycine sulfate 
and 2340° for tri-glycine fluoberyllate. Within the 
experimental error, 7, is only of the order of 0.5° 
smaller than the Curie temperature, for both salts. 

Below the Curie point, the reciprocal of the dielectric 
constant is also a linear function of temperature within 
a range of about 20° for both tri-glycine sulfate and 
fluoberyllate. 

The small-field dielectric constants measured along 
the crystallographic a and c axes, ¢, and €,, respectively, 
are an order of magnitude smaller than e,. Their 
temperature dependence is also included in Fig. 1 for 
tri-glycine sulfate, and is strictly similar to that of tri- 
glycine fluoberyllate. The small bumps in the curves of 
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€, and €, versus temperature at the Curie point seem to 
be due to very small misorientation of the crystal plates 
measured, 

Ferroelectric hysteresis loops are observed in b-cut 
specimens of both tri-glycine salts below their respective 
Curie points. The temperature dependence of the 
spontaneous polarization is represented in Fig. 2. 

This graph shows that the spontaneous polarization 
is a continuous function of temperature. Just above the 
Curie point, the P-E curve, observed on an oscilloscope, 
appears to be curved downward, while at higher 
temperatures the P-E£ relationship is strictly linear. 
These observations, added to the fact that the peak 
value of ¢ at the Curie point is very large, indicate that 
the ferroelectric transition of the tri-glycine salts 
considered here is of the second order. 

It has been shown by Mueller" that the characteristics 
of a second-order ferroelectric transition can be de- 
scribed with sufficient approximation upon assuming the 
following expression for the elastic Gibbs function G 
of the free crystal : 


G=4XoP?+4EP", (1) 


where P is the polarization, which in our case is assumed 
to be directed along the crystallographic 6 axis, and Xo 
and are characteristic constants of the crystal. 
It is easily seen that Xo represents the reciprocal 
dielectric susceptibility of the unpolarized crystal. 
Considering the well-known thermodynamic relations 
E=0G/0P and X=0’G/dP’, we obtain from (1): 


PJ= —X4 é, (2) 
and 
X=—2Xo, (3) 


where X represents the reciprocal dielectric susceptibility 
of a single-domain crystal in the ferroelectric phase. If 
the dielectric constant of the free crystal is very large, 
as in the case of the tri-glycine salts considered here, we 
can assume ¢~47/X, and thus write Eq. (3) in the form 


(4) 
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Fic. 3, Ps* vs temperature for tri-glycine sulfate 


and tri-glycine fluoberyllate. 


 H. Mueller, Phys. Rev. 57, 829 (1940) ; 58, 565 (1940) ; 58, 805 
(1940). 
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Fic. 4. Effect of de bias on dielectric constant ¢, of tri-glycine 
sulfate at room temperature (ac field=1 v/cm). 


If we assume that X» depends linearly on temperature 
also below the Curie point, Eq. (4) requires that 1/€ is 
a linear function of T and that the downward slope is 
just twice as steep as the upward slope above the Curie 
point. Moreover, if we assume in addition that & is 
independent of temperature, Eq. (2) implies that P,? is 
a linear function of temperature in the vicinity of 
the Curie point. 

The latter linear dependence (of /,’) is found to be 
followed by the experimental data for both the tri- 
glycine salts considered here, as can be seen from Fig. 3. 
The former linear relation (for 1/¢), on the other hand, 
is found to be fulfilled satisfactorily only by tri-glycine 
fluoberyllate: the value of the Curie constant is 2340°, 
while the corresponding constant determined from the 
curve 1/e versus T, below the Curie point, is —1110°. 
The ratio between the slopes above and below the Curie 
temperature is therefore — 2.11, which is in accordance, 
within the experimental accuracy, with the prediction 
of Eq. (4). The agreement is not so good in the case of 
tri-glycine sulfate: the following values of the Curie 
constant were determined from three different speci- 
mens, C= 3270°, 3150°, 3420°. Below the Curie point, 
the corresponding constant has, for the same three 
samples, the values — 830°, —1130°, —1260°, respec- 
tively. The ratios between the three pairs of values are 
then —3.9, —2.8, and —2.7, respectively, which are 
definitely far from the expected value — 2. 

The explanation for this disagreement must be sought 
in the effect of domain clamping, as proved by Drougard 
and Young in the case of barium titanate.” The values 
of e measured below the Curie temperature are domain- 
structure sensitive and turn out to be smaller than the 
dielectric constant of the free crystal. 

The existence of a domain-clamping effect in these 
tri-glycine salts, similar to that observed in barium 
titanate crystals, can easily be proved by a study of the 
spontaneous strains which are associated with a sponta- 
neous polarization ?, along the crystallographic 6 axis. 


2M. E. Drougard and D. R. Young, Phys. Rev. 94, 1561 (1954). 
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Since the space group of the nonpolar phase of the tri- 
glycine salts is P2,/m, it can be shown that these 
strains are, in the Voigt notation," x,, y,, z,, and x, 
They are proportional to the square of the spontaneous 
polarization, P,?. Hence the situation is practically the 
same as in barium titanate, and an effect due to domain 
clamping should be expected. 

This expectation is confirmed by a study of the field 
dependence of ¢, as represented in Fig. 4. The effect of a 
de bias on the dielectric constant is found to be very 
similar to that found in barium titanate by Drougard 
and Young,” and seems to prove that the too-small 
values of « measured in the ferroelectric phase of tri 
glycine sulfate are to be ascribed to domain clamping 
effects. 

Finally, Eq. (2) allows us to use the experimental 
results for the determination of the coefficient ~ of the 
expansion of the Gibbs function (1). The values ob 
tained are §=0.9310~* (esu/cm*)? for tri-glycine 
sulfate, and €=1.3510~" (esu/cm*)~* for tri-glycine 
fluoberyllate. The former is in excellent agreement with 
the value recently reported by ‘Triebwasser." 


Ill. THERMAL PROPERTIES: MEASUREMENTS 
AND DISCUSSION 


In order to study the thermal properties of tri-glycine 
sulfate and fluoberyllate through their transition points, 
a measurement of the specific heat of both compounds 
was undertaken in the temperature range from about 
0°C to 80°C. The measurements were done with an 
adiabatic calorimeter of the modified Sykes type.'® 
Larger crystals of both salts were ground to fine powder 
specimens of about 5 g and introduced into a thin paper 
vessel. The heat input to the specimen was about 0.002 
cal/g sec, the heating rate approximately 0.5 degree/min 

Figure 5(a) and Fig. 6(a) show the results of the 
specific heat measurements on tri-glycine sulfate and 
tri-glycine fluoberyllate, respectively. The shape of the 
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Fic. 5. Specific heat vs temperature curve of tri-glycine 
sulfate. (a) Experimental; (b) theoretical 


“WW. Voigt, 
Leipzig, 1928) 
4S. Triebwasser, Bull. Am. Phys. Soc. Ser. II, 2, 127 (1957 
16S, Nagasaki and Y. Takagi, J. Appl. Phys. Japan 17, 104 

(1948) 
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Fic. 6. Specific heat vs temperature curve of tri-glycine 
fluoberyllate, (a) Experimental; (b) theoretical. 


experimental curves is the same for both salts and is 
typical for a transition of the second order. It should be 
noted that this is the first time, at least in the field of 
ferroelectrics, that the specific-heat anomaly of such a 
typical second-order transition is observed which is not 
of the usual A type. 

The integration of the experimental curves allows 
the determination of the heat of transition and the 
corresponding entropy change. The base lines were 
drawn as shown by the dotted lines in Figs. 5(a) and 
6(a). In the case of tri-glycine sulfate the range of 
integration was taken from 20 to 50°C. For tri-glycine 
fluoberyllate the integration was performed within the 
temperature range from 40 to 75°C. 

The corresponding values for the transition energy 
AQ and the entropy change AS are 


tri-glycine sulfate: 
AQ 
AS 


0.15 kcal/mole, 
0.48 cal/mole degree. 
tri-glycine fluoberyllate : 
AO 
AS 


0.40 kcal/mole, 
1.17 cal/mole degree. 


These experimental results can be compared with 
those expected theoretically on the basis of the free- 
energy expansion (1). Since the entropy S is equal to 

(0G/dT) p, if we assume again that the coefficient ¢ of 
the expression (1) is independent of temperature, we 
obtain for the entropy change: 


AS So 9 S i (Axo 0 T ) Pp (5) 


where S and So represent the entropies of the polarized 
and unpolarized states, respectively, and /* the square 
of the spontaneous polarization. 

The expression on the right-hand side of Eq. (5) 
contains quantities which are known from the study 
of the dielectric behavior of the crystal under considera- 
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tion. Using the experimental data (see Sec. IH), we 
obtain: 


tri-glycine sulfate : AS= 0.64 cal/mole degree, 


tri-glycine fluoberyllate: AS=1.11 cal/mole degree. 


The agreement with the experimental results of the 
thermal measurements is quite good for tri-glycine 
fluoberyllate, but only fair for tri-glycine sulfate. The 
reason for the latter is to be sought in the error involved 
in drawing the base line in Fig. 5(a) because of the fairly 
small transition energy of this crystal. 

From Eq. (5) we can further compute the excess 
specific heat : 

O(P*) OX5 


=—47 ‘ (6) 
oT oT 


Ac p=Cp— Cp, 


where cp and cp, represent the specific heats of the 
polarized and unpolarized states, respectively. 

The quantities on the right-hand side of Eq. (6) are 
known from the dielectric study, so that the expected 
temperature dependence of Ac, can be computed. The 
results of these calculations are represented graphically 
in Figs. 5(b) and 6(b) for tri-glycine sulfate and fluo- 
beryllate, respectively. 

The agreement between the experimental and theo- 
retical curves is not as satisfactory as one would expect. 
This is rather surprising, because the evaluation of 
Ac, from (6) was made on the same assumptions which 
were made for the explanation of the linear temperature 
dependence of /* from Eq. (2). These assumptions 
were that Xo is a linear function of 7 below the Curie 
point and that £ is independent of 7. 

In this respect, it should be pointed out that a similar 
contradiction occurs, much more drastically, in the 
discussion of the lower Curie point of Rochelle salt. As 
was shown by Takahashi,'® the theory of Mueller" 
predicts that the specific-heat anomaly be positive at 
the lower Curie temperature of Rochelle salt. The same 
anomaly, however, is expected to be negative on the 
basis of the Ehrenfest relation.” 

It seems impossible to avoid these contradictions as 
long as we assume that the Gibbs function of the free 
crystal can be expressed in terms of polarization only, 
which can be looked upon as being a degree of long- 
range order. In order to obtain satisfactory results, 
short-range order effects should be taken into account, 
possibly along a path analogous to that followed by 
Bethe'* for his theory of order-disorder transitions in 
alloys. 


‘© H. Takahashi, Busseiron-Kenkyu 22, 1 (1950). 

‘TP. W. Forsbergh, Jr., Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 17, p. 389, 

®H. A, Bethe, Proc. Roy. Soc. (London) A150, 552 (1935). 
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Helical Dislocations 


J. WEERTMAN 
United States Naval Research Laboratory, Washington, D. C. 
(Received May 16, 1957) 


The equilibrium form of a dislocation line is shown to be a helix. If the helix is to contain many turns, its 
axis must be practically parallel to the Burgers vector. Pure screw dislocations can spontaneously assume 
the form of helices of many turns at large chemical stresses. 


INTRODUCTION 


ONTINCK and Amelinckx' have observed helical 

dislocations in fluorite crystals. Amelinckx, Bon- 
tinck, Dekeyser, and Seitz? have given a detailed 
analysis of their creation. They have also pointed out 
their possible importance to whisker growth. 

Although the formation of dislocation helices has 
been well analyzed, it is of interest to look at their 
creation from a somewhat different viewpoint. In this 
paper we show that the equilibrium form of a disloca- 
tion line acted on by an ordinary stress and a chemical 
stress produced by a deviation of the vacancy (or 
interstitial) concentration from the equilibrium value is 
indeed a helix. If the helix is to have many turns its 
axis must be practically parallel to the Burgers vector. 
Screw dislocations are shown to be unstable at large 
chemical stresses. They will spontaneously assume the 
form of helices of many turns. 


THEORY 


Consider a dislocation line pinned at two points A 
and B (Fig. 1). Let r(g) be’a vector whose origin is 
midway between A and B. By varying the parameter ¢, 
let this vector sweep out the curve formed by the dis- 
location line. A unit tangent vector t to the curve is 
then given by dr/dr. The radius of curvature vector n 
is equal to dt/dr. The force per unit length acting on a 
dislocation element which is produced by curvature in 
the dislocation line is approximately equal to }ub*n, 
where yu is the shear modulus and 0b is the length of the 


b 


Fic. 1. Dislocation helix. Only the dislocation segment 
between A and B is considered in the text 
!W. Bontinck and S. Amelinckx, Phil. Mag. 2, 94 (1957). 
* Amelinckx, Bontinck, Dekeyser, and Seitz, Phil. Mag. 2, 355 
(1957). 


Burgers vector b. This force must be balanced by that 
produced by the chemical stress and the ordinary stress 
to have equilibrium. It is easily shown from the work of 
Bardeen and Herring’ that the force produced by the 
chemical stress is approximately + (k7°/b®)[In(V/.V 9) | 
(tb), where & is Boltzmann’s constant, 7 is the 
absolute temperature, NV is the actual concentration of 
vacancies, Vo is the equilibrium concentration, and the 
plus or minus sign is used depending on the direction 
of t. The force produced by the ordinary stress is simply 
- (tf) where f is a vector whose ith component is 
equal to 


Js 
 & o iybj, 
yl 


ai being the usual stress component.‘ The equation 
of equilibrium is then equal to 


n= (tb*), (1) 
where 
b* = + { (k7'/b*)[In(V/No) |b—f} /Aub?. 


Since n- b*=d(t-b*)/dr=0, the angle that t makes 
with b* must remain constant. From this fact it follows 
that the magnitude of n is also constant. Now the only 
curve whose radius of curvature is constant and whose 
tangent vector keeps a constant angle with a fixed 
direction in space is a helix.’ Thus the equilibrium form 
of a dislocation line must be a helix. 

We wish next to look in more detail into the solution 
of Eq. (1). The general solution which gives a helix 
passing through the points A and B of Fig. 1 is 


_ Lhfe- im - 
sing)j+- ( )h . & 


a 2 mr 
e—} 


r= o cose + (sing 


where l=/,i+/,k=unit vector in direction AB, 2L 

distance between A and B, a=radius of cylinder 
tangent to helix, ¢=cos™'(L1,/a), and @<y<mr—@; 
m=1, 3, 5,7, ---. The vector k is a unit vector in the 
direction of b*, i is a unit vector normal to k and in 
the plane formed by k and I, and j is a unit vector 


* J. Bardeen and C. Herring, in Imperfections in Nearly Perfect 
Crystals, edited by W. Shockley ef al. (John Wiley and Sons, 
Inc., New York, 1952), p. 277. 

4M. Peach and J. S. Koehler, Phys. Rev. 80, 436 (1950). 

* Encyclopedia Britannica (Encyclopedia Britannica, Inc., 
London, 1953), Vol. 7, p. 365 
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Slope = 1/2,° 
for a>>Lt, 


27 9,° /*(m-1)* 





— 


1.0 15 
a? /L? 





Fic, 2. Plot of 1/b**L? versus a®/L? for the case of 1?=0.1 
normal to both i and k. The relationship between a, 
b*, and m is 

a? = (1/b**)— (L1,)*/(G— 4mm)’. (3) 
For a>Li, this equation reduces to 
a= (1/b**)—[2L1,/(m—1)9r ? for 


a? = (1,/b*)? for m=1. 


m> 1, 


For a= Ll, there is the relation 


a*= (1/b*)?— (2L1,/mr)*. 


From Fig. 1 it can be seen that no solution can exist for 
a less than Li,, In Fig. 2 we have plotted curves of 
1/L*b™ versus a’/L* for different values of m for the 
case where /,* is equal to 0.1. Only the curve for m 
equal to one gives stable equilibrium, The curves for 
higher values of m are all positions of unstable equi- 
librium. However, since the motion of a dislocation line 
at high temperatures will in general involve climb and 
thus proceed at a finite speed, it should be possible to 
catch a dislocation, as Bontinck and Amelinckx have 
done, in the position of a helix of more than one turn. 
To see this, consider a partly edge and partly screw 
dislocation which has had the following history. Let 
the ordinary stress be equal to zero; let the dislocation 
line be in a small crystal to which we can add or remove 
vacancies at will; and let the original concentration of 
vacancies be the equilibrium concentration. If vacancies 
are now added to the crystal the value of 6* will in 
crease and the curve of m=1 will be followed as indi- 
cated by the arrows in Fig. 2. When a becomes equal 
to Li; an unstable situation exists. Turns can now be 
put into the helix in the manner envisaged by Bontinck 
and Amelinckx, The maximum number of turns can be 
estimated if dislocation interaction between neighboring 
turns is taken into account. It is reasonable to expect 


that no more turns can be put into a helix when the 
interaction force becomes greater than the force due to 
the curvature of the dislocation line. Therefore the dis- 
tance between turns should be greater than the radius 
of the cylinder tangent to the helix. The maximum 
number of turns is thus of the order of 1/1,. If ten turns 
are to be obtained, the angle between | and b must be 
less than 6°. Thus, only dislocations which are practi- 
cally pure screw can give rise to helices of many turns. 
Once a helix with many turns is formed it is unstable. 
If vacancies are consumed, the value of 6* can be 
lowered and the value of a will increase. The path 
indicated for m=3 in Fig. 2 may finally be followed, 
since as a is increased the number of turns must 
decrease. 

In Fig. 3 we have plotted curves of 1/L*b** versus 
a’/I? for various values of m for a pure screw disloca- 
tion which is acted upon only by a chemical stress. A 
straight screw dislocation is always in an equilibrium 
position. However, from Fig. 3 it can be seen that for 
large enough chemical stresses the perfectly straight 
position is an unstable one. Therefore if a large enough 
chemical stress is suddenly applied to a crystal, say by 
quenching from a higher to a lower temperature, all 
the screw dislocations will spontaneously grow into 
helices. No prior climb is required of the dislocation as 
was the case of a mixed dislocation. The number of 
turns initially induced in a screw dislocation can be 
related to the chemical stress by the following formula 
[ obtained from Eq. (3) }: 


number of turns~ (RTL/mpb*) In(N/No). (4) 
In order to have ten turns in the helix, it is necessary 
only that 


N o—_ No| No Ss 0.05. 


J 
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Fic. 3. Plot of 1/b"*L* versus a?/1? for the case of a pure 
screw dislocation with 1, =0. 





HELICAL 


Helices of many turns can be put into pure screw 
dislocations through the application of tensile or com- 
pressive stresses parallel to the Burgers vector of the 
dislocation. For this situation the vector f of Eq. (1) 
is parallel to the Burgers vector. The number of turns 
that can be created is of the order of 


number of turns~ 2¢L/umb, 


where a is the applied stress. 
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From the foregoing analysis we might reasonably 
ascribe the helices observed by Bontinck and Amelinckx 
to pure screw dislocations on two scores. The first is 
that a dislocation line must be practically pure screw 
anyway to obtain a large number of turns in a helix, 
The second is that only a modest excess or deficiency 
of vacancies is required to spontaneously change a 
perfectly straight screw dislocation into a helix of 
many turns 
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Fundamental Absorption of Barium Oxide from Its Reflectivity Spectrum* 


Franz C. Janopat 
Department of Physics, Cornell University, Ithaca, New York 
(Received May 20, 1957) 


The reflectivity spectrum of single crystals of barium oxide, cleaved in vacuum, was measured as a fun 
tion of temperature. The Kramers-Kronig integral relation was applied to derive the spectral dependence of 
both the absorption constant and index of refraction in the fundamental absorption region. The absorption 
compares favorably with results of previous thin-film transmission measurements and confirms the intrinsic 
nature of the multiple structure, recently explained by Overhauser as resulting from spin-orbit interaction 
in exciton creation. Large time-dependent changes of the reflectivity spectrum were observed even in a 
vacuum of 10°? mm Hg at liquid-nitrogen temperature and are interpreted as interference effects from a 
growing surface layer of Ba(OH)2, formed with a diffusion-limited rate of growth. 


I, INTRODUCTION 


T is the purpose of this paper to present experimental 
results for the fundamental absorption of barium 
oxide and to call attention to the seldom used analytical 
method by which these results were obtained from 
specular-reflectivity measurements on single crystals. 
Furthermore, since barium oxide represents an extreme 
case for rapidity of surface contamination, because of 
the ease of hydroxide formation, a vacuum cleaving 
technique had to be adopted. The description of both 
this technique and the surface-contamination effects 
observed may be of general interest. 


II. THEORY 


The absorption constant in the fundamental region 
is most easily obtained from transmission measurements 
on appropriately thin films. This has been done for 
barium oxide by Zollweg.? However, there are difficul- 
ties associated with both accurate film-thickness meas- 
urements and the corrections for reflectivity losses. 
Also, there often remains uncertainty about the degree 
of lattice perfection of the films, the film stoichiometry, 


* Based on a Ph.D. thesis submitted to Cornell University. 

t Present address: Los Alamos Scientific Laboratory, Los 
Alamos, New Mexico. 

! Dr. L. Apker of the General Electric Company, Schenectady, 
New York, has suggested the applicability of this technique to the 
deliquescent lithium halide salts. 

2K. J. Zollweg, Phys. Rev. 97, 288 (1955). 


and the amount of surface contamination.’ For these 
reasons, it is highly desirable to make a second and 
independent determination of the absorption from 
reflectivity measurements.‘ 

The Fresnel equations (one for each component of 
polarization) for the reflection of radiation from an 
absorbing medium involve both the real and imaginary 
parts of the complex index of refraction. The imaginary 
part is simply related to the absorption constant. Since 
both the real and imaginary parts are usually unknown 
quantities, the commonly used reflectivity methods 
require two measurements, either at two different angles 
if the amount of polarization is known, or separately 
for both components of polarization at one non-normal 
incident angle. Because of the complexity of the Fresnel 
equations at non-normal incidence, one generally resorts 
to graphical methods of solution. Normal-incidence 
measurements, as used in the method described in the 
remainder of this section® have the advantage that the 
analysis is based on the much simpler single Fresnel 
equation for this case. Also, for near normal incidence 
there is only a small variation of reflectivity with in- 


+See, for example, O. S. Heavens, Optical Properties of Thin 
Solid Films (Academic Press, Inc., New York, 1955) 

‘There is a qualitative resemblance between reflectivity and 
absorption spectra. This resemblance gives one the approximate 
positions of the absorptions directly from the reflectivity spectrum 
See Hartman, Nelson, and Siegfried, Phys. Rev. 105, 123 (1957) 


*I. Simon, J. Opt. Soc. Am. 41, 336 (1951); D. G 
Proc. Phys. Soc. (London) B65, 425 (1952). 
* T. S. Robinson, Proc. Phys. Soc. (London) B65, 910 (1952) 
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cident angle. The latter may be poorly defined because 
of either the nature of the surface or a divergence in the 
incident light. 

At normal incidence the Fresnel equation for the 
reflection of radiation from an absorbing medium of 
complex index of refraction, N=n—ik, is 


r= (n—ik—1)/(n—ik+1), (1) 


where |r|* is the reflected intensity. The absorption 
constant, A, is defined by 


I =Io(1—R) exp(— Ax), (2) 


where J is the intensity after a distance of penetration 
x of the absorber of radiation whose incident intensity 
is I», and where R is the reflectivity at the incident 
surface. This definition leads to the following relation 
for any vacuum wavelength \: 


A(d) = 4ark(d)/X. (3) 


It follows from (1) that if both the amplitude and 
phase of r [designated hereafter as |r| and 0, respec- 
tively | are known, n and k can be solved for. A reflec- 
tivity measurement determines |r|? and therefore |r|. 
Furthermore, if In|7| is known over the entire frequency 
spectrum, @ at any single frequency we can be deter- 
mined from the Kramers-Kronig relation between the 
real and imaginary parts of the complex function 
Inr=In|r| +70: 


(4) 


2wo f” In|r(w)| 
8(wo) =_ f - dw 


2 2 
T w—~— Wi 


That Ing satisfies the conditions for the validity of this 
relation follows from a causality argument. The proof 
of this statement and the details of the application of 
the relation have been given elsewhere.’* 

The success of the method depends on the fact that 
negligible error results from a lack of knowledge of all 
parts of the frequency spectrum remote from the point 
of interest. This is most easily seen if (4) is rewritten in 
the following form?: 


1 7’ din|r(w)| |o+wo 
f ] -|daw (5) 


6(wo) = n 

ro dw leis 
Equation (5) shows that the phase at an arbitrary point 
is proportional to an integral over the entire spectrum 
of the derivative of the attenuation times a weighting 
function at each point. The latter function peaks sharply 
at the point of interest and becomes small and flattens 
out at remote points. This means that the contribu- 
tions from these regions are small and also that the sym- 
metric portions tend to cancel each other. A constant 
percentage error in the attenuation characteristic will 


™F. C. Jahoda, Ph.D. thesis, Cornell University, 1957 (un- 
published). 

*H. Bode, Network Analysis and Feedback Amplifier Design 
(D. Van Nostrand Company, Inc., New York, 1945). 
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not influence the phase determination, which depends 
only on the relative shape of the former. By examining 
the relation of k, and hence A, to |r| and 8@, it can be 
shown that the main uncertainty in the determination 
of the absolute values of the absorption constant will 
be the error in the determination of absolute reflec- 
tivities, while uncertainties in the spectral shape result 
mainly from the unknown phase contributions of the 
neglected parts of the frequency spectrum. Corrections 
can be made for the unknown remote parts of the ex- 
perimentally determined reflectivity curve from the 
requirement that the values of m and k, when extra- 
polated to nonabsorbing regions (e.g., the visible in the 
case of BaO), become the known index of refraction and 
zero, respectively. 


Ill. EXPERIMENTAL PROCEDURE 


A part of the main vacuum chamber is shown in 
Fig. 1. The liquid-nitrogen cryostat and attached 
crystal holder, suspended from a double-walled Monel 
filling tube, could be raised and lowered by means of a 
rack and pinion and freely rotated through a double 
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Fic. 1. A portion of the vacuum chamber showing crystal mount 
and cleavage tool. 


o-ring seal. Four fused-quartz windows spaced at 
relative positions of 0°, 45°, 90°, and 180° in the 
vacuum chamber wall permitted both direct trans- 
mission measurements and reflection measurements at 
224° and 45°. (An analysis of the Fresnel equations 
indicates that the error made in considering reflections 
at 224° to be at normal incidence is slight.) The alumi- 
num mirror which served as a reference standard was 
specially treated for high, constant ultraviolet re- 
flectivity.® 

Single crystals measuring approximately 4 in. x} in. 
Xj} in., grown by a vapor-phase deposition method,'® 
were rigidly clamped between spring-loaded jaws and 
cleaved on an end face by an upward stroke of the 
cleaving chisel when the end of the rod, outside the 
vacuum, was given a downward tap. The cleaving tool, 
pivoted on an o-ring seal between the main vacuum and 
a forepump vacuum, could be visually adjusted in all 
directions prior to the cleaving operation. By rotating 
the crystal into position in the previously aligned 


® Obtained from Panchro Mirrors, Inc., Los Angeles, California. 
” Sproull, Dash, Tyler, and Moore, Rev. Sci. Instr. 22, 410 
(1951). 
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optical system, reflectivity measurements could be 
started less than two minutes after cleaving. The best 
data were obtained with a vacuum of about 210-7 
mm Hg. 

The light source was the continuum of a water- 
cooled Nester hydrogen lamp, dispersed by a Bausch 
& Lomb grating monochromator. The 1P-28 photo- 
multiplier detector output was passed through a phase- 
sensitive detector which was gated by a chopper in the 
light beam, amplified, and continuously recorded by a 
Brown potentiometer while the monochromator wave- 
length drum was mechanically driven. It was checked 
that no structure was obscured on account of scanning 
speed, and the ultimate resolution was estimated to be 
better than 10 angstroms. The absolute reflectivities 
were determined by comparing the largest peak with 
the known reflectivity of the aluminum mirror, after 
correcting for light diffusely reflected by cleavage steps 
and other surface irregularities. The estimated range 
of uncertainty in the reported values is 3%. 
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K1G. 2. Reflectivity spectrum of BaO at —182°C immediately 
after cleaving and the derived values of m and k, the real and 
imaginary parts of the index of refraction. 


IV. EXPERIMENTAL RESULTS 
A. Fresh Cleavage 

The reflectivity spectrum, measured immediately 
after cleaving a crystal which had been cooled to near 
liquid-nitrogen temperature prior to cleaving, is shown 
by one of the curves in Fig. 2. Except for wavelengths 
below 2200 A, where data immediately after cleaving 
were taken only once, this curve was accurately repro- 
duced for several cleavages. Data taken with older 
cleavage surfaces definitely confirmed the existence of 
the short-wavelength peak, but both the peak position 
and absolute value of the reflectivity for this peak re- 
main somewhat uncertain. The other two curves of 
Fig. 2 show the values of and k derived by the method 
of analysis already described. Values were actually 
computed at the indicated points. These are the 
midpoints of the 19 segments of the straight-line ap- 
proximation (1B-19B) to the reflectivity curve shown 
in Fig. 3. The end segments were not determined ex- 
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Fic. 3. Straight-line approximation to the reflectivity curve of 
Fig. 2. The end segments are chosen to give expected values of n 
and & at longer wavelengths assuming the absolute reflectivity of 
the peak at 3055 A is 23% for A and A’ and 26% for B 


perimentally, and the variations shown in Fig. 3 were 
chosen by (1) assuming a value for the absolute reflec- 
tivity within the experimentally determined range, (2) 
choosing the slope of the end segment on the long- 
wavelength side (arbitrarily extended to 4600 A) to 
give agreement with the known values of m in the 
visible," and (3) choosing either the slope of one seg- 
ment or the slopes of two segments on the short-wave- 
length side (also of arbitrary width on the wavelength 
scale) to give a k value of zero (no absorption) at 
3400 A. The value of & is then nearly zero for all longer 
wavelengths too. 
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Fic. 4. Absorption spectrum of BaO at — 182°C corresponding 
to the three choices of straight-line approximations (curves A, A’, 
and B) to the reflectivity spectrum in Fig. 3. Zollweg’s thin-film 
transmission measurements are given by curve C 


" Gmelin-Meyer, Handbuch der Anorganischen Chemie (Verlag 
Julius Springer, Berlin, 1932) 
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Fic. 5. Changes of 
the reflectivity spec- 
trum with time 
after cleaving. These 
curves are raw data 
and have not been 
corrected for the con- 
stant system re 
sponse, which has 
a broad maximum 
at 3000 A 
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The values of the absorption constant corresponding 
to the various choices of Fig. 3 are plotted in Fig. 4. 
It can be seen that the change in absolute value of the 
reflectivity causes an appreciable change in the mag- 
nitude of the absorption constant, but neither this 
change nor spectral variations in the short-wavelength 
reflectivity has an important effect on the shape of the 
longer wavelength peaks. The neglect of the reflectivity 
spectrum outside the finite range considered tacitly 
assumes constant reflectivity beyond this spectral range, 
as far as the absorption spectrum is concerned. This 
leaves a plateau value of ~2 10° cm™ for the absorp- 
tion constant below the short-wavelength peak. This 
plateau falls quite gradually with decreasing wave- 
lengths. Since the short-wavelength peak position de- 
pends on the arbitrary choice of width of the end seg- 
ment of the reflectivity spectrum neither it nor the 
plateau is shown in Fig. 4. There is shown in this figure, 
for comparison, a plot of Zollweg’s data’ for thin-film 
absorption. The very good agreement of the two 
disparate methods on quite differently prepared samples 
of barium oxide, as well as the magnitude of the absorp- 
tion, firmly establishes the intrinsic nature of this struc- 
ture. This conclusion had been reached by Zollweg? 
but it was contradicted at about the same time in the 
literature.” The close agreement of the widths at half- 
maximum of the two large peaks indicates that the 
crystal perfection of the thin films was sufficiently good 
not to limit the resolution. The difference in the absolute 
magnitudes, irrespective of which value in the range of 
uncertainty for the reflection measurements is chosen, 
is probably the result of an error in the film-thickness 
measurements. 


"K. Okumura, Phys. Rev. 96, 1704 (1954); K. Takazawa and 
I’. Tomotika, J. Phys. Soc. Japan 9, 996 (1954) 
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The temperature dependence of the reflectivity spec- 
trum was also investigated and confirmed Zollweg’s 
results—the sharpening of the absorption structure in 
passing from room temperature to liquid-nitrogen tem- 
perature for all but the temperature-insensitive short- 
wavelength peak. Furthermore, with an arrangement of 
alternately heating the crystal and pumping on the 
liquid nitrogen, it was determined that no further 
narrowing of the structure occurred in a 30°C interval 
around liquid-nitrogen temperature. 


B. Time Dependence 


Large cyclic changes were observed as a function of 
time after cleaving. Figure 5 shows, for example, the 
second and third appearances of maxima and _ their 
subsequent decline for one particular cleavage. The 
time scale indicated was observed in a vacuum of 10~* 
mm Hg. After a revision of the vacuum system, which 
included increasing the pumping speed and largely 
replacing exposed o-ring seals by lead gaskets, the time 
taken for the completion of the first cycle increased to 
about 70 hours, but was apparently insensitive to the 
total pressure in a range from 10-7 mm to 10~* mm Hg. 
This seems to indicate that the changes are caused by a 
residual vacuum contaminant which was more success- 
fully excluded in the latter case. The fact that these 
cyclic changes are true interference phenomena is 
clearly demonstrated in Fig. 6, which shows that the 
periods for different wavelengths agree only if normal- 
ized by dividing by the wavelength itself. This figure 
also shows that the recurrences of the maxima are not 
linear in time. After the first half-cycle a square-root 
dependence on time is strongly suggested. 


V. DISCUSSION OF RESULTS 


The close agreement of the derived absorption spec- 
trum with the earlier thin-film measurements confirms 
the experimental basis for the Overhauser interpretation 
of the multiple structure in the fundamental absorp- 
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Fic. 6. Reflectivity of three different wavelengths vs the square 
root of time divided by the wavelength. (The reflectivity decreases 
of succeeding maxima were caused by a secondary surface con 
tamination increasing with time.) 
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tion,’ by establishing the intrinsic nature of the struc- 
ture and verifying the temperature dependence. Over- 
hauser predicts two strong and three weak peaks result- 
ing from spin-orbit interaction in exciton production. 
The existence of a second weak peak on the long wave- 
length side of the small peak at 3180 A was suggested 
by Zollweg.? While the analytical method for deriving 
the absorption spectrum from the reflectivity spectrum 
is not sufficiently sensitive to show such a peak in the 
absorption spectrum, its existence can be inferred from 
the reflectivity spectrum and particularly so at stages 
of the interference cycle (Fig. 5) when the different 
phase relations at neighboring wavelengths favor its 
greater prominence. No further information has been 
obtained on the crucial question of whether a third weak 
peak (and no more) exists. In the absence of theoretical 
calculations for the peak positions it is not known 
whether the intrinsic breadths of the large peaks are 
likely to hide further structure. Since the reflectivity 
peaks are intrinsically broader than the absorption 
peaks, these measurements are inherently inferior to 
transmission measurements for resolution of spectral 
details. 

The appearance of interference fringes with time is 
most readily explained by the formation of a hydroxide 
film. The extreme reactivity of BaO with water vapor 
is well known. Unfortunately no values for the index 
of refraction of Ba(OH), could be found in the literature 
to give a quantitative check of the interference be- 
havior. Its measurement is made difficult by both the 
hygroscopic nature of Ba(OH)2, which forms several 
hydrates, and its great chemical activity at the elevated 
temperatures needed to produce it from the hydrates. 
However, both the observed magnitudes and relative 
phases of adjacent wavelengths are consistent with 
the assumption of an index of about 1.4 for Ba(OH), 
at 3000 A. The position of the fundamental absorption 
edge of the hydroxide is unknown, and could not be 
detected by diffuse-reflectivity measurements on powder 
samples down to wavelengths of 2600 A. 

The apparent dependence of surface film thickness 
on the square root of time suggests diffusion-limited 
film growth. Ba(OH), has a larger unit volume than 
BaO, in agreement with the relation of oxide to metal 
in all cases where diffusion-limited oxide growth has 
been observed.“ Neither the diffusing agent nor the 
activation energy for diffusion are known. The former 
could be either neutral H,O molecules or H* and OH 
ions if there is sufficient surface energy available for 
dissociation. Limited experimental results in the present 
work at room temperature and long experience with 
the formation of interference fringes on BaO handled 
in a dry box would indicate that the diffusion rate at 
room temperature could not be appreciably faster 
than at liquid-nitrogen temperature. Such an assump- 


3 A. W. Overhauser, Phys. Rev. 101, 1702 (1956). 
“W. Jost, Diffusion in Solids, Liquids, Gases (Academic Press, 
Inc., New York, 1952), p. 340. 
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tion leads to impossibly small activation energies. For 
instance, if the diffusion is only twice as rapid at room 
temperature, the activation energy could be only 
about 0.01 ev. These results can, however, be reconciled 
with a larger activation energy if one assumes that 
initially a temperature-independent arrival rate at the 
surface is dominant and only after a critical thickness 
is reached does diffusion become rate governing. This 
view is supported by the fact that the same deviation 
from linearity was observed in the first half-cycle of 
the plot of reflectivity vs 4 (Fig. 6) in both vacuum 
systems despite the great difference in absolute time 
scale. There are insufficient room-temperature data 
available to determine whether there is, as this suggests, 
a larger initial nearly linear time dependence of film 
thickness. 


VI. SUMMARY 


It has been possible to derive quantitative results for 
the absorption constant of BaO in the fundamental 
absorption region from reflectivity measurements on 
single crystals. The following peak positions and corre- 
sponding approximate absorption constants, were ob- 
tained: 2865A (4.31 ev), 2.9K10®° cm™'; 3055A 
(4.05 ev), 3.2*10® cm™; 3180 A (3.89 ev), 0.9% 10° 
cm; and a smaller fourth peak at about 3280 A 
(3.77 ev). These peaks were temperature sensitive, 
but no further sharpening of the structure was observed 
for a 30° temperature interval below — 165°C. A short 
wavelength temperature-insensitive peak was assigned 
the relatively uncertain values of 2000A (6,19 ev) 
and 5X 10° cm™. 

The generally excellent agreement with the absorp 
tion previously determined by thin-film transmission 
measurements establishes the intrinsic nature of the 
absorption beyond doubt. Since both thin-film meas 
urements and reflection measurements have inherent 
disadvantages it is highly desirable to do both whenever 
possible. The present work has confirmed the experi 
mental basis of the Overhauser interpretation that the 
multiple structure is caused by spin-orbit interaction 
in exciton creation. As a by-product of the reflection 
measurements approximate values for the index of 
refraction in the absorbing region have been determined. 
The values range between n= 2.1 and n=3.0, 

The large time-dependent changes observed after 
cleaving in vacuum have been interpreted as inter 
ference effects of a surface layer of barium hydroxide 
Evidence that suggests diffusion-limited growth of this 
layer at liquid-nitrogen temperature has been presented 
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In a recent communication Sclar has discussed the nature of 
ionized-impurity scattering when the product of the carrier wave 
number and the distance at which the scattering potential is cut 
off is much less than unity. Sclar has studied the mobility under 
these conditions but has neglected the influence of lattice scatter- 
ing and electric field. In this communication the author has 
studied the variation of mobility with electric field, taking lattice 
scattering into account. 

For semiconductors of low impurity concentration at usual 
temperatures, the product of the carrier wave number and the 
distance at which the scattering potential is cut off is much larger 
than unity. In this case Conwell has given a theory for the varia 
tion of mobility with electric field, assuming a 6-function dis 


INTRODUCTION 


HE nature of ionized-impurity scattering in semi- 
conductors is mainly determined by ka, which is 
the product of the carrier wave number and the effective 
distance at which the potential is cut off. At ordinary 
temperatures and low concentrations of impurity ka>>1 
and the treatments of Conwell and Weisskopf' and 
Brooks? and Herring are applicable. The expression for 
the time of relaxation, given by the two treatments can 
be approximated by 


(1.1) 


v7.1" By’, 


where B, isa constant inversely proportional to impurity 
density and » is the electron velocity. 

Recently much interest has been shown in inves- 
tigating the properties of semiconductors at low tem- 
peratures. Sclar* has shown that there is a fair range 
of interest, accessible to experiment for the case ka<1. 
Sclar* has investigated scattering in this case by as- 
suming a square well or barrier scattering potential of 
height V. As a result of his analysis it is found that the 
time of relaxation is a function of ka and 


(annette il, wang an ill Om ommmaae ¢ 
aa= {k®a’— (2mV /h*)a*}!, 
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where m is the effective mass of the carrier. Three cases 
have been distinguished : 
(1) General case of attractive and repulsive potential. 
In this case the time of relaxation at a given temper- 
ature is given by 
B;/2, (1.2) 


TI2 


where By, is a constant, inversely proportional to 
impurity density. 

(2) aa—>(2n+1)(/2).—-This case corresponds to 
resonance-type scattering and occurs only when the 
scattering potential is attractive. The time of relaxation 

! E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950) 


*H. Brooks, Phys. Rev. 83, 879 (1951). 
#N. Sclar,sPhys. Rev. 104, 1548 (1956). 


tribution for free electrons in a semiconductor. Her theory predicts 
a net zero-field mobility which at first increases with decreasing 
impurity mobility. This conclusion is physically untenable and 
leads one to doubt the assumptions implied in the theory. The 
assumption of a 6-function distribution seems to be the least 
reliable. Hence the author has repeated the calculations by 
choosing a Maxwellian distribution of electron velocities, appro 
priate to a temperature, which in general is different from that of 
the phonon distribution. This leads to a net zero-field mobility 
monotonically decreasing with decreasing impurity mobility 
which is reasonable enough. Other interesting results at variance 
with Conwell’s treatment have also been obtained. 


is given by 


(1.3) 


Tis™ By, 


where B,; is a constant inversely proportional to im- 
purity density. 

(3) (tanaa/aa)—>1.—This case corresponds to the 
Ramsauer effect in semiconductors and occurs only 
when the scattering potential is attractive. The time of 
relaxation is given by 

T14= By/v®, 


(1.4) 


where B, is a constant inversely proportional to im- 
purity density. 

A theory of variation of mobility with electric field 
for semiconductors of low impurity concentration at 
usual temperatures has been given by Conwell‘ assum- 
ing a 6-function velocity distribution for free electrons 
in a semiconductor. This theory suffers from a serious 
defect, which is brought out by considering the variation 
of net zero-field mobility with impurity mobility. 
Conwell’s‘ theory, however, predicts a net mobility 
which at first increases with decreasing impurity 
mobility. This situation is untenable and leads one to 
doubt the assumptions implied in the theory. The 
assumption of a 6-function distribution of electron 
velocities seems to be the least reliable and it is therefore 
important to repeat the calculations using a more 
realistic velocity distribution. For this the author 
chooses a Maxwellian distribution appropriate to a 
certain temperature, which is not in general that of the 
phonon distribution. Such a choice represents the next 
order of approximation, beyond the 6-function dis- 
tribution. An expression for net zero-field mobility, 
assuming a Maxwellian distribution of electron veloci- 
ties has been obtained by Debye and Conwell.® Sclar’ 
has studied the mobility in the remaining three cases, 
neglecting the influence of the electric field and lattice 
scattering. In this communication the author has inves- 


‘E. Conwell, Phys. Rev. 90, 769 (1953). 
*P. P. Debye and E. Conwell, Phys. Rev. 93, 693 (1954). 
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tigated the variation of mobility with field, taking both 


lattice and impurity scattering into account. 


MOBILITY CONSIDERATIONS 


Assuming that the surfaces of constant energy in the 
Brillouin zone are spherical Conwell® has shown that 
the mobility u is related to the relaxation time r by 


q ig 
.=- ( = (r#) 
3m \v* dv 


where g and m are the electronic charge and effective 
mass, respectively, and the average indicated is to be 
taken over all the electrons. 

Under the assumption that equipartition is valid for 
the lattice oscillators with which the electron interacts, 
Shockley’ has shown that the relaxation time ry, is 
given by 


(2) 


L/2, (3) 


TL 


where / is the constant mean free path. The impurity 
and lattice scattering are additive giving 


Combining (1), (3), and (4) we have 
ly! 
~ (/By+04)’ 
l 
Te™ ’ 
v(1+1/B,) 
lv 
"eo ’ 
(v? +-1/ Bs) 
B, 
v(v'+B,/l) 


T 


T4 


We may assume with Shockley® that the field does 
not alter the spherical form of distribution function and 
in effect raises the electrons to a temperature T which 
is greater than the temperature 7» of the phonon dis- 
tribution. Thus, the number of electrons in the velocity 
range v to +d)» is given by 


N(v)dv= Av’ exp(—dv*) do, (6) 

where \= (m/2kT), k being the Boltzmann constant. 
When the field is zero T= 7». Upon combining Eqs. 

(2), (3), and (6), the zero-field lattice mobility is given 


* E. Conwell, Phys. Rev. 88, 1379 (1952). 

7W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), Chap. 17. 

* W. Shockley, Bell System Tech. J. 30, 990 (1951). 
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init d 
| A exp(—)ov*) 
dv 


(lv*)di 
ty 
: Aol. 
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(/) 


Av* exp(—Aov)dt 


Similarly, by combining Eqs. (1), (2), and (6), the 
zero-field impurity mobility is given by 


8qB, 


(uri)o Ao, 
mr 


(8.3) 


(8.4) 


For convenience in further calculations, we may put 


1/B,=az/de, where ay? = 6p 10/(u11)0, 
de l By 
Do/ Bs 


Bade'/l. 


MLO (H12) 0, 
ay 2u10/ (M13) 0, 

9 
a, 


From Eqs. (2) and (6) we have 


we 


d 
f A exp(—dAv*)—( 108) dt 
q dv 
3m f 


0 


uu 


Av exp(—dv*)dv 


4g! 2 
{ 2dv exp(—Av*) rv'dv. 
3m & 9 


(9) 
Substituting for r from Eq. (1) and simplifying, we get 


y 


h= 


4ql £ y’ exp(—y) 
} ( 


0 (~+a,’/x*) 


3mm} 


a|™ 

= 0x {1 - sin(a,/x*) —Si(a;/x*) sin(a,/x*) 
A |? 

ei2 


cos(a;/x*) Ci(a/x)| | 
= prox FP \(a;/x*), (9.1) 


where 
x= (Ao/A)'= (T/T o)!, 


* sint 
Si(z) = f dl 
o f 


y=)r’, 


* cosl 
Ci(z) =f dl, 
nr t 


and 
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are well known tabulated functions.’ The integral has 
heen tabulated by Dingle, Arndt, and Roy.” 


Ho =m (14a), (9.2) 


* y exp(—y) 
Me= prox! dy 
(y+a3/x*) 


0 


MLox hs (a3/x*). (9.3) 
f;(Z) has been tabulated by Dingle, Arndt, and Roy." 
It can also be expressed in analytical form. 


ay ¢” yexp(—y) 
Ma=pLox dy 


x Jy y age / x4 


s y’ exp( y) 
MLoX i] f dy 
0 (y +a4?/x*) 


pox Fg (a4/x*). (9.4) 
The function 1—/4(Z) has been tabulated by Dingle, 
Arndt, and Roy."® 
We may compare Eq. (9.1) with Eq. (10) of Conwell‘ 
by putting a= a,"/2= 3u10/(urs)o, which gives 
(1+4-3a)’/2x*) 
b=prox! 
(1+-4,;?/2x*)? 


(9.1A) 


box '(a,/x"). 


ZERO-FIELD MOBILITY 


At zero field the temperature of the electrons is 
equal to that of the phonon distribution and hence 


x=1. Putting x=1 in Eqs. (9.1), (9.2), (9.3), and (9.4) 


12 





11 

1.0 
0.9 
0.8 
0.7 
0.6 
0.5 
04 


0.3 
0.2 


0.1 








60 





01 OR a3 04 O6 abto 1.5 2.0 3040 60 0 
0,— 


Variation of /;(a,) and (a,) with a; 


Fic, 1 


*B. A. Mathematical Tables 
Dingle, Arndt, and Roy, Appl. Sci. Research B6, 155 (1956) 


“ Dingle, Arndt, and Roy, Appl. Sci. Research B6, 144 (1956). 
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et the net zero-field mobility in the four cases as 
(10.1) 
(10.2) 
(10.3) 
(10.4) 


Hio= Mol 1(a), 
20=pL0(1+a2)™, 
H30= Mol’ 3(a3), 
Hso= Mol’ 4(a4). 


Putting «=1 in Eq. (9.1A) which corresponds to a 


§-function velocity distribution of electrons we get 


M10 pro? (a,). (10.1A) 


Figure 1, illustrates the variation of /';(a,) and (a) 
with a;. Figures 2 and 3 illustrate the variation of F'3(as) 


with as and F4(a4) with a4, respectively. 


STEADY STATE SOLUTION 


This treatment makes use of the fact that in the 
steady state the average power gain from the field 
must balance the average power loss in collisions, or 
symbolically 


qu? + (de/dt).=0. (11) 


Loss of energy due to impurity scattering is small 
and may be neglected. The rate of energy loss to 
acoustical modes has been evaluated by Shockley.* For 
the velocity distribution given by Eq. (6) his result may 


de 8c? m 
dt]. a Id) 


be put as 


(12) 
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From Eqs. (7), (11), and (12) we have 


32c* | Aql(No)# |" 7doy! 
FE =— ( Jun 
3m! 3mm d 


32c? x(x?—1) 
- (13) 
Smuno 


Putting a=a,?/2=3y10/(uri)o in Eq. (14) of Conwell, 
we have 
8c? x*(x7—1) 
FE = ; (13A) 
Sur 0° Pa, 2) 


Equations (9) and (13) express the parametric rela- 
tionship between mobility u and field E. 


LOW-FIELD MOBILITY 


Variation of mobility at low fields can be con- 
veniently studied experimentally since the experi- 
mental technique is simple. Gunn” has obtained an 
expression for the variation of mobility with field, at 
low fields using Conwell’s' results and a good approxi- 
mation. He gets 

Hi=Hw(1+Bok), (14.1A) 
where 
3 MLO 
Ba y(dy), 
16 ¢ 


(15.1A) 


{ (a,"/2) —1}{9(a;’ 2) +1} 
{(a;*/2) +1}? | 


(a) 


To obtain a similar expression, when the electrons 
obey a Maxwellian distribution of velocities we may 
assume with Gunn" that since at low fields the temper 
ature of the phonon distribution and that of the ele 
trons are almost the same, x=1 and very little error is 
introduced by putting «?=1 except in the term (x*?—1) 


and (a/x?)=a in Eq. (13). 
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27. B. Gunn, Progress in Semiconductors, edited by A. F 
Gibson (John Wiley and Sons, Inc., New York, 1957), Vol. 2. 
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We now proceed to investigate the dependence of 
mobility on field at low fields in the four cases using 
this approximation, 

Case 1.—When we use the above-mentioned approxi 
mation, Eq. (13) gives 


x 1 t 2w, 


where w,= (3mpz0’/64c*) FF, (a,)E, is small. Substituting 
for x in Eq. (9.1), we get 


hy wyo(1 +8, KH), (14.1) 


where 


" *  exp(—y) 


Sry y’ exp(—y) ? ‘ 
By 4a;’ [ | dy 
64¢" “4 ( y" | a;")* 0 y” { ay’ 


Smu LO 
fy(ay). 


(15.1) 
64? 


Both these integrals have been tabulated by Dingle, 
Arndt, and Roy," Fig 
fi(a,) and g(a) with a, 

Case IT.—Combining Eqs. (9.2) and (13) and putting 


9 


v’?=1 except in term x? 


4 illustrates the variation of 


1 we get 


| Sor 0" 
1+ 
| 3202 


(1+ a) | 


Substituting for x in Eq. (9.1) we obtain 


Me = po (1+h2k), 
where 
Bo (Sarpy po*/64c*) (1+ a2) 
Case III 


Proceeding as in Case I we get 


a= us0(1+f2k), 
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* yexp(—y) * yexp(—y) 
2a, f : dy -f iy| 
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where 


0 0 


(15.3) 


. 


Both these integrals have been tabulated by Dingle, 
Arndt, and Roy." The variation of f;(a3) with a, is 
illustrated in Fig. 5. 


Case 1V.—Proceeding as in Case I, we get 


Ha=pao(1t+6 Ee), 


where 


Srpuie * y' exp(—y) 
Bs . 1 + dae f dy 
647 “0 (y +a,’)* 


” ¥ exp(—y) 
-f —- iy| 
0 y ta? 


= (3mpro®/O4c*) fa(ay). (15.4) 
Both these integrals have been tabulated by Dingle, 
Arndt, and Roy.” Figure 6 illustrates the variation of 
fala4) with 4. 


DISCUSSION 


It may be seen from Fig. 1 that when the electrons 
obey a 6-function distribution pyo/uzo increases with 
increasing a, (i.e., decreasing impurity mobility) in the 
range 0<a,<0.82 which gives rise to the discrepancy 
mentioned in the introduction. In the case of a Max- 
wellian distribution jy0/ur0 decreases monotonically 
with increasing a; which is reasonable. 

It is also interesting to study the variation of 8, the 
slope of the y:/y10 versus E* curve at low fields, with a. 
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It is seen from Fig. 4 that for a 5-function distribution 
8 decreases with increasing a,, in the range 0<a;<0.55, 
while this behavior is not exhibited, when it is assumed 
that the electrons obey a Maxwellian distribution. The 
maximum values of 6 and the values of a; for which 
there is no second-order variation of mobility with 
field are also widely different in the two cases. 

It is common to investigate the zero-field mobility 
of the same sample over a wide range of temperature, 
to check any theory of scattering. The zero-field lattice 
mobility can in general be determined by calculation or 
experiment. Knowing ywo/uzo at a given temperature 
we can find the corresponding value of a by Eqs. (10.1), 
(10.2), and (10.4) and Figs. 1, 2, and 3. This value of a 
in turn leads to the value of B, which governs the time 
of relaxation. Thus a study of the variation of po/ux0 
with temperature leads to a knowledge of the variation 
of B with temperature, which can be compared with 
theory. If one is not sure of the type of scattering 
occurring one has to arrive at the variation of B with 
temperature from the theory as well as the experimental 
study of yo/ux0, on the basis of the four cases separately 
and see which gives the best agreement. To confirm his 
conclusion one may calculate 6 from Eqs. (14.1), (14.2), 
(14.3), and (14.4) and Figs. 4, 5, and 6 with the 
knowledge of a thus obtained and again compare with 
experimental results. 

The quantitative application of the theory presented 
in this paper is limited by the following considerations: 


(i) The assumptions of spherical constant-energy 
surfaces and validity of the simple model of band 
structure are not correct. 

(ii) Equation (3) is not correct for most of the semi- 
conductors since the temperature dependence of the 
zero-field lattice mobility, predicted by it is not in 
agreement with experiment. In other words, / in Eq. (3) 
is not constant but velocity-dependent. 
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(iii) Blatt has shown that Eq. (1.1) is not a good 
approximation and one cannot neglect the velocity 
dependence of B, to obtain the correct temperature 
dependence of (7, :)o. 

(iv) The validity of the Maxwellian distribution, 
even at low fields has not been proved, and hence the 
expressions for 8 may not be quantitatively correct. 


is F. J. Blatt, J. Phys. Chem. Solids 1, 262 (1957). 
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A study has been made of the coloration of synthetic and natural sodium chloride crystals with Co 
gamma-ray and 1.3-Mev electron irradiations. These 
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irradiations produced the colloid band, at 565 my, 


in the synthetic crystals but not in untreated natural crystals. Various thermal treatments were given the 
natural crystals prior to their coloration. It was found that either type of irradiation would produce colloids 
in crystals that had been heated at 700°C for at least 24 hours in an atmosphere containing hydroxy! ions. 
Colloids were produced in the untreated natural crystals by additive coloration. It was found that the 
characteristics of the colloids were the same whether they were produced by ionizing radiation or by additive 
coloration, with the exception of the role played by hydroxy] ions in the crystals colored by ionizing radiation, 


INTRODUCTION 


LKALI-HALIDE crystals that have been heated 

in a vapor of their alkali metal and then cooled to 

room temperature contain a stoichiometric excess of the 

metal. This metal is atomically dispersed if the crystal 

is quenched. These crystals can then be given certain 

thermal and optical treatments that will result in a 

coagulation of this excess metal to form colloidal alkali- 
metal particles. 

A large volume of experimental results is available 
on the properties of these particles. Some of the topics 
that have been specifically studied are the following: 
(1) the wavelength at which the extinction coefficient is 
a maximum for colloids in various alkali-halide crystals; 
(2) the dependence of the extinction coefficient upon 
temperature; (3) the conversion of F centers into 
colloids; (4) the thermal conversion of colloids into F 
centers; and (5) the photoconductivity resulting from 
absorption of light by the colloids. Theoretical calcula- 
tions of the extinction coefficients for absorption and 
scattering of light of various wavelengths have been 
made using the Mie theory of the scattering of light 
by spherical particles. A survey of these and other 
properties of the colloids is given by Seitz.! 

A large amount of experimentation has also been 


done on natural alkali-halide crystals—both halite and 


* This work was presented in part at the Color Center Sym 
posium, Argonne National Laboratory, October, 1956. 
'F. Seitz, Revs. Modern Phys. 26, 7 (1954). 


sylvine—that contain colloidal metal particles. This 
work is summarized by Przibram.’ 

Silver chloride and bromide are known to develop a 
colloidal silver band when they are irradiated with 
light lying in the fundamental absorption of the ma- 
terial. A recent paper by Brown and Wainfan* sum- 
marizes these phenomena in silver chloride. 

Westervelt* and McLennan® have reported that 
colloidal metal particles can be formed in synthetic 
alkali halides by bombarding these materials with 
ionizing radiation. There was no appreciable stoichio 
metric excess of metal in these crystals after the 
irradiation, 

The three following tests can be used to establish the 
existence of colloidal particles and to distinguish these 
from absorbing centers that are atomically dispersed : 
(1) There is a wavelength dependence of light scattered 
at right angles to the direction of the incident light 
beam. The wavelength at which maximum scattering 
occurs is dependent upon the size of the particle. (2) The 
absorption peak is insensitive to temperature. Neither 
the half-width nor peak position are appreciably 
changed by cooling from 300°K to 77°K. (3) Absorption 
of monochromatic light by the colloids bleaches the 
absorption band selectively at that wavelength and 
leaves the remainder of the band unaltered. Although 


7K. Przibram, /rradiation Colours and Luminescence (Pergamon 
Press, Ltd., London, 1956), 

3 F. Brown and N. Wainfan, Phys. Rev. 105, 93 (1957) 

‘ED. R. Westervelt, Phys. Rev. 92, 531 (1953 

*D. E. McLennan, Can. J. Phys, 29, 122 (1951) 
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this is observed in the silver halides, the colloids in the 
alkali halides are not bleached by light absorbed by 
the particles. 

This paper gives the results of a study of the produc- 
tion of colloids by gamma rays and fast electrons in 
synthetic and natural crystals of sodium chloride. The 
presence of the colloids was established by applying the 
second criterion listed above; that is, the insensitivity 
of the absorption peak to temperature. The peak posi- 
tion of the band identified as arising from colloids 
agreed with the colloidal band obtained by slowly 
cooling a sodium chloride crystal containing excess 


sodium. 
EXPERIMENTAL PROCEDURE 


Natural and synthetic crystals of sodium chloride 
were irradiated in air at room temperature with Co® 
gamma rays—1.1 1.3 Mev. The radiation flux 
averaged about 4.5 10° roentgens/hr. Similar samples 
were irradiated with 1.3-Mev electrons from a Van de 
Graaff generator. A beam current of 130 microamperes 
was used, The irradiation times varied between 2 days 
and 90 days for the gamma irradiation and between 5 
minutes and 45 minutes for the fast-electron irradiation. 
The high beam currents utilized in the Van de Graaff 
irradiation resulted in an appreciable heating of the 
crystals. Thus the results obtained with electron irradi 


and 


ation can only be considered as qualitative. 

Synthetic crystals were obtained from Harshaw 
Chemical Company and Optovac Company. Crystals 
were grown in this laboratory in air by the Kyropolous 
method, Natural crystals came from near Salina, Utah, 
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Fic. 1. Spectral absorption of a synthetic NaCl crystal grown 
in this laboratory after irradiation with 2.9*10* roentgens of 
Co” gamma rays. Curve 1-—measured at room temperature 
Curve 2—measured at liquid-nitrogen temperature. The points 
at low energies were omitted from these curves and the curves of 
the subsequent figures for the sake of clarity 
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Baden, Germany,® and Wielitschka, Poland. The crys- 
tals were cleaved into plates about 5 mm square by 
0.15 mm thick prior to the irradiation. They were 
handled in red light after the irradiation. 

In addition to the comparison among samples from 
various sources, a comparison was made among samples 
that had been annealed in various atmospheres. The 
crystals were heat-treated in the following atmospheres: 
(1) In air. The samples were placed in a platinum dish 
that was covered with a loose-fitting platinum lid. 
(2) In vacuum. Samples were sealed in a quartz tube in 
a vacuum of between 10~° and 10~* mm of Hg. (3) In 
dry oxygen. Quartz tubes containing the samples were 
evacuated to better than 10-° mm of Hg and then 
filled with oxygen to a pressure of about 320 mm of 
Hg at room temperature. The oxygen was passed 
through a trap cooled with dry ice and acetone. (4) In 
dry helium. Samples were heated in an open-ended 
quartz tube through which a stream of helium was 
passed. (5) In wet helium. Samples were heated in an 
open-ended quartz tube. A stream of helium that had 
bubbled through boiling water was passed over the 
crystals while they were at the high temperatures. All 
the heat treatments were made at about 700°C for at 
least 24 hours. The crystals were then slowly cooled to 
room temperature over a period of about 2 days. The 
results were not affected by minor variations in the 
rate of cooling. 

Optical absorption was measured with a Beckman 
Model DU spectrophotometer with the sample at room 
temperature or liquid-nitrogen temperature. The low- 
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Fic. 2. Spectral absorption of a synthetic NaCl crystal grown 
in this laboratory after irradiation with 1.3-Mev electrons 
Curve 1—measured at room temperature. Curve 2—measured at 
liquid-nitrogen temperature. 


6 Halite crystals from Salina, Utah (Catalog No. 105044) and 
Baden, Germany (Catalog No. 62946) were made available by the 
Smithsonian Institution, Washington 25, D. C 
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Fic. 3. Spectral absorption of natural NaCl crystals after 
irradiation with 3.9 108 roentgens of Co gamma rays. Curve 1 
crystal from near Salina, Utah. Curve 2—crystal from near 
Baden, Germany. All measurements were made at liquid-nitrogen 
temperature 


temperature measurements were made with the Dewar 
described by Russell and Klick.’ 


RESULTS 


For gamma-ray doses of less than 5X10’ roentgens, 
only F, M, and a few R centers were formed in all of 
the various crystals. Gamma irradiations of greater 
than 10* roentgens developed the colloid band in the 
synthetic crystals grown in this laboratory. The spectral 
absorption of these crystals after heavy gamma irradi- 
ation and fast-electron bombardment are shown in 
Figs. 1 and 2 respectively. The peak at 2.18 ev is associ- 
ated with the colloids. The same qualitative results 
were found for Harshaw crystals. However, the tend- 
ency to form colloids varied greatly between two groups 
of Harshaw crystals. One group of crystals showed a 
considerably stronger tendency to develop the colloids 
than did the crystals grown in the laboratory, while the 
other group showed a much lower tendency. The sample 
of Optovac sodium chloride did not develop colloids 
even after 8.8X10* roentgens. This difference in syn- 
thetic crystals will be discussed further. 

No evidence of a colloid band was found in natural 
crystals that were irradiated prior to an annealing 
treatment. Figure 3 shows the spectral absorption of 
samples of crystals from Salina, Utah, and Baden, 
Germany, after 3.9X 10° roentgens of gamma rays. The 
crystal from Wielitschka, Poland, showed no colloids 
after 8.8X10* roentgens. Thus, a distinct difference 
existed between the natural and synthetic crystals. 

The natural crystals were now annealed. It was 


7G. Russell and C. Klick, Phys. Rev. 101, 1473,(1956) 
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Fic. 4. Spectral absorption of natural NaCl crystals from near 
Baden, Germany, after irradiation with 9.7 x 10* roentgens of Co® 
gamma rays. Curve 1—crystal was heated in vacuum prior to the 
irradiation, Curve 2—crystal was heated in a dry oxygen atmos 
phere prior to the irradiation. All measurements were made at 
liquid-nitrogen temperature 


hoped that a treatment would be found that would 
result in the production of colloids in these crystals. 

A sample of the Salina, Utah, natural crystal was 
annealed in air. It was found that all surfaces of this 
crystal showed a strong tendency to develop colloids 
while the interior did not. This surface layer containing 
the colloids was only about one mm thick. Only F, M, 
and R centers were found in the interior of the crystal 
after irradiation. Thus, it is assumed that some im 
purity diffused into the crystal from the atmosphere. 

The results of irradiation of natural crystals that had 
been annealed in vacuum or oxygen are shown in Fig. 4. 
The surface of the oxygen-annealed sample was used 
for this measurement. The absence of the colloid band 
in these samples after the strong gamma irradiation 
implies that the atmospheric impurity was not oxygen. 

Figure 5 shows the absorption spectra of irradiated 
crystals that had been annealed in wet and dry helium. 
The same results were obtained on samples from Salina, 
Utah, and Baden, Germany. No colloids were found in 
the natural crystals that had been annealed in dry 
helium even after 6.7% 10* roentgens of gamma rays. 
Irradiation of successive layers of the crystal that had 
the im- 
a result 


been annealed in wet helium indicated that 
purity had only penetrated a short distance 
very similar to that found for the crystal annealed in air. 

From these results, it is concluded that hydrolysis 
of the crystals at high temperatures is sufficient to 
make possible the production of colloids by ionizing 
irradiation. It is presumed that the hydroxy! ion was 
the impurity that diffused into the crystals. 

The spectral absorption of an irradiated synthetic 
crystal that had been annealed in vacuum is shown in 
Fig. 6. The amount of colloid band that was produced 
by irradiation was radically reduced by the annealing. 
However, the ill-defined minimum between the R,,and 
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Fic. 5, Spectral absorption of natura] NaC] crystals from near 
Baden, Germany, after irradiation with 3.3 x 10* roentgens of Co™ 
gamma rays. Curve 1—crystal was heated in dry helium prior to 
the irradiation. Curve 2—crystal was heated in wet helium prior 
to the irradiation. All measurements were made at liquid-nitrogen 
temperature 


R, bands indicates that a small colloid band was 
present. This is supported by the observation that 
further irradiation resulted in a very large colloid band. 
Thus, the vacuum annealing merely retarded the growth 
of the colloids, 

Figure 7 gives the absorption coefficient at the peak 
of the F band and the colloid band as a function of 
irradiation for four crystals. It is noted that the F band 
approaches a saturation level while the colloid band is 
rapidly increasing. The only crystal that contained an 
appreciable number of colloids was the untreated syn- 
thetic crystal. Thus, it is concluded that the rate of 
production of F centers is essentially independent of the 
concentration of colloids. The natural crystals were all 
found to have slightly greater F, M, and R bands after 
annealing than before annealing. This is not unreason- 
able, since impurities occluded in the crystals are put 
into solution by the anneal. Thus, variations in the 
amounts of F, M, and R bands observed after annealing 
are not considered to be important. The data for the 
annealed Baden crystal are presented to show that after 
an initial rapid coloration the rate of production of the 
F centers is not altered appreciably by the anneal. 

The concentration of M centers is also nearly inde- 
pendent of the concentration of colloids. In fact, the 
ratio of the absorption at the peak of the F band to 
the absorption at the peak of the M band is independent 
of the colloid concentration. It is found that this ratio 
approaches a constant for large doses and that this 
constant is the same within about 5% for all samples ex- 
cept one for irradiations greater than 3X 10° roentgens. 
That is, 

ar Jay 4.5. 


The exception was the halite sample from Poland. The 
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lack of dependence of this ratio upon the concentration 
of colloids in the crystal is clearly shown in Fig. 6. 

The half-width of the colloid band decreased about 
25% with increasing irradiation. It is suggested that 
the colloids that are initially formed are of random sizes 
whereas those formed after long irradiations are more 
uniform in size. The wavelength of the peak position 
remained nearly constant, however. 

As a result of the importance of the hydroxyl ion in 
the synthetic crystals, an attempt was made to deter- 
mine its concentration by measuring the infrared ab- 
sorption of the crystal at 2.7 u. Only a weak absorption 
was found. The OH™~ concentration in the crystal was 
estimated to be no greater than a few parts per million 
from this absorption. 

Formation of colloidal particles of sodium was found 
to occur in natural crystals of sodium chloride that 
were additively colored at 730°C and then slowly 
cooled. The sodium was triply distilled under vacuum 
into a Pyrex tube containing the crystals and the tube 
was then sealed off under vacuum. The capsule was 
then sealed in quartz at a pressure that prevented 
collapse of the Pyrex at the high temperature. This 
procedure was designed to eliminate all hydroxyl ions 
from the container. Thus, hydroxyl ions do not seem 
to be necessary for the formation of colloids in additively 
colored crystals. 

DISCUSSION 


Hydroxy! ions are probably introduced into the 
synthetic crystals when they are grown in air. Evidence 
exists that potassium chloride that is melted in air 
contains hydroxyl ions, whereas material melted in 
HCl vapor does not.’ It is suggested, then, that 
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Fic. 6. Spectral absorption of a synthetic NaCl crystal grown 
in this laboratory. Curve 1—untreated prior to irradiation with 
3.9X10* roentgens of Co gamma rays. Curve 2—heated in 
vacuum prior to irradiation with 4.2 10® roentgens of Co® 
gamma rays. All measurements were made at liquid-nitrogen 
temperature. 


* Mr. Robert Ginther of this laboratory has observed that the 
visible luminescence excited by 2537 A light in uncolored synthetic 
KCI is destroyed if it has been melted in an HCI atmosphere. 
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hydroxyl-free synthetic crystals can be produced by 
growing the crystals in a dry inert atmosphere from 
material that has been purged of the OH™ by a prior 
melting in HCI vapor. 

The hydroxyl-ion content of crystals may depend 
strongly upon the portion of the boule from which 
they come. This may account for the differences between 
the two batches of Harshaw crystals. It appears that 
the Optovac crystal contained no hydroxyl. 

It is also concluded that the crystal must be at a high 
temperature if the hydroxyl ion is to substitute into 
the lattice. Otherwise, natural crystals, that are pre- 
sumed to have grown from an aqueous solution, would 
also contain this impurity in a substituted form. The 
amount of occluded water in these natural samples was 
insufficient to produce an appreciable hydrolysis of the 
crystals when they were annealed. 

If hydroxyl ions are not substituted into the lattice 
of the natural crystals, then one must look elsewhere 
for the source of colloids in the naturally occurring blue 
rocksalt crystals. There does not seem to be a uniformly 
accepted theory of the process of formation of these 
colloids. It is thought that they are produced by 
ionizing radiation from radioactive minerals. Przibram 
mentions that a blue rocksalt crystal that has been 
bleached by heating shows no tendency to re-form the 
colloid upon irradiation. One does not know how 
strongly it was irradiated, however. Przibram?® pre- 
sumes, then, that an impurity complex, some type of 
imperfection or the long duration of the irradiation 
process in nature is responsible for the colloid formation 
in blue rocksalt. 

It is usually presumed that colloidal alkali-metal 
particles are formed by coagulation of F centers into 
sufficiently large groups that the alkali-metal ions can 
trap the electrons from the F centers and coalesce. 
Thus, F centers are annihilated during the formation of 
the colloid. The number of F centers used in this 
process can be estimated if the oscillator strength of 
an F center in a colloid is known. This has been esti- 
mated by Seitz! to be about four times that of the 
isolated F center. This value is given qualitative sup- 
port by the observations of Scott and Smith who found 
that the total area under the F and colloid bands 
increased as the F centers were converted into colloids.”” 
The colloid bands produced here by 3.8 10* roentgens 
have half-widths comparable to the F band. Noting 
that the absorption of the colloid band is somewhat 
If this material is then fired with KOH, it is found that 2537 A 
light now excites the crystal and that the luminescence is the 
same as was observed prior to the melting in HCI. Natural halite 
crystals do not exhibit such a luminescence while the synthetic 
crystals of Harshaw and those grown in this laboratory do give 
such a luminescence when excited by ultraviolet radiation. 

9 See reference 2, p. 139. 

A. Scott and W. Smith, Phys. Rev. 83, 982 (1951). 
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Fic. 7. Absorption constant vs Co gamma-ray dose as measured 
at liquid-nitrogen temperature. @, (), A, and %—measurements 
at the peak of the / band, @-—-natural crystal from Baden, 
Germany. Crystal was untreated prior to irradiation. ()—natural 
crystal from Baden, Germany. Crystal was heated in vacuum 
prior to irradiation. A-—synthetic crystal grown in this labora- 
tory. Crystal was heated in vacuum prior to irradiation, ¥ —syn- 
thetic crystal grown in this laboratory. Crystal was untreated 
prior to irradiation measurements at the peak of the colloid 
band on the synthetic crystal grown in this laboratory that was 
untreated prior to irradiation 


larger than the F barid for a dose of 3.8 108 roentgens 
(see Fig. 7), one concludes that the number of F centers 
used in forming the colloids in the crystal grown in this 
laboratory is roughly one-third of the number of 
isolated F centers at that dose. 

The independence of the F-center concentration 
upon the concentration of colloids is in agreement with 
the results of a study by Scott and Smith” on additively 
colored KCl. They concluded that the interaction of 
the colloids and F centers is similar to that of a gas in 
equilibrium with its liquid phase. 

Thus, in most respects, colloidal particles formed by 
ionizing radiation behave similarly to those formed in 
additively colored crystals. An important difference 
seems to be the role played by the impurity OH™ in 
sensitizing the growth of the particles in radiation- 
damaged crystals. 
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(Received May 20, 1957) : 


Ferromagnetic domain patterns on single-crystal whiskers of pure iron have been studied by using the 
Bitter powder technique. Patterns have been observed on both magnetized and unmagnetized specimens 
and in both cases straightforward interpretations of the patterns can be given. Whiskers with axes along 
the [111] and [100] directions have been studied and observations indicate that crystals with perfect 
geometry have a very simple domain structure in the unmagnetized state. 


INTRODUCTION 


HISKERS grown by hydrogen reduction of 

ferrous chloride! form strain-free single crystals 
of pure iron. Under certain conditions whiskers attain 
diameters up to several hundred microns and lengths 
of the order of 1 cm. Many of these whiskers are found 
to have mirror-like surfaces which offer excellent possi- 
bilities for the study of ferromagnetic domains. In thick 
whiskers of this type the [111] direction of growth 
seems to predominate but whiskers growing along [100 ] 
directions have also been found. 


EXPERIMENTAL PROCEDURES 


Domain patterns were observed by means of the 
Bitter? powder technique using a colloidal suspension 
of FegO,. 

Two methods of applying the colloidal solution to 
the crystal specimen were used. In the first method the 
crystal was immersed for 1} hours in a very light 
straw-colored suspension of magnetite particles in a 
1% 
took place, leaving a permanent record of the domain 
boundaries. Low-strength solutions appear to give the 


Aerosol’ solution. Upon removal, rapid drying 


best domain patterns on unmagnetized crystals. How- 
ever, reduction of the aerosol concentration below {% 
causes flocculation of the suspended magnetite. In the 
second method, the crystal was mounted so that it 
could be observed in the microscope with about an 


0,004-inch layer of the colloidal solution over the 
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Fic. 1, Diagram of whiskers grown in a [111] direction. Direc 
tions of magnetization are indicated for the patterns shown in 
Figs. 2 and 3 


'S. S. Brenner, Acta Metallurgica 4, 62 (1956) 

*F. Bitter, Phys. Rev. 38, 1903 (1931 

* Aerosol is a trade name of the American Cyanamid Company 
for sodium diocty! sulfosuccinate. 


surface. The fitting which was used was arranged so 
that the whisker could be laid on one face of a soft-iron 
pole piece. Magnetization was accomplished by varying 
the distance of an Alnico magnet from the opposite 
pole face. For these immersed observations a consider- 
ably denser suspension of magnetite in a 4% Aerosol 
solution was used, the color being a transparent amber. 

The colloidal solution was prepared by precipitating 
Fe,0, from a solution of ferrous and ferric chlorides 
with NaOH in the manner described by Elmore.‘ The 
precipitate settled quickly to the bottom and the clear 
liquid was decanted off. This precipitate was thoroughly 
washed and then added to a $% Aerosol solution. The 
pH of the solution was adjusted to seven by adding 
sufficient NaOH (or HCl). The Fe;O, particle density 
can be adjusted by the volume of 4% Aerosol added. 
Most of the domain patterns were photographed using 
dark-field illumination; however, some bright-field 
photographs are also shown. None of the photographs 
has been retouched. 


WHISKERS GROWING PARALLEL TO 
THE [111] DIRECTION 


Whiskers growing in the [111] direction have a 
hexagonal cross section and terminate at the tip in 
three {100} surfaces forming a cube corner. Figure 1 
shows a schematic diagram of a whisker of this type. 
The six sides of the whisker are equivalent {110} 
surfaces and intersect the cube faces at the tip along 
six cube edges. In the unmagnetized state only one of 


Fic. 2. Two examples of the domain pattern which appears on 
one of the cube faces at the tip of whisker grown in a [111] 
direction. These patterns are on two different whiskers. 


*W.C. Elmore, Phys. Rev. 54, 309 (1938). 
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the three cube faces at the tip of the whisker develops 
a complete symmetrical domain pattern. The three 
types of patterns generally observed in this case are 
shown in Figs. 2 and 3. The pictures shown in Fig. 3 
are the three cube faces forming the end of a single 
whisker. A cross of the type shown only develops on a 
whisker having a perfect cube at the tip. The short 
diagonal boundaries shown on the other two faces of 
the figure are commonly observed. In the unmagnetized 
state the six {110} faces of the whisker do not develop 
domain patterns of any type. 

These observations lead to an interpretation of the 
domain arrangement in the unmagnetized whisker. 
The {110} faces are thought to be the surfaces of single 
domains magnetized in a [100 | direction parallel to the 
surface. These six domains produce flux closure around 
the crystal as shown in Fig. 1(A). The six walls forming 
the domains near the surface in the main body of the 
crystal would then coincide with the three cube diagonal 
planes which are parallel to the growth axis of the 
whisker. The domain arrangement near the center is 
not indicated by these observations but probably 
remains quite simple. 

The domains in the main body of the whisker and 
the domains formed in the cube at the end of the whisker 
maintain flux closure as shown in Fig. 1(A) except 
along the cube edges a and b. If domain walls were 
formed along these two edges they would have a 
discontinuous normal component of magnetization 
across the boundary. Actual observation shows that 
additional domains form along these edges as shown in 
Fig. 3. The formation of these domains, however, does 
not entirely eliminate boundaries with a noncontinuous 
normal component. It appears in these experiments 
that magnetite particles do not collect along boundaries 
of this type as evidenced by the sudden termination of 
the developed boundary on one cube face and the 
poorly defined boundary on the other. 


Fic. 3. Domain patterns on the three cube faces at the tip of a 
single unmagnetized whisker grown in the [111] direction 


DOMAIN 


PATTERNS 


Fic. 4. Series of domain patterns obtained with a magnetic 
field applied normal to a {110} surface of a cr nin the 
C401 | direction. The applied field is zero in the center photograph 
in opposite directions to 1800 oersteds in the top 


and bottom photographs 


ystal grow 


and increases 


Figure 4 shows a series of photographs obtained by 
applying a field normal to a {110) surface of a whisker 
The five photographs below the center represent 
successive increases in field strength in the positive 
direction up to a value of about 1800 oersteds. The five 
photographs above the center photo were obtained by 
applying the field in the negative direction up to the 
same maximum value, 

As the field is from 
domains appear on the surface, usually starting from 


increased zero, dagger-like 


one edge. Similar “dagger’’ domains were observed and 
studied as “lozenges” by Paxton and Nilan* on poly- 


*W. S. Paxton and T. G. Nilan, J. Appl. Phys. 26, 994 (1955), 
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Fic. 5. Details of dagger domains on a {110} surface with changes 
in applied normal field. Field increases from A to C. 


crystalline silicon steel, Photographs in the series show 
some daggers originating away from the edge; however, 
this does not commonly occur. With further increase 
in the normal field the dagger domains move across to 
the other edge of the {110} surface. Figure 5 shows 
particular details of the formation and growth of the 
dagger domains. Photograph A shows the domain 
pattern for a value of the field just beyond the critical 
value for formation of the daggers. If the field is reduced 
below this critical value the daggers recede toward the 
edge and suddenly disintegrate. Under increasing field, 
dagger domains form until there is an even spacing of 
domains on the surface as shown in photograph B, 
Further increase in field causes the dagger domains to 
expand in width while maintaining an equal spacing 
as shown in photograph C. Increasing the field beyond 
this point causes the pattern to break up into a hori- 
zontal domain pattern. This process is shown in the 
last three photographs of Fig. 4. Reversal of the field 
direction causes the dagger pattern to form from the 
opposite edge of the {110} surface being viewed. At 





Fic. 6. Diagrams indicating directions of magnetization in 
dagger domains formed when field is applied normal to a {110) 
surface. 


SCOTT 


high fields in the reversed direction the horizontal 
domains again form. 

Observations were also made simultaneously on the 
top {110} surface and the two adjacent {110} surfaces 
inclined at 60°. Application of the field normal to the 
top surface caused dagger domains to form on the top 
surface, but no domain patterns were observed to form 
on either inclined surface. 

From these observations a possible interpretation 
can be given for the formation of dagger domains. As 
discussed previously, each {110} face forms the surface 
of a single domain when the whisker is in the unmag- 
netized state. Figure 6(A) represents the application of 
a field in the positive direction normal to the top 
surface. In this case dagger domains form from the 
front edges of both the top and bottom {110} crystal 
faces. The upper dagger domains are apparently ex- 
tensions of the adjacent domain bounded by the (011) 
face and are therefore magnetized in the [ 100 ] direction. 
The lower dagger domains are correspondingly exten- 
sions of the domain bounded by the (110) face and are 
therefore magnetized in the [001] direction. The 
resultant magnetization due to the formation of the 
two sets of dagger domains is thus in the direction of 
the field. 

Reversal of the field causes dagger patterns to form 
from the rear edges of the top and bottom faces as 
shown in Fig. 6(B). The patterns now represent the 
extensions of the domains bounded by the two rear 
{110} surfaces and again give the crystal a resultant 
magnetization in the direction of the applied field. On 
{110} faces the dagger domains are approximately 
parallel to a [100] direction and make an angle of 60° 
with the edge of the crystal. 


WHISKERS GROWING PARALLEL TO 
A [100] DIRECTION 


Whiskers growing in a [100] direction have also been 
investigated in both the unmagnetized and magnetized 

















Fic. 7. Domain pattern observed on a {100} surface of a whisker 
having a [100] axial direction. 
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Fic. 8. Series of domain patterns obtained with a magnetic 
field applied normal to a {100) surface of a crystal grown in a 
[100] direction. 


cases. Figure 7 shows the pattern obtained on an 
unmagnetized crystal. This whisker terminated in a 
flat mirror surface making 90° angles with the sides of 
the whisker. After immersion in the colloid, identical 
domain patterns developed on two opposite sides of 
the whisker, one of which is shown in Fig. 7. The other 
two sides and the end developed no patterns indicating 
that the three domains observed pass completely 
through the crystal. This simple domain structure 


which produces flux closure in the crystal has also been 
observed on a number of other whiskers growing in a 
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Fic. 9 
several magnetizations, A’ 


photographs A and B, 


Domain patterns remaining on a (100) surface after 
and B’ are interpretations of the 


[100] direction. Simple domain structure and flux 
closure of this type have also been observed on silicon 
iron crystals by Williams and Shockley® and by Williams 
as reported by Kittel.’ 

Figure 8 shows a series of photographs obtained by 
applying a magnetic field normal to a {100} face of a 
whisker which had grown in a [100] direction. ‘The 
third photograph from the top shows the domain 
pattern obtained when the crystal was in its original 
unmagnetized state. The single domain wall running 
down the middle of the crystal is similar to the no-field 
pattern observed on the cubic whisker shown in Fig. 7. 

Application of a weak field in the positive direction 
(into the surface) causes the center domain boundary 
to move toward one edge of the crystal as shown in the 
fourth and fifth photographs of Fig. 8. Reversal of this 
weak field causes the boundary to move in the opposite 


75, 178 (1949 


*H. J. Williams and W. Shockle 
’ Kittel, Revs. Modern Phys. 21 


, Phys. Rev 
541 (1949 
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Fic, 10, Series of domain patterns on a {100) surface as the 
normal field is varied between 0 oersteds (top) and 1800 oersteds 
(bottom). 


direction although this is not shown in the figure. As 
the field is increased beyond a certain critical value, 
dagger-like domains making a 45° angle with the edge 
of the crystal begin to form. Reversal of the field also 
causes dagger-like domains to form at a certain value 
of the field, however this pattern does not necessarily 
form from the opposite edge. As the normal field is 
increased, the dagger pattern disappears and long 
parallel domain walls form moving in from one edge of 
the crystal as shown in the seventh and eighth photo- 
graphs of the series. The last photograph in Fig. 8 
shows the domain pattern after the field has been 
applied several times and then removed. This remaining 
domain pattern changes slightly after each application 
of the field, but still retains the simple geometrical 
structure of straight lines and rectangles. 

Examples of the domain patterns which remain on 
{100} surfaces after the field has been removed are also 
shown in Fig. 9. Photographs A and B show the same 
area of a crystal surface after successive application 
and removal of the field in the positive direction. 
Photograph C is the pattern remaining on the same 
surface but at a different point along the whisker. These 
patterns indicate that the whisker has grown with two 
{100} surfaces along an axis inclined at about 8° to a 
[100] direction. The long parallel domain boundaries 


AND G, G. 


SCOTT 


can be interpreted as 180° boundaries while the rec- 
tangular and triangular domains have 90° boundaries. 
Diagrams A’ and B’ in Fig. 9 give the directions of 
magnetization in the domains shown in photographs A 
and B. Several sections of the domain boundaries in 
these patterns have not attracted magnetite particles. 
If one compares the directions of magnetization assumed 
in the accompanying diagrams with the sections where 
the lines have not developed it appears that magnetite 
particles have not collected along boundaries across 
which the normal component of magnetization is not 
continuous, 

The change in direction of magnetization across these 
domain walls is indicated in the diagram by the heavy 
black arrows. From these observations it would appear 
that as the field is removed, systems of domains form 
at various points along the crystal in order to give 
flux closure within the crystal. When the field reaches 
zero these systems are unable to match up, and perfect 
closure does not occur in all areas. Consequently a few 
boundaries are formed with a noncontinuous normal 
component of magnetization across them. 

The series of photographs in Fig. 10 shows another 
example of patterns observed on the surface of a whisker 
with a rectangular cross section. The top photograph 
shows the domain pattern on the surface with no 
applied field. However, this observation was made 
after one application of the field. Tree patterns very 
similar to those observed by Williams, Bozorth, and 
Shockley* on surfaces inclined slightly to a {100} 
surface are seen in one area of this crystal. This whisker 
was slightly imperfect and the exact orientation of the 
surface was not determined. The three lower photo- 
graphs of Fig. 10 show domain patterns which develop 
as the normal field is applied and increased to a value 
of 1800 oersteds., 


SUMMARY 


These experiments indicate that single-crystal iron 
whiskers offer an excellent method for the study of 
ferromagnetic domains. A very simple domain structure 
has been found to exist in the unmagnetized state of 
whiskers grown in the [111] and [100] directions. 
Experimental evidence indicates that domain walls 
exist which do not attract magnetite particles. Domain 
walls of this type always appear to have a discontinuous 
normal component across the boundary. Domain pat- 
terns developed under the influence of an applied field 
have been studied and in the case of {110} faces can 
be readily interpreted. 


* Williams, Bozorth, and Shockley, Phys. Rev. 75, 155 (1949), 
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Piezoresistive Effect in Indium Antimonide 


F. P. Burns* AnpD A. A. FLEISCHER 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 22, 1957) 


Room-temperature measurements on the variation of resistivity of pure InSb with hydrostatic and 
uniaxial stress were made to determine the piezoresistive and elastoresistive coefficients of pure InSb 
The results are consistent with a spherical conduction-band model. 


I. INTRODUCTION 


HE piezoresistive coefficients of InSb were deter- 
mined by combining hydrostatic-pressure meas- 
urements with longitudinal measurements.' This method 
eliminated the necessity of making shear measurements 
which are subject to more error than the longitudinal 
type.' The data were taken at room temperature using 
InSb of sufficient purity (1X 10" carriers per cm? at 
77°K) to insure that the specimens were nondegenerate 
and intrinsic. 


II. PROCEDURE 


Specimens were cut in the [100], [110], and [111] 
directions. Longitudinal measurements were taken in 
the manner described by Smith.'! The maximum stress 
applied was 3.8 107 dynes/cm’. 

Hydrostatic pressure was applied to a sample in an 
oil-filled pressure vessel which in turn was immersed in 
a water temperature bath. Readings were taken one hour 
after pressure adjustment to permit temperature stabi- 
lization. Potential readings were taken in both current 
directions to eliminate thermal effects. Bridge-type speci- 
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Fic. 1. Change in resistance in arbitrary units vs hydrostatic 
pressure. The data of Keyes and Long are shown for comparison. 
Circles represent data taken by the present authors. 

Chatham Electronics, Livingston, 


* Present address 


Jersey. 


t Permanent address: Sloane Physics Laboratory, Yale Uni- 


versity 


1C, S. Smith, Phys. Rev. 94, 42 (1954) 


New 


mens of approximately 2.3 10~? cm* cross-sectional area 
and 1-cm length were used throughout. The distance 
between the bridge arms was 3 mm. Allelectrical connec- 
tions were made with indium solder. The maximum 
hydrostatic pressure applied was 10° dynes/cm?. 


RESULTS 


The results are shown in Table I. Dimensional cor 
rection terms A expressed in terms of the elastic 
compliances’ S were added to the fractional change of 
resistance per unit stress (6R/XR) to obtain the frac 

tional change of resistivity per unit stress [ (1/NX)(dp/p) |. 
The hydrostatic data are compared to that of Long’ 
and Keyes‘ in Fig. 1. Lines A and D in Table I were 
used to compute mj. and an average was taken of the 
values of 24, obtained from B and C. The values of the 
elastoresistive coefficients! (fractional change of re 
sistivity divided by strain) m,; were computed by using 
the elastic constants reported by McSkimmin.? The 
results are shown in Table II. 


DISCUSSION 


The shear coefficients 4(mi;— my.) and m4, are small 
and almost equal. ‘The longitudinal measurements are 
large and also almost equal. These facts imply that the 
piezoresistive effect is isotropic. The volume coefficient 
d \Inp/d InV = 4(my,+ 2m.) is 145. It appears that 
the important mechanism in contributing to the change 
of resistivity with stress is the change in the energy gap 
which in turn effects the number of carriers and the 


TABLE I. Presentation of experimental data, A, B, and C are 
uniaxial stress measurements with the current and stress directions 
as indicated. D is the hydrostatic stress measurement with current 
in the [110] direction. The results are shown in terms of the 
appropriate combinations of the piezoresistive coefficients 


Dimensional 
correction 


term*® K 


1 dp 

Current Stress *10!2 (em*/dyne 
x a 
cf J 100 } [ 100 } 
B fio) [1104 
‘ r 4 r 4 
CG i 111) L111} 

r 
D {110} Hydro 

stat 


81.6=m, 2 On 
80.5 = 4 (iit mia t mas) Sia 4a 
82,5=4 Wit layat laa, Sia B44 
S10 = i+ lay, Sit 2Sie 


* See reference 2 


7H. J. McSkimmin et al., Bull. Am. Phys 
(1956) 

+1). Long, Phys. Rev. 99, 388 (1955) 

*R. W. Keyes, Phys. Rev. 99, 490 (1955) 
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TABL¥ II. Piezoresistive (wr) and elastoresistive coefficients (m) 
of InSb at room temperature. The coefficients are expressed in 
units of 10° cm*/dynes while the m coefficients are dimensionless 
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148.7 10 


Fil ri 7+" 


81.6 114.2 33 


mit 


— 138.6 


mobility.’ The small values of the shear coefficients and 
the apparent isotropy suggest a spherical energy-band 
structure which is consistent with cyclotron resonance® 


*G. Dresselhaus et al., Phys. Rev. 98, 556 (1955) 
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and magnetoresistive measurements.® Potter’ has meas- 
ured the piezoresistive effect in n- and p-type InSb over 
a wide temperature range and reports similar results for 
the n-type material. 

The authors wish to thank P. Andreatch, Jr., for 
valuable assistance in the hydrostatic measurements, 
G. Wheatley for supplying the InSb, and C. Herring for 
helpful comments. 


°G. L. Pearson and M. Tanenbaum, Phys. Rev. 90, 153 (1953). 
’R. F. Potter, Bull. Am. Phys. Soc. Ser. II, 2, 121 (1957). 
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* Test for Atomic Wave Functions, Applied on H 


H. Preuss anv E. 
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Max-Planck-Institut fir Physik, Gottingen, Germany 
(Received May 27, 1957) 


In searching for an extremum principle for wave functions, which meets the needs of oscillator strength 
calculations better than the energy minimum principle, one thinks of = /[(H—E)y Pdr = min. However, 
according to an estimate of James and Coolidge this should not give good results. An example, the ground 
state of H, is calculated with a simple approximation function, and demonstrates the truth of this assump 
tion. It suggests that the best oscillator strengths are stili achieved by (E=min) wave functions with the 


dipole velocity formula 


N calculating atomic wave functions one often uses 

the variational principle: energy L=min, with 
some approximation for the wave function which has 
free parameters to be determined. Oscillator strengths 
can be calculated from those wave functions by two 
formulas, namely the dipole length formula and the 
dipole velocity formula, The agreement between the 
two is another test for the wave functions, taking into 
consideration the wave functions of two states. It may 
happen, that an extension of the parameters in the 
wave function lowers the energy of a state quite 
appreciably, but has a negative effect on the oscillator 
strength test. So other principles for determining wave 
functions were sought. The first possibility that one 
may think of is 


(1) 


3 = fu E)y Pdr = min. 


According to James and Coolidge,’ this overestimates 
the regions around the singularities, where the kinetic 
energy is very high. We checked this by an example, 
where the exact wave function is known: the ground 
state of hydrogen. 

The approximative wave function was taken to be? 


y= const Xexp(—ar’) ; (2) 


! Bartlett, Gibbons, and Dunn, Phys. Rev. 47, 679 (1935); 
H. M. James and A. S. Coolidge, Phys. Rev. 51, 860 (1937); 
R. E. Williamson. Phys. Rev. 62, 538 (1942); J. H. Bartlett, 


Phys. Rev. 98, 1067 (1955), 
1 See H. Preuss, Z. Naturforsch. lla, 823 (1956). 


+ 


the exact wave function is? 
¥i=2ple-*, B=Z=1. 


The “best”? wave function was considered to be the 


one with 
q’ “fv -W,)*dr = min. 


The results are given in Table I; they show that the 
parameter a for the best solution with respect to ¢? lies 
not, as expected, between a(£=min) and a(é’=min), 
but is smaller than a(E=min). Only ¥(r=V) is the 
(#=min) solution better than the others, in agree- 
ment with the suggestion of James and Coolidge.' For 
the oscillator strength, which is calculated with the 
exact solution of the 2 state, the best value is obtained 
by the (E=min) solution with the dipole velocity 
formula; see Chandrasekhar.‘ 


TABLE I, Comparison of results. 


Exact E=min 


a eee 0.28294 
E/ry —1 — 0.84883 
5/ry 0 0.45170 
q 0 0.2106 
¥(r=0) 2 0.98009 
S(is—2p) 
(length) 
(velocity) 


6? = min 


0.40787 
— 0.81465 
0.21014 
0.2872 
1.28940 


g=min 
0.26989 
— 0.84837 
0.46502 
0.2062 
0.94611 


0.4162 
0.4162 


0.14020 
0.50082 


0.06024 
0.50285 


0.15596 
0.50769 


*In this paper r is measured in units of the Bohr radius 
ayn = h?/me’. 
*S. Chandrasekhar, Astrophys. J. 102, 223 (1945). 
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Statistical Theory of Many-Electron Systems. Discrete Bases of Representation* 


SmpneY GOLDEN 
Chemistry Department, Brandeis University, Waltham, Massachusetts 
(Received May 24, 1957) 


The density matrix for a many-electron system has been 
examined. A formalism has been arrived at which facilitates its 
evaluation in terms of a basis corresponding to a discrete spectrum 
of eigenvalues. This allows a representation to be employed 
associated with a suitably chosen approximation to the Hamil- 
tonian. Thereby, reasonably accurate estimates of the properties 
of many-electron systems may be anticipated for low orders of 
approximation. 

In developing the formalism, attention was focused upon a 
means for approximating the quantity exp(zH), where H is the 
many-particle Hamiltonian and ¢ is a complex number. It was 
found possible to represent this quantity exactly as an infinite 
product of exponential factors, each of which depends upon a 
portion of the Hamiltonian alone. The relation of this result to 
statistical mechanical applications is indicated. An approximation 
procedure is described in terms of which various finite products of 
exponential facters approach the desired quantity in the limit of 


1. INTRODUCTION 


N a previous paper,' the density matrix for a many- 

electron system was examined with a view toward 
extending the statistical theory of Thomas? and Fermi.’ 
This is also the purpose of the present paper. 

To establish its connection with the Thomas-Fermi 
theory, the density matrix was evaluated in terms of a 
basis of eigenfunctions of momentum. Because the 
density matrix is invariant to changes in the basis of 
representation, no loss of generality was entailed 
thereby. In spite of some of the mathematical conveni- 
ence which accompanies the use of a basis which 
corresponds to a continuous spectrum of eigenvalues,‘ 
there is reason to suppose that for most problems of 
atomic and molecular structure such a basis is not the 
best suited one. Viewed in the sense of perturbation 
theory, the basis employed in (I) corresponds to an 
unperturbed problem in which the kinetic energy is 
diagonal, a rather poor approximation for atomic and 
molecular systems even if interelectronic repulsions are 
neglected. Accordingly, one of the present aims is to 
extend the formulation of (I) so as to facilitate the 
evaluation of the density matrix in terms of a basis of 
eigenfunctions of an arbitrary Hamiltonian. The 
attending flexibility introduced thereby allows one to 
anticipate that with a suitably chosen representation 


* Supported, in part, by the Office of Naval Research. 

1S. Golden, Phys. Rev. 105, 604 (1957), hereinafter referred to 
as (I). 

?1_. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927). 

3E. Fermi, Z. Physik 48, 73 (1928); see P. Gombas, Die 
Statistische Theorie des Aloms und Ihre Anwendungen (Springer 
Verlag, Vienna, 1949) for extensive references to the original 
Thomas-Fermi theory and subsequent modifications; see also, 
N. H. March, Adrances in Physics (Taylor and Francis, Ltd., 
London, 1957), Vol. 6, p. 1. 

‘In particular, the summations over the eigenstates can be 
replaced by integrals. 


indefinitely increasing numbers of factors; this limit is approached 
in a manner that permits any given approximation to contain all 
the terms of the previous approximation. 

The first order of approximation was employed to approximate 
the many-particle density matrix. The resulting theory was 
applied to the helium-like systems: He, Lit, Be**. The energies 
of the ground !S state of helium and the three lowest states of Lit 
and Bet* were calculated. The agreement with experimental term 
values is reasonably satisfactory, the discrepancy between calcu- 
lations and experiments not exceeding one percent. The triplet 
singlet splitting for Li* was in the order observed; the magnitude 
calculated was about one-half that observed. 

The relation between the present theory and the Thomas 
Fermi theory is discussed. It is pointed out that the former is 
the analog of the latter when the density matrix is expressed in 
other than eigenfunctions of momentum. The quasi-classical 
character of the approximation is discussed 


(corresponding to a suitably chosen approximation to 
the Hamiltonian) reasonably accurate estimates of the 
properties of many-electron systems may be attained 
with no undue effort. 

In Sec. 2 a formalism is presented suitable for a basis 
corresponding to a discrete spectrum of eigenvalues, A 
formally exact representation of exp(zH) is given, in 
terms of a decomposition of H, where z is a complex 
number and H is the many-particle Hamiltonian. This 
representation is utilized in Sec. 3 to arrive at an 
approximation for the many-particle density matrix. 
Expressions for the characteristic energy values of such 
a system are considered in Sec. 4. The theory is applied 
to helium-like atoms in Sec. 5, the results obtained 
being summarized in Sec. 6. Section 7 is devoted to a 
discussion of the method utilized, especially its relation 
to the original Thomas-Fermi theory. 


2. DISCRETE FORMALISM 


For the sake of brevity a familiarity with the results 
of (I) will be assumed. Then the present section relates 
in part to the determination of an expression for a 
function of the N-particle Hamiltonian, 


2 (0) 
>. é 


n=) =n! 


{(H) H” (2.1) 


in terms of which powers of an approximation to the 
Hamiltonian appear always on the right side of the 
expression. lor an arbitrary power of the Hamiltonian, 
one has 


nl 
H" = (Ho+ V)"=Ho"+ >> Ho™'-/VHo! 


i~d 


tekeon-2 


ts 


jkmd 


Hy” =? KV Hy VH y+ - ee +V*, (2.2) 
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where Hy T+ Vo, T being the kinetic energy operator 
for the system and Vo+V being the total potential 
energy. In contrast to Eq. (2.2), one seeks to express 
[analogously to Eq. (2.7) of (I) } 


o N = n—k n! 
Hes 5 yy ——— 
km} j=l i le’ (n—k—I) Il! 


KV, ,O-R, OH, (2.3) 


where Q,4'? and R,,4"” are vector functions of position 
and momentum operators alone, respectively, of the 
jth particle. The prime indicates that the summation 
over 1 extends over all necessary values. 

The procedure employed in (I) may be utilized here 
and gives rise to a recursion relation among the Q- R’s. 
Omitting the details and defining 


N 
On Ry > Do Oia Ria”, 
ml 4 


one obtains 


kOx? Ry [ Ho, Os 


1 Rea |+[LHo,V JOe-2° Res 
+4 [Ho,V ],V Ox 3° R, 3 


which differs from Eq. (2.16) of (I) in that 17» replaces 
T (with a suitable modification in V). Since the present 
paper will have no need for the various (Q,- R,’s, explicit 
values will not be given.® In terms of the Q,-R,’s, with 


Hobm= En *dm, Eq. (2.1) leads to 


(2.5) 


Ef (En+ VO: Rid: 


honk) 


{(Dom (2.6) 


For polynomials, or when {(H) is adequately repre- 
sented by a few terms of the series, Eq. (2.6) is rela- 
tively easy to apply. However, when such is not the 
case the procedure becomes cumbersome. To obviate 
this difficulty consider® 


(Hat e*! x (z)e7#o, 


expel =: 
where, clearly, 


wo 
3 ZO, . R,. 


k=) 


x (2) (2.8) 


A convenient way of determining the Q,: Ry is provided 


by 
of 
RNOy: Ry. (2.9) 


"Vak 
Oz*| , a0 


Now, inasmuch as Qo- Ro= 1 and Q- R= 0 it is possible 

6It may be noted, however, that terms up to and including 
k= 2 are identical with those of (I); for k=3, Eq. (2.5) gives the 
additional term (/°/6m)VV-VVo, the gradient being the 3N 
dimensional! quantity defined in (I). 

* The exponential function assumes a singular role because of 
its utility in both statistical thermodynamic theory and in 
applications of the present kind. This has been pointed out and 
utilized, recently by A. W. Sdéenz and R. C. O'Rourke, Revs 
Modern Phys. 27, 381 (1955). 
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to give a formally exact representation of Eq. (2.7) in 
terms of Hy and V alone. Because 
etH — etHetH = ¢*Vy (2) e*H0e#V y (2) e*Ho 
=e*Vy(2z)e*#0, (2.10) 
so that 
x (z) =e FV2y (2/2) etHolreeVl2y (2/2)e-#H0l2, (2.11) 
one obtains 
et = tVM2y (2/2) etHoltetVi2y(2/2)e*H0!®, (2.12) 
Clearly, 
e*H = [etV/ny(z/n)ettoln |n. 


If x(z/n) were a scalar function (which it is not) it 
would be simple to demonstrate that, because Qo: Ro= 1 


and Q,:R,=0, 
Z n 
lim I>(=) =1. 
nD n 


Presumably, this also will be the case for x defined by 
Eq. (2.8) and suggests that 


(2.13) 


eH = lim [e*’ nptHo n P, 


ne 


(2.14) 


which may be verified directly. Consider 


In[e7*Ve7*Ho } 
lim m In[e*¥/"e*#o/")] =Jim 
aes 


n Zz" 


Expanding the logarithm in a series, one has to examine 


o (— 1)™ (1— e274 V eztHo)m 


lim >> — 


rw m=] m x 


Application of l’H6pital’s rule to each term leads to a 
vanishing quantity for m>1. Evaluation of the re- 
maining term yields 


(2.15) 


tHg "| 2(Ho + V), 


lim m InLe?"/"e 
n+ : 


and verifies Eq. (2.14).’ 

The form of Eq. (2.14) suggests that the exponential 
in H may be approximated by some finite power of the 
product of exponentials indicated there. Associating 
the “order” of an approximation with the power of 
exponentials employed, one can obtain 


First order: 


et = e*! eto. 


(2.16) 


7One may note that the representation of Eq. (2.14) is not 
unique. For instance, it is sufficient to employ other products of 
exponentials in Hy and V of which the sum of the exponents is 
zH/n. The ordering is also not unique. Furthermore, decompo 
sitions of H other than the one considered may be employed. See 
note added in proof. 
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Second order: 
@eH= (e#V /2geHol2)2 


=e? Ve2Hot e VIP et Hol? gsV/2"\esHol?, 


(2.17) 


Fourth order: 
eH= (e#V 4e#Hols)4 
= (e2V/2¢2Hol24 er VIM esHols es Vid |esHols)2 
_ (e? V/2eeHol2)2_4 est Mf etHold es Vid lesHoltesV 2e2Ho/2 


+ e V/2o2Ho/2ez Via esHols es Vis \e2Hols 
+ e VIA @tHols es Vi4 Je*#o/4e? Vial etHols es VIN \eHol4, 


(2.18) 


From the method of construction employed, it is 
evident that the approximation corresponding to order 
2”+! will contain all terms of order 2” (p integral). The 
remaining terms each contain commutators which 
vanish when Ho and V commute and also appear to 
have a less sensitive dependence upon z than similar 
quantities which appear in approximations of lower 
order. Presumably, these factors should foster the 
convergence of a sequence of approximations of the 
sort indicated, but the convergence characteristics have 
not been examined and will not be discussed. In fact, 
the present paper will be concerned mainly with the 
first order of approximation. 

It will be noted that no attempt has been made to 
symmetrize the product of exponentials. Because of 
the lack of uniqueness of the representation Eq. (2.14), 
no difficulty arises in doing so. For the purposes of the 
present paper, only the trace of Eq. (2.14) needs to be 
considered, so that such symmetrization is superfluous. 
When the Hamiltonian is decomposed into more than 
two noncommuting parts, attention will have to be 
given to this matter.® 

3. QUASI-CLASSICAL APPROXIMATION TO 
THE DENSITY MATRIX 

The density matrix recently has received considerable 
attention.’ As a consequence, its properties are rela- 
tively familiar. 

For present purposes, the density matrix (represen- 
tative) for a many-particle system will be taken as'® 


(3.1) 


M 
p(x',x)= 2 wn* (x )Wn(x), 


n=! 


® See, for example, R. Kubo, J. Chem. Phys. 20, 770 (1952) 
Ihe first term of Kubo’s expansion and the one given here, 
correspond to one another but differences in the higher order 
terms are to be noted. The essential difference is that higher 
order terms in Kubo’s expansion involve exponentials of various 
sums of the partial Hamiltonians into which the total Hamiltonian 
is decomposed, while only exponentials of the individual partial 
Hamiltonians are involved in the present procedure. 

» See especially, P.O. Léwdin, Phys. Rev. 97, 1474-1520 (1955); 
Advances in Physics (Taylor and Francis, Ltd., London, 1956), 
Vol. 5, p. 1; J. E. Mayer, Phys. Rev. 100, 1579 (1955); R. Me 
Weeny, Proc. Roy. Soc. (London) 235, 496 (1956); RK. H. Tred 
gold, Phys. Rev. 105, 1421 (1957); U. Fano, Revs. Modern 
Phys. 29, 74 (1957). 

1 As used here, the term “density matrix” will refer to expres 
sions of the form (3.1) in contrast to the term “statistical matrix” 


“ 
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where y,(x) is a member of the complete, orthonormal 
set of eigenfunctions of the Hamiltonian of the many- 
particle system and x stands for the entire set of 
configurational and spin coordinates; M is an integer 
not related to the number of particles. It is convenient 
to write 


v’)0(Aw — Hy, (x), (3.2) 


where 


8(\m— H)y, Vn, Au> En, 
Wyn, Am En, 
Q), Am < Bas 


Hy, = Enn. 


Then, with Ey <Aw < Engi Eqs. (3.1) and (3.2) become 
identical."' However, Eq. (3.2) is invariant to the basis 
of representation and has, therefore, greater utility 
than Eq. (3.1). The role of the @ operator, clearly, is to 
select out of an arbitrary function that portion corre- 
sponding to a linear combination of the y,’s, corre- 
Heyy. The normalization condition, 


fare M, 


emphasizes this role. It also serves to fix the value of 
Aw (within limits if necessary). 

Now, if one has an expression for p(x’,x) with M=1, 
one is able to determine all the properties of the many- 
particle state for which n=1. If has another 
expression for p(x’,x) with M = 2, the difference between 
this density matrix and that just considered permits 
one to determine all the properties of the many 
2. This procedure may be 


sponding to Fy: 


(3.4) 


one 


particle state for which n 
extended, clearly, so that the problem at hand is to 
determine the p’s for all integral values of M. Lacking 
the eigenfunctions of the many-particle Hamiltonian, 
it is clear that approximations must be employed. The 
approximation considered here will be concerned with 
the @ operator. 
A convenient representation for 6 is® 


1 +i” dz 
vf etm H) 
2mi « Z 


y~ ta 


6(\4—H) (3.5) 


in which & refers to the principal part of the integral, 
y>0 and z is a complex variable. Introducing, now, an 
approximation considered in the previous section for 
the exponential of the Hamiltonian one obtains a 


(3.1 


should be emphasized that the 


contains a statistical weight 
density 
usual many 


for which each 
factor W,,. It 


used here corre 


term ol ky 
matrices 
spond to a summation of the particle 


density matrix over various many-particle states 
' The procedure followed here is that of reference 6. It is 
tacitly assumed that the eigenfunctions are ordered in terms of 


increasing values of Z,: L,22,-ifn>n’ 
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convenient approximation for 6. Let {¢,} be a set of 
complete, orthonormal eigenfunctions of H». Then, 
using Eq. (2.16), one further obtains 


1 vt dz 
of exp[z(Au— V—E.") bn, 
1 


2ri Zz 


O14 —H)4 


1 


9 Au—V— En )bn, (3.6) 


where @ is now scalar operator. To this first order of 


p(x! x)= > a(x’ )0Am— V(x) 
n=! 


n=l m=1 


In using the equations of this section, one may require 
that the basis of representation satisfies certain re- 
strictions (e.g., Fermi-Dirac or Bose-Einstein statistics) 
with no alteration in their form. 


4. ENERGY 


While an approximate expression for the density 
matrix permits one to estimate the quantum-mechanical 
expectation value of any observable, considerable 


En )bn(x)+ > > 60'(2)u(2){ dnl 
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approximation, 


p(x x) = 5 on*(x’)0Au—V(x)—En°)bn(x). (3.7) 


n=! 


This equation is the “quasi-classical” approximation 


referred to in the section heading and will be discussed 
in Sec. 7. It will serve as the basis for the computations 
considered in Sec. 5. 

One obtains, using Eq. (2.17), the second-order 
approximation 


Am ee ee . 
? 


“ 


( V (x)+-V(x"’) er) 
9 Kis 


V (x) +V(x")+2E,° | 
0 dw ram ces ene )|oate"), (3.8) 
2 


interest is attached to the characteristic energy values 
of a system. Accordingly, approximate expressions for 
these quantities will be given in this section. 

It is evident that 


M 
(E)= ¥ E,=Tr(Hp), 


n=l 


(4.1) 


where £, are the eigenvalues of H. Using Eq. (3.8) and 
the Hermitian property of H, one obtains 


(Ee) > Edn \OXm . V - E 4°) |\On) t 2 (dnl VO(Au— V—E,°)|\ bn) 


ne~l n=l 


+4 > (E,°+4 Ea nls) a(9) 0( du —— 


m,n~l 


V(x) +V(y)+2E. 
o( ru _ ) 
2 


+4 y bm(x)bn(y) 


mnel 


the first two series corresponding to the first-order 
approximation (/2),. It may be noted that the last two 
series of Eq. (4.2) have a structure similar to that of 
exchange integrals in the many-particle configuration 
space. 

The calculation of (£) is facilitated if M is known as 
a function of Ay. For, from Eq. (4.1) and (3.5), one 


obtains 
| l r+ dz 
(E)=Tr vf He?™ «|, 
| 29 : 


y-te 


1 yti@ dz 
. wf et u~ED) ’ 
2ri 2° 


To 


=) ywM — Tr 


ives von fee 


V(x) +V(y) +E m+ En! ) 


2 


#n(2)4m(9) ) 


V (x) +V(y)+- 2+ —) 
2 


V(x) +V(y)+2E,y | | 
0( du 2 )||#=(2)_00)), (4.2) 


when one carries out an integration by parts. Differ- 
entiating with respect to Ay, one finally obtains 

OHE)/O\m =m OM /Odm- (4.3) 
This equation reveals the role of Aw to be that of a 
“chemical potential” (per state). Since (£Z)=0 for 
M =0, one obtains the equation 


M 
(E)= f \dM. 
0 


When M has discontinuities (as a function of \y), Eq. 
(4.4) may be utilized in the sense of a Steiltjes integral.” 


(4.4) 


"The form of Eq. (4.4) suggests that the procedure employed 
here may readily be adapted for constructing approximations for 
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In order to provide an internal check upon the ade- 
quacy of the approximations which may be employed, 
it is useful to compute the quantity 


M 
(E*)= > E,?=Tr( Hp). 


n=l 


(4.5) 


Following the procedure leading to Eq. (4.4), one 


obtains 
M 
(Ee): f dM. 


0 


(4.6) 


Considering, then, only the first order of approximation, 
one readily obtains 


(2), = ¥ [(Ex")*(bn|OAm — V—En®) | On) 
n=l 


+24“ bn| VO(Am— V—-E,’) | bn 


+ (hal V7O(Am—V—En’)\ Gn) |. (4.7) 


5. APPLICATION TO HELIUM-LIKE 
ATOMS AND IONS 


The usefulness of the approximations which have 
been discussed in the previous sections depends, first, 
upon their yielding relatively precise results in the very 
first order of approximation and, second, upon a rapid 
convergence (but small influence) of the higher order 
terms. The latter, which would require an analytical 
investigation of the quantities in Eqs. (2.16)-(2.18) 
and others, poses a formidable mathematical task and 
will not be attempted. The former can be tested 
empirically for various systems, but the calculations 
reported here will be confined to certain two-electron 
systems which are isoelectronic with the helium atom. 

The helium atom, as well as isoelectronic atomic 
systems, continues to be the subject of many investi- 
gations" in spite of the extremely precise results which 
have been obtained from variational treatments applied 
to this system." Because of its simplicity, and because 
it has all of the, essential interactions which need to be 
considered in more complex electronic systems, it 
comprises a good system for testing the performance of 
any theory designed to cope with more complex atomic 
and molecular systems. 

To apply the first-order approximation of the previ- 
ous sections it is necessary to specify Ho. For simplicity, 
although it is not necessarily capable of yielding the 
best results, Ho will be taken as the two-electron 


the resolution of identily belonging to an Hermitian operator. See 
J. V. Neumann, Mathematische Grundlagen der Quantenmechanik 
(Dover Publications, New York, 1943), pp. 56-62. 

‘3 For investigations related to the present one see, for example, 
P. O. Léwdin and H. Shull, Phys. Rev. 101, 1730 (1956); H. Shull 
and P. O. Léwdin, J. Chem, Phys. 25, 1035 (1956), 

4 The classic work is by E. Hylleraas, Z. Physik 54, 347 (1929); 
65, 209 (1930); see, also, S. Chandrasekhar and G. Herzberg, 
Phys. Rev. 98, 1050 (1955); H. S. Schwartz, Phys. Rev. 103, 110 
(1956); L. Wilets and I. J. Cherry, Phys. Rev. 103, 112 (1956); 
T. Kinoshita, Phys. Rev. 105, 1490 (1957). 


OF MANY-ELECTRON SYSTEMS 


1287 


Hamiltonian in which the interelectronic repulsion has 
been neglected. Thus, let (in atomic units) 


H=—4}(V+92)—Z(1/nit1/ra)+1/ria, (5.1) 


where the subscripts 1, 2 refer to the separate electrons; 
7, f2 are distances of the indicated electrons from the 
fixed nucleus, and rj is the distance between them; 
Z is the nuclear charge, measured in terms of the 
magnitude of the electronic charge; V,’, V2’ are La- 
placians with respect to the position of the indicated 
electrons. Then 


Ho= H—1/ryo. (5.2) 


The eigenfunctions of this Hamiltonian are certain 
linear combinations of hydrogen-like wave functions. 
The symmetry restrictions imposed upon the eigen 
functions have been discussed fully®” and will not be 
considered here in detail. 

For the present purposes, only states of zero angular 
momentum, the S-states, will be treated. Then, as is 
well known, the separation of spin and configurational 
coordinates of the electrons leads to the so-called singlet 
states, symmetric with respect to interchange of the 
configurational coordinates of the electrons, and to the 
so-called triplet states, antisymmetric with respect to 
this interchange. Arranging the properly symmetrized 
eigenfunctions of 47) which have been utilized here in 
order of increasing value of their eigenvalues, one ob- 
tains (with suppression of the normalized spin factors) : 

EY=—2?; dim Sre(ri)h rel) ; 

1 
57?/8; $2,4= (frei) f20(12) 
v2 


fis (Fa)Sae(ri)); (5.3) 


1 
527/95 b= — (S10 (11) an (12) 
v2 


+£14(%2)Ca.(71)). 


The plus sign refers to the singlet states, the minus sign 
to the triplet states. Here, in atomic units, the ortho- 
normal hydrogen-like wave functions are!® 


Zalr 
t1,(r) = -exp(—Zr), 


VT 


zi 
(2—Zr) exp(—4Zr), 
4(2n)! 


Zit 


(27 —18Zr+2Z'r") exp(—4Zr). 
81(3m)! 


f2,(r) 


far) = 


These quantities have been employed to evaluatf 
Eqs. (3.4), (3.7), the first two series of Eq. (4.2), ard 
16 See, for example, L. Pauling and E. B. Wilson, Jr., /ntro 


duction to Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1925), p. 138. 
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Tas_e I. A summary of results.* 


System M State | Law R) (Rt) wists w(is2s 


He 1s 2.90356 2.9349 2.9652 083129 0.16871 


0.07228 
0.85542 
0.77036 


7.2760 
5.1023 
5.0718 


is 7.2797 0.92772 
LA* 8s 5.1107 
Ss 5.0468 


sae 0.14458 
0.02066 0.20898 
0.043602 
0.93469 
0.85576 


1S 13.655 0.96398 
45 9.2972 


1S >9,175» 


13.624 
9.2754 
9.2403 


0.06531 
0.13255 


9 4404 


94168 0.01169 


* Energy unite are in modified atomic units, 2R,Ac(u/m), where R, ia the 
Rydberg constant for a nucleus of charge 2 and infinite mass; m and yu are, 
respectively, the mase and reduced mass of an electron in the system 
eonsidered, See Sec. 6 for comments on results 

» nergy value corresponds to 4) state; excited 'S-states not observed 


Eq. (4.7). The integrals which arise are evaluated most 
conveniently in terms of Hylleraas’ coordinates.'* They 
differ from the usual integrals encountered in problems 
of this sort. Because of the presence of the 6 functions, 
they do not include the entire configuration space of 
the system. ‘Three kinds of integrals arise : 


I (ab; cd; 7) 


: alrite (re) |O1 ri2—1 ‘y) | fe(ri)Sa(r2) ’ 


J (ab; cd; 7) 
(alr )eu(r2) |O1/ri2— 1/7) /riel Se(ri)falre)), (5.5) 
K (ab; cd; y) 


Salridfo(r2) |O(1/ri2— 1/y)/ria®| Fe(ri)Sa(72)). 


For simplicity, explicit expressions for these integrals 


in terms of Eqs. (5.4) will be given in the Appendix. 
The J-integrals were combined in accordance with 
Eqs. (5.3). Equation (3.4) was solved numerically for 
hw, M=1, 2. The determined values of Ay then were 
employed to evaluate the appropriate combination of 
J- and K-integrals. Computations were carried out for 
He, Lit, and Bett. 

The radial probability distribution for the ground 
state of helium was determined by computing 
Tr{é(r—r2)p}. Since the integrals which arise are 
specific to this computation, as well as complicated, 
they will not be displayed. 


6. RESULTS 


The results obtained are summarized in Tables I 
and II and in Figs. 1 and 2. All numerical work was 
checked to within at least six significant figures. (The 


lance I], Comparison of energy of excited states and 
normalization parameters 


System I-xcited state 


He 1S 
1S 


Lit is 
1S 


16 See, for example, H. Hellmann, Einfuhring in die Quanten 
chemie (Edwards Brothers, Inc., Ann Arbor, 1944), p. 333 


coefficients of the integrals in the Appendix were 
checked to eight significant figures.) 

The values reported in Table I for the singlet excited 
states represent the differences between the values for 
M=2 and M=1. The w’s correspond to the appro- 
priate combination of J-integrals of Eqs. (5.5) and 
represent the fractional contribution of the indicated 
hydrogen-like states to the indicated state of the system. 
Their nonzero values illustrate the removal of “orbital 
degeneracy.”*:'’? The value of (/:”)! gives some measure 
of the adequacy of the approximation employed here. 
While the disparities between /,,,, (2), and (2)! are 
small, considerable improvement in the theory is 
necessary to approach the results of variational treat- 
ments.'* The observed values are taken from Moore.'* 

It is to be noted that the singlet-triplet order for Li? 
(the only one for which data were available) is in 
agreement with experiment and the splitting (which 
amounts to approximately one percent of the term 
values) is within a factor of two of the observed value. 
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Fic, 1. Radial probability density for ground state of helium 


In the case of helium the computations for the first 
*§ state and second 'S state were attempted with the 
integrals on hand but it was impossible to satisfy Eq. 
(3.4), additional excited states of the unperturbed 
system being required. Similarly, the computations for 
the ground state of H~ could not be carried through. 

In Table II the various values of \y are compared 
with the energy values of the nex! excited state of the 
same symmetry. Inasmuch as the A’s are bounded 
between successive characteristic energy values they 
serve as lower bounds to the energy of the following 
excited state. The agreement is reasonably satisfactory. 

Figure 1 is a plot of the radial probability distribution 
for the ground 'S state of helium. It is compared with 
the distribution obtained from the 3-parameter vari- 

'7 See also Green, Chandler, and Rush, Phys. Rev. 104, 1593 
(1956). 

'®C. E. Moore, Alomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U.S. Government Printing Office, 
Washington, D. C., 1949), 
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ational function obtained by Hylleraas."* While the 
latter has an exponential term which corresponds to a 
screening of the nucleus by one of the electrons, the 
result obtained from the present investigation allows 
both electrons to ‘“‘see” the bare nucleus. Nevertheless, 
the initial radial distribution compares quite well with 
that obtained from a variational treatment. Small 
differences in probability density are obtained in this 
region and are presented in Fig. 2, where a comparison 
is made also with the density obtained from the simple 
variational function of Kellner.'* The “orbital-splitting”’ 
noted previously is emphasized by the appearance of a 
pseudoshell at large distances from the nucleus. 

In order to assess the reliability of the radial distri- 
butions in Fig. 1, the mean-square-radius was evaluated 
by graphical integration. From the values obtained, 
the diamagnetic susceptibilities were estimated.”” The 
Hylleraas density yielded a molar susceptibility of 
— 1.85 10~* cm’ mole™, in substantial agreement with 
experimental results. The ‘“quasi-classical” density 
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Fic. 2. Probability density for ground state of helium. 


yielded a value of —3.3010~* cm® mole™, clearly in 
poor agreement with experiment. The reliability of the 
‘‘quasi-classical” density which has been obtained is, 
therefore, questionable. Presumably, higher order 
approximations are necessary to yield results in closer 
agreement with experiment. 


7. DISCUSSION 


In spite of the reasonableness of the results which 
have been obtained, their limitations are emphasized 
when one examines the properties of the @ operator. In 
the exact case, the @ operator is an Hermitian, idem- 
potent operator (i.e., projection operator). This prop- 
erty is not duplicated by the approximation employed 
here. As can be verified from Eq. (3.6), the approximate 
6 is an idempotent operator but is not Hermitian. 

9G. W. Kellner, Z. Physik 44, 91 (1927) 

™ See, for example, J. H. Van Vleck, Electric and Magnetic 


Susceptibilities (Oxford University Press, New York, 1948), pp 
206-208. 
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Presumably, the latter property may be related to the 
lower energy values obtained for the ground state of 
He and the first excited singlet state of Lit. Since an 
idempotent operator generally consists of the sum of a 
projection operator and a nilpotent operator,” it should 
be possible to separate out the former quantity as an 
improved approximation to @. The approximation which 
has been examined numerically in this paper has been 
referred to as a ‘‘quasi-classical” approximation. The 
reason for this appellation is the following. Consider 
that the effect of the approximation is first to ascribe 
an “energy” to the system which is the sum of an 
unperturbed energy 
possessed by the system in the absence of interelectronic 
repulsions) and the interelectronic repulsive energy. 
This “energy” is presumed, then, to depend upon the 


(corresponding to the energy 


configuration of the system. The second effect of the 
approximation, and its most Signiticant one, 1s to 
restrict the system to configurations for which its 
ascribed “‘energy”’ is less than some specific value. ‘This 
value is the Aw of Eq. (3.2). Since Aw is bounded 
between successive characteristic energy values of the 
system the approximation effectively excludes those 
configurations which correspond to “energies” exceeding 
that of the next excited state of the system. 

Now, this is precisely the sort of physical description 
involved in the original Thomas-lermi theory in which 
case the unperturbed energy simply is the kinetic 
energy. Then, the “energy” of the system in the 
Thomas-Fermi theory is restricted to negative values 
(i.e., \=Q) which corresponds, in turn, to bound con 
figurations of the system. Because the unperturbed 
basis there is an unbound one, the existence of excited 
bound states of the system is not in evidence, as in the 
approximation considered here. When one recognizes 
the 
“quasi-classical” approximation simply assumes the 


this difference as due to the difference in bases, 


role of the ‘Thomas-Fermi theory in a different basis of 
representation. 

As a result of the imposition of a somewhat classical 
behavior upon the quantum mechanics, an important 
shortcoming may be noted. Whenever the perturbation 
V(x) has negative poles, # is equal to unity. Then, if xo 
is the location of such a pole, p'’ (x’,29) =6(4’—42xo), so 
that infinite densities in configuration-space are mani 
fest to this order of approximation. ‘This situation, 
clearly, does not arise where V(x) has positive poles. 
In such cases, in fact, 6 vanishes and zero densities 
occur, corresponding to classical expectations. ‘The 
numerical illustrations considered in this paper corre 
spond to the latter case. Applications of this method to 
other systems should arrange that the perturbation 
avoids the complication mentioned. Thus, in molecular 
problems atomic orbitals will usually introduce such a 
complication; molecular orbitals which take fully into 


account the influence of the bare nuclei will! not. 


*S. Golden, Nuovo cimento (to be published) 
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A result which may have some important utilization 
in statistical thermodynamics is embodied in Eqs. (2.14) 
and (2.16)-(2.18). When z@—1/kT, the quantity 
involved is germane to estimating the partition func- 
tion. It resembles the results obtained by others,”f but 
differs from these in providing an explicit expansion 
procedure solely in terms of exponentials of Ho and V. 
(Clearly, other decompositions of the total Hamiltonian 
are possible.) Since, then, only terms in exp(—V/k7) 
and exp(—Ho/kT) and fractional powers of these 
quantities are involved, and approximations of order 
greater than the first involve commutators of these 
quantities, good estimates of the partition function at 
both small and large temperatures seem likely. This 
appears reasonable, since the commutators vanish under 


GOLDEN 


these circumstances (providing V and Ho are measured 
from their minimum values). Moreover, as indicated 
in Eqs. (2.16)-(2.18), a given order of approximation 
to the partition function will automatically contain the 
approximations of lower order. One may also show that 
the trace of the Bloch equation” (i.e., Bloch’s equation 
for the partition function) is satisfied for any order of 
approximation (even for different decompositions of 
the Hamiltonian). Higher moments, which correspond 
to higher derivatives of the partition function, only 
approximate those obtainable from Bloch’s equation. 
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APPENDIX 


The integrals defined by Eqs. (5.4) and (5.5) are listed here: 


[(1sls; 1s1s; x)= (14-2x-4-2x°+4-72°/6+4-24/3)e>**. 
/(1s2s; 1s2s; x) 
I(1s2s; 251s; x) 
I(1s3s; 1535; x) 


x°(4/243+ 2x/814-427/405 


(0,46224976-+-0.30816650x%-4-0.923583982? — 0.35937500x3+-0.1328125024 - 


- (128/81 +128%/81—88x2/27+-8x2/9— 2x4/9)e-*+ (209/814+418x/81+ 10x2/9)e*, 


3 270)e $2/2 


0).019675926x° 


+ 0,.0015432099x°) e~*#4-+- (0.53775024+- 1.0755005x+-0.254638672")e~**. 


I (153s; 3s1s; x) 


J (Asis; 151s; x) 
J (152s; 152s; x) 
J (152s; 251s; x) 
J (1s3s; 153s; x) 


Z(5/84+-52/44+- 2° + 27/3)e~™. 


Z(0.84869385 + 1.07592774 


x*(0.472005214-0.62934028x-+-0.162037042? — 0.1568930027+-0.02008622424 


0.00065321053x°)e4#/*« 10-2. 


= —Z(356/81—100x/27+ 10x2/9— 2x8/9)e-*+ Z (373/814 10x/9)e*. 
Z(16/729+8x/243— 223/81 — x4/81+-25/270)e4*"*. 
0,.488281252x?+-0.148437502 —0.02199074 14 


+-0.0015432099x°)e~?*8-+ Z (0.94818115+-0.25463867x)e~**. 


J (153s; 381s; x)= Z(0.57678223+4-0.76904297 x 


K (152s; 152s; x) 
K (152s; 2s1s; x) 
K (153s; 153s; x) =Z 


K (1s1s; 151s; x)= Z?(2/34+-5x/6+-2°/3)e°*. 


1.5759277 


0.19531250x?—0.71614583a* — 0.2314814824+-0.16975309x° 


— 0.020576132x*+-0.00065321053«7)e—#*« 10-°. 


Z?(124/27—4x/3+2x2/9)e7*+ (10Z2/9)e**+ (6562Z?/81)[ Ei (— x) — Ei(— 2x) ]. 


7 
72 
Z*(512/10935-+-76x/ 3645 — 26x7/1215 — 224/135+-24/270)e**?, 
72 


0).64322917x+-0.17100695x? — 0.02430555624+-0.00154320992"*) e~*#4 


+-0.25463867Z%e~** — 1.64172362"[ Ei(— 2x/3) — Ei(— 2x) ]. 
K (153s; 351s; 2) = Z?(1.2946429+-0.31017485«— 0.737227 18x?—0.318011462?+-0.183348034 


— 0.021066040x°+-0.000653210532°)e~*** & 10-?. 


™ See, for example, R. P. Feynman, Phys. Rev. 84, 108 (1951). (See also note added in proof.) 


t Note added in proof 


The expression of exp(zH) as an infinite product seems first to have been employed by S. T. Butler and 


M. H. Friedman, Phys. Rev. 98, 287 (1955), whose paper was called to the author’s attention after the present paper had been 
accepted for publication, The present development differs from that cited in considering the unperturbed Hamiltonian to be 
different from the kinetic energy operator 

™ See, for example, K. Husimi, = Phys.-Math. Soc. Japan 22, 264 (1940). 
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Hyperfine Structure of K* in the 4P State*t 


P. Buck ann I. I. Rast 
Columbia University, New York, New York 


(Received May 29, 1957) 


The atomic-beam magnetic resonance method has been used to investigate the hyperfine structure of the 
4P state of K®. The apparatus and method of observation were similar to those used in previous experi 
ments on sodium, rubidium, and cesium. For K®, the magnetic-dipole interaction constant in the 4P, 
state is aj=28.85+0.3 Mc/sec, the electric-quadrupole interaction constant in the 4P, state is b=2.8 
+0.8 Mc/sec, and the quadrupole moment is (0.07+-0.02) x 10-* cm? 


INTRODUCTION 


HIS paper describes an application of the atomic- 

beam magnetic resonance method! to the study 

of the hyperfine structure of the 4P excited state of K®. 

The purpose of the experiment was to measure the 
nuclear electric quadrupole moment of the atom. 

A brief account of this experiment was published 
previously.? Before that, a preliminary report® on an 
application of the double-resonance optical method‘ to 
the study of the 5P state of K® was published. The 
value of the quadrupole moment of K® found by the 
double-resonance optical method disagreed with our 
value. We wish to take this opportunity to express our 
regrets to the authors of that report for neglecting to 
cite their work in our brief preliminary report. Since 
our report, they have published® a new value for the 
quadrupole moment which does not disagree with ours. 


APPARATUS 


The apparatus used in this experiment was described 
in a previous paper® on Na”; therefore only the modi- 
fications will be discussed here. 

The potassium beam was obtained by heating potas- 
sium metal in the oven to a temperature of about 225°C. 

The source of resonance radiation was an Osram 
spectral lamp, containing potassium and an inert gas, 
operated at 20 volts and 0.8 amp ac. The lamp was 
surrounded by a water jacket to decrease the amount 
of self-reversal. 

The rf current in the hairpin was kept constant over 
the frequency range under investigation by monitoring 
the voltage in the transmission line outside the vacuum 
with a General Radio 1800-A vacuum-tube voltmeter, 
For a constant current in the hairpin, the dependence 


* This work has been supported in part by the Office of Naval 
Research. 

t Submitted by Peter Buck in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy in the Faculty of 
Pure Science, Columbia University. 

11. I, Rabi, Phys. Rev. 87, 379 (1952). 

2 Buck, Rabi, and Senitzky, Phys. Rev. 104, 553 (1956). 

4G. J. Ritter and G. W. Se#ies, Proc. Phys. Soc. (London) A68, 
450 (1955). 

4 J. Brossel and F. Bitter, Phys. Rev. 89, 308 (1952). J. Brossel 
and A. Kastler, Compt. rend. 229, 1213 (1949), 

5G. W. Series, Phys. Rev. 105, 1128 (1957). 

6 Perl, Rabi, and Senitzky, Phys. Rev. 98, 611 (1955). 


of the rf voltage on the frequency was obtained by 
directly calibrating the voltmeter against an rf ammeter 
in the transmission line. The voltage is approximately 
linear with frequency up to 70 Mc/sec since the hairpin 
acts like a pure inductance at such low frequencies, 

In the experiments on sodium, rubidium, and cesium, 
a 2- by 8-mil tungsten ribbon was used as the detector. 
This ribbon contained large amounts of impurities and 
our mass spectrometer showed that the principle im- 
purity was potassium. Consequently a new detector 
was built to reduce the large background noise from 
the detector itself. It consisted of two 2-mil “undoped” 
tungsten wires which were parallel and touching and 
presented to the beam a width of 4 mils. This arrange- 
ment was used because the only “undoped” tungsten 
immediately available was 2-mil wire. 

The highest transition frequency in the 4P, state of 
K* is about 20 Mc/sec, and in this region the ground 
state rf effect® is very large, twenty to fifty times as 
large as the excited state rf effect. The ground state rf 
effect is the transition between the ground state levels 
F=2, mep=—1, and F=2, mp 2, and at a field of 
one gauss, this transition occurs at 0.7 Mc/sec. With 
our high rf power, the tail of this resonance is trouble- 
some up to 30 Mc/sec. The effect is so large that fluctu- 
ations in beam intensity and in rf power are large 
enough to conceal the desired signal completely. Fur- 
thermore, the ground state rf effect is decreased when the 
light is turned on because the light defocuses some of 
the atoms which have been focused by the rf. This 
effect is also larger than the excited state rf effect and 
has fluctuations, 

The ground state rf effect was eliminated completely 
by the following scheme. An unmodulated low-frequency 
oscillator, which consisted of a General Radio 1233-A 
power amplifier driven by a General Radio 805-C 
signal generator, was added to the apparatus. It was 
connected to the hairpin with a length of RG5-U 
cable which contained a 10 mh choke to prevent the 
high-frequency oscillator from feeding power into the 
low-frequency oscillator. (See Fig. 1.) This oscillator 
fed an rf current of 50 ma at a frequency of 1.5 Mc/sec 


into the hairpin. This served to scramble the populations 
in the F=2, mp=—1 and F=2, mp=—2 ground state 
levels (as well as the other ground state levels) and by 
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slight adjustments of current and frequency of the low- 
frequency oscillator, fifty percent of the atoms in the 
F=2, mr 2 ground state were transferred to the 
F=2, mp 1 state and vice versa. When the high- 
power rf was turned on, it also transferred atoms 
between these states but could not produce any addi- 
tional refocused signal because the effect was already 
at a maximum. Consequently, the ground state rf 


effect was reduced to zero. 


THEORY OF THE HYPERFINE STRUCTURE 


The magnetic-dipole interaction constant a and the 
electric-quadrupole interaction constant 6 are defined 
by the Hamiltonian for the hyperfine structure energy 


at zero external field: 


6 #C(C+1)— 4/7 (14+1)J (J +1) 
(hfs) =ha—-+-hb . (1) 
2 IJ (21—1)(2J—1) 
where 


F(F+1)—J(J+1)—I(/+1). 


The transition frequencies with AF=+-1 at near zero 


external field can be calculated from Eq. (1), and for 
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Fic. 2. The_F=2 to F=1 transition in the 4? state of K®. 
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Tas_e I. Center frequency of the P= 2 to F=1 transition 
in the 4P, state of K®. 


Average 
in Mc/sec 


Observed center fre- 
quency in Mc/sec 


57.5 


58.3 
57.4 


57.7+0.6 


K® are found to be 
3a+b for 
2a—b for 


a—b for 


F=3 to F=?, 
F=2 to F=1, 
F=1 to F=0. 


The interaction constants a and b may be calculated 
theoretically as? 


Quo L(L+1) 1 
AI \ J(J+1) eT wy 
@/ 2L 1 
b= ( xc. ) Q, (3) 
hX\2L+3 wk 


where y,; is the nuclear magnetic moment, uo the Bohr 
magneton, and § and R are relativistic corrections. Q 
is the electric quadrupole moment. From Eqs. (2) and 
(3), 


bro ((L+1)(2L4+3)\F b 
tf ) a 


ws+) JRa 


e 


EXPERIMENTAL RESULTS 


A resonance was found at a frequency of 57.7+0.6 
Mc/sec which we assign to the transition F=2 to F=1 
in the 47, state. The value of a, is then 28.85+0.3 
Mc/sec, which agrees we!l with the value 29.5 Mc/sec 
calculated from Eq. (2). Three runs were taken on this 
resonance and the results are shown in Table I. The 
rf spectrum of one of these runs is shown in Fig. 2, 
with a curve of the form S=C{1+[(v—)/y?}™ 
superimposed. Here, S is the signal in millivolts, C a 
constant proportional to the gain of the detection 
system, y the half-width at half-intensity, v the applied 
frequency, and vo the resonant frequency. 

According to Eq. (2), the ration a4/ay is 55/5, 
where 5, and Sy are the relativistic corrections for the 


TABLE IT. Results of three runs on the my = 4, m;= 3 to my= —4, 
m,= 4 transition in the 4P, state of K® 


Observed center 


Magnetic field 
frequency in Mc/sec 


in gauss 
161.0 
158.0 
157.0 


81.8 
796 
79.7 


7H. B. G. Casimir, On the Interaction between Atomic Nuclei and 
Electrons (Teylers Tweede Genootschap, Haarlem, 1936). 





Hfe OF K** 
P, and Py states, respectively. Casimir gives’ the 
values for these corrections for elements of various Z, 
and for potassium, with Z=19, the ratio a;/a, is 5.14. 
Experimentally, however, we have found®* that the 
ratio is a few percent less than 5, with aj/ay=4.95+0.03 
for sodium and a;/ayj=4.8+0.05 for rubidium. We 
therefore take the ratio a,/a, to be 5 for potassium and 
find ay to be 5.77+0.06 Mc/sec. An error of a few 
percent in the ratio a,/ay will not affect the final 
results importantly since the experimental uncertainty 
of the P, transition is so large. 

An independent determination was made of the value 
of ay by investigating the Paschen-Back spectrum of 
the 4P, state at a field of approximately 80 gauss. 
Twelve transitions are allowed with Amy=+1, and 
Am,;=0. The rf effect due to the transition m,=}, 
m, =} to my; = —4, m; =} is nine times as strong as that 
resulting from any other transition and the Paschen- 
Back spectrum has one large peak due to this transition. 
The frequency of this transition is gyyoll/h+- $a plus 
smaller terms in a and 6 which are much smaller than 
the experimental uncertainty. In Table II are listed the 


TABLE III. Data on the =3 to fF =2 transition in the 
4P, state of K*. 


Half-width 
in Mc/sec 


Observed center fre- 
quency in Mc, sec 


Rf current 
in amp 


20.2 8.25 
20.5 8.0 
19.8 8.0 
20.0 6.25 


0.98 
0.83 
0.83 
0.42 


results of three runs on this transition. The value of ay 
found from these runs is 5.70+0.27 Mc/sec which 
agrees with the value 5.77+0.06 Mc/sec derived from aj. 

Four runs were taken in the range from 15 to 30 
Mc/sec and the rf spectrum from one of these runs is 
shown in Fig. 3. This spectrum was assumed to be the 
sum of two overlapping resonances due to transitions 
in the 4P, state. This assumption was used to evaluate 
the center frequency of the upper resonance. 

From Fig. 3, it can be seen that the rf spectrum is due 
to the superposition of a resonance at about 20 Mc/sec 
and one at a lower frequency at about 9 to 10 Mc/sec, 
both resonances having a half-width at half-intensity 
of about 8 Mc/sec. We make the assumption that the 
higher frequency resonance, f;, is due to the transition 
F=3 to F=2; therefore, fy=3a+6. Since a is 5.77 
Mc/sec, 6 equals about 3 Mc/sec. Then the transition 
F=2 to F=1 must lie at 2a—b, which equals about 9 
Mc/sec and is about 11 Mc/sec below the upper transi- 
tion. With this preliminary estimate of the two center 
frequencies, curves of different relative heights and of 
different widths were added together and the resulting 
curve compared with the rf spectrum. The curve super- 


* B. Senitzky and I. I. Rabi, Phys. Rev. 103, 315 (1956). 
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Fic. 3. The 4P, rf spectrum’with an rffcurrent of 0.83%amp in 
the hairpin. The higher frequency curve is assumed to be the 
F=3 to Ff =2 transition in the 4P, state and the lower frequency 
curve is assumed to be the F=2 to F=1 transition. The top 
curve is the sum of the two lower curves 


imposed on the data in Fig. 3 is the best fit by this 
method and can be shifted 0.5 Mc/sec either way with 
reasonable agreement. The upper center frequency is 
quite independent of the lower center frequency and of 
the relative heights of the two curves used. Of course, 
for this very reason, little can be said about the lower 
center frequency. In Fig. 4, the rf spectrum from 
another run is shown. The rf current used in this run 
was half as great as that used in the run of Fig. 3 and 
the resonances are seen to be considerably narrower. 
The same curve-fitting procedure was used for these 
data and the half-width at half-intensity is 6.25 Mc/sec. 
This half-width is consistent with that of 8.0 Mc/se 
for the first set of data and with the natural width of 
the line which is 5.9 Mc/sec. The natural width was 
obtained from the value for the half-life of the 47, 
state which is (2.71+4-0.09) K10~* sec.® 
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Fic. 4. The 4P4 rf spectrum with an rf current of 0.42 amp in 
the hairpin. The higher frequency curve is 
F=3 to Ff =2 transition in the 47, state and the lower frequency 
curve is assumed to be the F «2 to / Ihe top curve 
is the sum of the two lower curves 


assumed to be the 


1 transition 


Phys Soc. (London) AGA, 458% (1951) 


*G. Stephenson, Proc 
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The results of four runs on the F=3 to F=2 transi- 
tion are shown in Table III. The final value for the 
frequency of the F=3 to F=2 transition is 20.14+0.4 
Mc/sec, where the uncertainty quoted is the extreme 
deviation from the average. The value of 6 is then 
2.840.4 Mc/sec but, because of the difficulty of fitting 


ry 
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curves to the incompletely resolved resonances, we 
increase the uncertainty to +0.8 Mc/sec. 

From Eq. (4), Q is found to be (0.07+0.02)K10~* 
cm’, 

We would like to thank Dr. Benjamin Senitzky for 
his help and advice during the course of the experiment. 
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Thermal-Neutron Fission Cross Sections for Isotopes of Plutonium, 
Americium, and Curium* 


E. K. Huet, R. W. Horr, H. R. Bowman, ann M. C. MIcHELt 
University of California Radiation Laboratory, Livermore, California 


(Received May 29, 1957) 


The following thermal-neutron fission cross sections have been measured in the thermal column of the 
Materials Testing Reactor at Idaho Falls, Idaho: Pu™*, 18.440.9 barns; Am™!, 3.1340.15 barns; Am, 
63904 500 barns; Am™, <0.072 barn; Cm™, 690450 barns; Cm™*, 18804-150 barns. In addition, a pile 
neutron capture cross section of 5204-40 barns has been measured for Pu™, 


I. INTRODUCTION 


HE increasing interest in the fission process and 

the value of knowing the destruction rate of 
certain nuclides during long neutron irradiations have 
made it desirable to determine accurately a number of 
slow-neutron fission cross sections for isotopes of the 
transuranic elements. It has become possible to per- 
form some of these measurements because of the in- 
creased quantities of isotopes available, and because 
of the enrichments toward the heavier isotopes of 
certain elements gained in long neutron irradiations of 
Pu™ and Am™, Fission cross-section measurements 
were made on Am™, Am™*, and Cm™ for which there 
were known previously either upper limits, approximate 
values or no data. In addition, the fission cross sections 
of Pu®*, Am™', Cm™®, and the capture cross section of 
Pu™* were remeasured for purposes of comparison 


Il. EXPERIMENTAL METHODS 


Most of the samples were prepared from the trans- 
uranic elements separated from two long neutron ir- 
radiations in the Materials Testing Reactor, one of 
Pu (NR-3)! for a total integrated flux of 1.8510” 
neutrons/cm?, and the other of Am (99B)! for a 
flux of 4.0810". After gross separation of the trans- 
uranium fraction from fission products, each element 
was highly purified by methods in common use at this 
laboratory which have been reported elsewhere.’ In 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

t From University of California Radiation Laboratory, Berkeley, 
California. 

! Arbitrary designations for samples obtained from particular 
irradiations 

? Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 {1954), 


each case, the final step of the chemical procedure 
yielded the pure element in acid solution from which 
nearly all foreign inorganic salts and organic impurities 
had been removed, The sample of Pu** was separated 
as the alpha-decay product of 99B curium when its 
Cm” content was greater than 80%. The plates to be 
fission-counted were prepared by vacuum-vaporizing 
aliquots of the samples from hot tungsten filaments 
onto 1 in. 0,002 in. platinum “disks. These plates were 
attached to a graphite shuttle which was then seated 
into an ionization type fission counter constructed of 
graphite and Lucite.* 

The measurements of the fission counting rate were 
made in the thermal column of the Materials Testing 
Reactor in a neutron flux of approximately 5X10!° 
neutrons/cm? sec. The fission counter was the double 
chamber type with one chamber containing a Pu” 
standard acting as a flux monitor. In the second chamber 
alternate counts were taken on the sample, blank back- 
ground plates and Pu™ standards. Of the six Pu™ 
standards used, three were nearly isotopically pure 
Pu”, while the others contained a known amount of 
Pu®. The cross sections reported here are based on an 
806-barn fission cross section for Pu for neutrons with 
a Maxwellian energy distribution in the thermal region.‘ 
The counting rates at different discriminator voltages 
over the counter plateau were measured for each sample 
and an extrapolation to zero discrimination was made 
to normalize differences in plateau slope due to varying 


4A. Ghiorso and W. C. Bentley, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), Paper No. 22.29, National Nuclear Energy Series, Pluto- 
nium Project Record, Vol. 14B, Div. IV. 

* Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1955), second edition. 
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TABLE I, Summary of results. 





Isotopic composition 


Sample Nuclides (percent) 





Alpha pulse analysis* 


of 7] 
(percent) (barns) (by others) 





99.71 +0.01 
0.092-4-0.003 
0.194+0.007 


Pu™* 
Pu 
Pu?” 


>, ,238 
Pu 


Am*! Am*™! 


100 


99B Am 
(Sample 1) 


Am™! 
Am™*? 
Am*™** 


37.49 +0.29 
0.41340.01 
62.10 +0.28 


99B Am 
(Sample 1, 
purified) 


Am”™! 
Am*® 
Am** 


(same as Sample 1) 


NR-3 Am 
(Sample 1) 


Am*! 
Am*™®? 
Am* 


0.083 40.002 
0,00092' 
99.91 +0.004 


NR-3 Am 
(Sample 1, 
purified) 


(same as Sample 1) 


NR-3 Cm <0.03 
95.50+0.07 
1.62+0.1 
2.88+0.2 


23.16+0.35 

32.064-0.43 | 

44.78+0.37 / 
<0.17 


99B Cm 
(Sample 2) 


* The following alpha-decay half-lives were used in calculating specific 
activities: Pu%* 89.6 yr, Am™! 461.3 yr, Am™§ 8200 yr, Cm™ 19 yr, and 
Cm? 0.4455 yr. 

b Reed, Manning, and Bentley, quoted in The Actinide Elements (Mc- 
Graw-Hill Book Company, Inc Jew York, 1949), National Nuclear 
Energy Series, Plutonium Project Record, Vol. 14A, Div. IV, Chap. 20 


sample thickness, etc. The precision obtained by 
recounting a sample several days later was excellent, 
usually amounting to less than a one percent difference, 
but it was somewhat less for two separate samples of 
the same material. 

To obtain the weights of the material on the fission 
counting plates, the alpha-particle disintegration rates 
of the samples were determined by counting each plate 
to a 0.5% standard deviation five to eight times in a 
standardized low-geometry alpha counter. Alpha-par- 
ticle pulse analysis of volatilized samples was used 
to obtain the activity ratios whenever two or more 
isotopes in a sample each yielded observable alpha 
particles. In addition, the counting rates of the samples 
containing Cm™? were followed for decay over a six- 
month period, and the decay rate was correlated with 
the Cm™? content obtained by alpha-pulse analysis. 
For all samples containing Cm™? or Cm™, the activity 
ratios were then corrected to the time of the mass 


(same as Sample 1) 


100 Pu™® 18.4+0.9 18+ 1> 


20° 


3.0+0.24 
3e 


100 3.1340.15 


75.39 
~6000° 
~2500° 


Am*® 6250+-500 
6.98 
Cm": 17.63 


Am*™® 65304500 


1.54 


96.58 
Cm*™*:0.25 
Cm™:0.80 
Pu™® ;0.82 


Am™ <(0.071 


1.56 


97.42 
Cm*™: 0.25 
Cm™:0.81 


Am™ <0.073 


1.08 


98.92 


Cm™* 1880+ 150 2010+ 1506 


94,05 


595 Cm** 


690 + 50 


© See reference 6 

4B. B. Cunningham and A, Ghiorso, Phys. Rev. 82, 558 (1951) 

* Street, Ghiorso, and Thompson, Phys, Rev, 85, 135 (1952) 

t Calculated 

® Fields, Studier, Diamond, Mech, Inghram, Pyle. Stevens, Fried, Mann 
ing, Ghiorso, Thompson, Higgins, and Seaborg, Phys. Rev, 102, 180 (1956), 


analysis. To minimize errors from these pulse analyses, 
the weight of material on a fission counting plate was 
calculated from the alpha-disintegration rate of the 
nuclide giving the largest percentage of alpha particles 
emitted. 

The isotopic composition of each sample was deter- 
mined by use of a 12-inch radius, 60° sector magnetic 
mass spectrograph. A double tungsten filament ioniza- 
tion source in conjunction with an electron multiplier 
detector made possible the analysis of very minute 
samples.® 

III]. EXPERIMENTAL RESULTS 

The pertinent numerical data are summarized in 
Table I. The last column contains previously reported 
values for these cross sections with their references. 
The limits of error listed include standard deviations in 


5M. G. Inghram and W. A. Chupka, Rev. Sci. Instr. 24, 518 
(1953). 
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statistical events and the authors’ estimates of inde- 
terminate errors, but do not include those occurring in 
alpha-decay half-lives and the fission cross section 
of Pu™. 

The value of 8200 years for the half-life of Am was 
obtained from the mass and alpha-pulse analysis of 99B 
americium. A half-life for Am™ 
from the mass and alpha-pulse analysis data for the 
NR-3 americium, but one finds a less accurate value due 
to the unfavorable isotopic ratio of Am™ to Am™, 
The fission cross section of Am™ was calculated after 
correcting for the fissions contributed by Am™! and 
Am”, Although Am™? was undetectable in the mass 
spectrometer, it was necessarily in equilibrium with 
the Am™' present, and the amount of Am” could be 
calculated on the basis of the equilibrium mixture found 
in 99B americium. After these corrections had been 
applied, which accounted for nearly half of the observed 
fission rate, the remainder were assigned to Am*, 
An upper limit for the fission cross section is given since 
it is possible that the fissions could arise from an isomer 
of Am™ or an undetected impurity. The possibility of 
an isomer of Am™ with a half-life shorter than three 
years contributing the excess fissions was eliminated by 
fission counting one of the NR-3 americium samples one 
year after the first count, under the same experimental 
conditions. After correcting for the growth of Pu®*, no 
decrease in the fission counting rate was found. An 
impurity seems unlikely in view of the fact that after 
repurification (uranium, neptunium, and plutonium 
were separated from the americium in Sample 1, by the 
use of anion exchange resin) there was no appreciable 
change in the ratio of fission counts to sample weight. 
A similar repurification of the 99B americium likewise 
resulted in a nearly constant fission count to sample 


can also be calculated 


weight ratio. 

A small decrease in the fission counting rate per unit 
mass was noted after the americium was again separated 
from a sample of 99B curium by elution through Dowex- 
50 resin with ammonium lactate at 87°C. The smaller 
cross section for Cm™® is considered the more reliable 
and is the only one listed in Table I. In reporting the 
cross sections of Cm™* and 


thermal-neutron fission 
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Cm™*, any fissions contributed by Cm™ or Cm™ in 
each sample were assumed to be negligible.® 


IV. PILE-NEUTRON CAPTURE CROSS 
SECTION OF Pu” 


The pile-neutron capture cross section of Pu¥* was 
measured by inserting three quartz capsules, each 
containing about a microgram of the same Pu™® used 
in the fission cross-section measurements, into the 
rabbit facility of the Materials Testing Reactor for 
approximately two, three, and five days’ neutron ir- 
radiation, respectively. The pile-neutron flux was 
monitored by the neutron-capture activation of cobalt 
wire and the results were corrected for resonance 
neutron activation and self-protection. After separation 
and purification of the plutonium, plated samples were 
made, and the amount of Pu produced in each irradia- 
tion was determined by fission-counting. It was neces- 
sary to make a slight correction in the fission-counting 
rate for those fissions contributed by Pu™*. Allowing for 
the destruction of a small fraction of the Pu¥* and of 
Pu during its formation, the resulting Pu®*/Pu ratio 
and the known integrated neutron flux on each sample 
yield a capture cross section of 520+40 barns. Similar 
measurements giving 4554-50 and 489+3 barns for 
the capture cross section have been made at Argonne 
National Laboratory’ and Chalk River, respectively .* 
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We have investigated the Coulomb excitation of energy levels in isotopically enriched targets of 
dysprosium by alpha-particle bombardment. One rotational level was observed in each of the two even-even 
isotopes Dy'® and Dy'™ with energies of 82 kev and 75 kev and transition probabilities «B(//2) (in units of 
eX 10~** cm‘) equal to 1.65 and 1.09, respectively. Two rotational levels were excited in the odd-A isotope 
Dy'™ with energies 46 kev and 103 kev, with values of «B (#2) equal to 2.44 and 0.04. Two rotational levels 
were also observed in the isotope Dy'® at 75 kev and 166 kev, having «B(/2) values of 0.43 and 0.67, 
respectively. There is also evidence for a 93-kev gamma ray in Dy which, from coincidence measure 


ments, appears to be the cascade transition from the second to the first excited level 


INTRODUCTION 


[* our survey! of Coulomb-excited gamma rays in the 
region of rare-earth nuclei, we reported two gamma 
rays with energies 75 kev and 166 kev from natural 
dysprosium. The 75-kev gamma ray was thought to 
have contributions from first excited levels of both the 
even-even isotopes and the odd-A isotopes, while the 
166-kev gamma ray was attributed to the excitation of 
the second rotational level in one or both of the odd-A 
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Fic. 1. Pulse-height spectrum from enriched Dy'* under 4-Mev 
alpha bombardment. Contributions from neighboring isotopes are 
shown as parabolas. These were evaluated from the targets 
enriched in these isotopes. The parabolas at 46 kev and 103 kev 
belong to Dy'*. Their positions in the rotational scheme are 
shown in the insert 


1N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 


isotopes, Dy'®! and Dy'®., Several investigators’ have 
reported level schemes for Dy'®' from the gamma-ray 
spectra observed in the decay of Tb'®. The rotational 
band characteristic of the highly deformed nuclei in 
this region was not apparent in the proposed level 
schemes. When enriched isotopes of dysprosium became 
available from Oak Ridge early this year, it became 
possible to make definite isotopic assignments of the 
gamma rays observed in Coulomb excitation and to 


search for possible rotational bands. 
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Fic. 2. Pulse-height spectrum from enriched Dy'® under 4-Meyv 
alpha bombardment. The parabola at 82 kev is due to Dy'™, 
The level scheme is shown in the insert 


*Cork, Brice, Schmid, and Helmer, Phys. Rev. 104, 481 (1956); 
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Fic. 3. Pulse-height spectrum from enriched Dy'® under 4-Mev 
alpha bombardment. The parabolas at 75 kev, 93 kev, and 166 kev 
are due to Dy'®, The proposed level scheme is shown in the 
insert 


EXPERIMENTAL DETAILS AND RESULTS 


Helium ions from 1 to 6 Mev were used for bombard- 
ment of the targets. The gamma rays were detected by 
a 14 in.X1 in. Nal crystal arranged in a close-up 
geometry, which has previously been described.’ A 40- 
channel analyzer was used for pulse-height analysis.‘ 
Coincidence measurements were made with a slow-fast 
circuit® having a resolving time of 85 millimicroseconds 

Our results on four enriched targets of dysprosium 


rasi_e I. Summary of results on even- and odd-A dysprosium 
nuclei 7» and /* are spins for the ground state and excited states; 
FE. = transition energy in kev; 9 is the effective moment of inertia; 
«B(F2)= reduced gamma-ray transition probability, as defined by 
Alder et al.* (not corrected for branching) 


eB(F2 
10° cm‘ 


Abundance 

Nucleus (percent) I* Ey (kev sh7/9 (kev (e* & 
2.44 
0.04 
Dyie 47.2 ‘ 82 82 1.65 
Dy'* 75.6 7/2 75 0.43 
04 0.07 

166 0.6) 

90.0 . 2° 7$ 1.09 


16.6 > oO 46 39 
103 
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* Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern Phys, 28, 


442 (1956), 


3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954) 

‘E, J. Cook and G. F. Pieper, Phys. Rev. 98, 1154 (1955); 
Schultz, Pieper, and Rosler, Rev. Sci. Instr. 27, 437 (1956) 

*G. S. Stanford and G. F. Pieper, Rev. Sci. Instr. 26, 847 


(1955) 
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are shown as pulse-height distributions in Figs. 1 
through 4. These were taken with a bombarding energy 
of 4 Mev on thick oxide targets enriched in Dy'®, 
Dy’, Dy'®, and Dy'™, respectively. Since the targets 
were not isotopically pure, the contributions from 
gamma rays due to neighboring isotopes are shown as 
parabolas in each figure. From Figs. 2 and 4 it can be 
seen that one gamma ray is excited in each of the two 
even-even isotopes Dy'® and Dy'™. These are assumed 
to be due to the excitation of the first 2+ rota- 
tional level. The K x-ray at 50 kev is also present and 
(with a-particle bombardment) is due mainly to the 
emission of a K x-ray following the strong K-conversion- 
electron emission for these low-energy transitions.® 
A copper absorber of thickness 0.02 inch was inserted 
between the target and Nal crystal to reduce the 
K x-ray peak relative to the higher energy peaks, for 
the curves shown in Figs. 1 through 5. 

From Figs. 1 and 3 it is evident that the 166-kev 
gamma ray should be assigned to Dy'®. The intensity 
of the 166-kev peak in natural dysprosium, shown in 
Fig. 5, also confirms this. Two other gamma rays are 
observed in the Dy'® sample, one at 75 kev and a 
much weaker one at 93 kev. The proposed decay scheme 
is shown as an insert in Fig. 3. We have evidence from 
coincidence measurements that the second excited state 
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Fic. 4. Pulse-height spectrum from enriched Dy'™ under 4-Mev 
alpha bombardment. The parabola at 75 kev is due to Dy’. 
The level scheme is shown in the insert. 


*F. K. McGowan and P. H. Stelson, Phys. Rev. 103, 1133 
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Fic. 5. Pulse-height spectrum from natural dysprosium under 
4-Mev alpha bombardment. Contributions from the isotopes are 
shown as parabolas, the heights of which were evaluated from the 
enriched targets. The sum of these parabolas add to within 10% 
of the pulse-height contour 


decays by cascade as well as by crossover to the ground 
state, 

In the case of the Dy'® target (Fig. 1) the peak at 
82 kev can be accounted for by the 18% of Dy'® 
present in the sample, while the peak at 166 kev is due 
to the 2.8% of Dy'®. The gradual slope on the high- 
energy side of the 82-kev peak is evidence for a gamma 
ray at 103+3 kev. The peak at 50 kev was observed 
to be a factor of 3 higher than expected if it were due 
entirely to conversion electrons from the 82-kev peak. 
As a means of investigating for a gamma ray at about 
50 kev superimposed on the K x-ray peak, excitation 
curves were taken for both the Dy'® and the Dy!” 
targets for bombarding energies from 1.25 Mev to 
2.25 Mev. The results are plotted in Fig. 6. The theo 
retical curve A was calculated for an £2 transition of 
82 kev and was normalized to the experimental value 
at 2.25 Mev. The fit of the curve to the Dy'® points, 
demonstrates that the excitation of the K x-ray results 
from K x-ray emission after the 82-kev transition has 
occurred by the emission of K conversion electrons. 
In plotting the points for the Dy'® target, we first 
subtracted the contribution resulting from the 82-kev 
peak by K conversion (as determined from the Dy!” 
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Fic, 6. Thick-target excitation curves for Dy'™ and Dy'® taken 
for the 50-kev peak. The curves are theoretical yield curves, 
normalized to fit the data at one energy. The curve for Dy'® was 
calculated for a transition energy of 82 kev. The curve for Dy'® 
was calculated for a transition energy of 46 kev. The points for 
the Dy'® target are the values obtained after subtracting the 
contribution due to K x-ray emission after AK conversion of the 
82-kev transition. 


target). It was then found that a theoretical curve 
calculated on the basis of a 46-kev transition could be 
fitted to the data as shown. In addition to this evidence 
of the excitation of a 46-kev level, the energy of this 
peak in the Dy'*! sample was shifted down by several 
kev compared to the peak in Dy'®. We propose the 
decay scheme for Dy'® shown in the inset of Fig. 1. 
Some evidence has also been obtained by Elbek’ for 
levels in Dy'® at 46 kev and 104 kev from inelastic 
proton scattering. Bernstein® has observed a 46-kev 
transition by a study of the internal-conversion electron 
spectra of natural dysprosium in Coulomb excitation. 
Our results are summarized in ‘Table I. Our observa 
tions provide good evidence for the existence of rota 
tional levels in the two odd-A nuclei of dysprosium. 
There is, however, a marked difference in the effective 
moment of inertia § for Dy'®' and Dy'®, both of which 
are known to have the same ground state spin of §.° 


1957 


7B. Elbek (private communication) 

*E. M. Bernstein, circulated communication, May 1, 
(unpublished). 
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Coulomb Excitation of Iron-57 
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Coulomb excitation experiments have confirmed the existence of excited states in Fe*’ at 14, 137, and 
$65 kev. Gamma rays of energies 123, 228, and 350 kev were observed and their multipolarities determined 
A level scheme incorporating these radiations with earlier information is proposed: ground state, 1/27; 
14-kev state, 3/2°>; 137-kev state, 5/2~; and 365-kev state, 5/2~. The reduced upward transition proba 
bilities, B(/:2), in units of &K10~* cm‘, for the two states excited are: 137-kev level, 0.050; 365-kev level, 


0.043 


INTRODUCTION 


HE characteristics of the levels in Fe’ below 
140-kev excitation are known from several earlier 
investigations. The work of Kinsey and Bartholomew,! 
and of Trumpy’ has established the ground state spin 
as 1/2~. The studies of the decay of Co’ by Alburger 
and Grace,’ by Lemmer, Segaert, and Grace,‘ and by 
Bishop et al.* have established the existence of states 
in Fe*’ at 14 kev (3/2-) and 137 kev (5/27). Recently, 
Sperduto and Buechner® have observed these two levels 
and several additional ones, among them one at 365 
kev, in the reaction Fe°*(d,p)Fe*’. 

An earlier Coulomb excitation study of Fe®’ in this 
laboratory’ showed a gamma ray of 123-kev energy. 
The energy region above this was not investigated 
carefully. Some evidence for a gamma ray of energy 
about 350 kev was observed, but it was thought to be 
due to oxygen contamination in the target [i.e., the 
342-kev gamma ray from O'*(a,ny;y)Ne*! |. Grace has 
recently observed* a 350-kev gamma ray from the 
low-energy proton bombardment of Fe*”. 


EXPERIMENTAL METHODS AND RESULTS 


We have observed the gamma rays from the low- 
energy alpha-particle bombardment of Fe*’, the alpha- 
particle beam being produced by the Department of 
Terrestrial Magnetism Van de Graaff generator. ‘The 
gamma rays were detected in a 2-inch by 2-inch and/or 
a 14-inch by 1-inch NalI(Tl) crystal; the resulting 
pulses were displayed on a 40-channel pulse-height 
analyzer.’ Some coincidence measurements were made 
using a circuit previously described." 


'B. B. Kinsey and G. A 
(1954). 

*G. Trumpy, Nature 176, 507 (1955); Nuclear Phys. 2, 664 
(1957). 

*D. E. Alburger and M 
A67, 280 (1954) 

*Lemmer, Segaert, and Grace, Proc. Phys. Soc 
A68, 701 (1955) 

*G. R. Bishop et al., Phil. Mag. 46, 951 (1955). 

* A. Sperduto and W. W. Buechner, Bull. Am. Phys. Soc. Ser. 
IT, 1, 223 (1956). 

7G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954) 

*G. M. Temmer (private communication), 

*E. J. Cook and G. F. Pieper, Phys. Rev. 98, 1154 (1955); 
Schultz, Pieper, and Rosler, Rev. Sci. Instr. 27, 437 (1956). 

” G. S. Stanford and G. F. Pieper, Rev. Sci. Instr. 26, 847 (1955). 


Bartholomew, Phys. Rev. 93, 1260 


A. Grace, Proc. Phys. Soc. (London) 


(London) 


The spectrum of gamma rays observed from the 
4-Mev alpha-particle bombardment of a thick target 
of pure iron enriched to 59.3% Fe*’ is shown in Fig. 1. 
We observe strong gamma rays of 123, 228, and 350 
kev, all +3 kev. The 123-kev radiation is well-known 
from the earlier work.*~®’7 A detailed examination of 
the high-energy side of the 123-kev photopeak showed 
the presence of a weaker gamma ray of energy about 
137 kev. (Although the presence of the 137-kev compo- 
nent may not be especially clear in Fig. 1, its presence 
becomes obvious in spectra taken at a lower bombarding 
energy, e.g., 2 Mev, at which energy the 350-kev and 
228-kev radiations are greatly reduced in intensity 
compared to the 123-kev and 137-kev lines.) This result 
is consistent with the Co* investigations, and our 
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Fic. 1, Gamma-ray spectrum from the Coulomb excitation of 
Fe’ by 4-Mev alpha particles. The solid line connected to the 
peak at 350 kev is the shape of a single gamma ray of that energy, 
obtained under similar conditions from the Coulomb excitation 
of Ru, The dashed parabolas labeled 123, 137, and 228 kev 
represent the photopeaks of gamma rays of these energies, after 
allowance has been made for higher energy radiations and back- 
ground. The “escape peak’”’ from the 123-kev gamma ray is 
evident at about channel 9. 
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intensity ratio of about one 137-kev gamma ray per 
ten 123-kev gamma rays compares satisfactorily with 
the more accurate Oxford value‘ of nine to ninety-one. 

We investigated the origin of the 350-kev gamma ray 
quite carefully ; we conclude that it is essentially entirely 
due to the Coulomb excitation of Fe*’ with no noticeable 
contribution from the O'*(a,n;y)Ne” reaction for the 
following reasons: 


1. Direct comparisons of the gamma rays from the 
alpha-particle bombardment of the Fe*’ target and a 
target enriched in O'* showed a definite difference in 
the energies of the radiations. The O'* target produced 
342-kev gamma rays while the Fe*’ target gave 350-kev 
radiation. 

2. We compared the yields of 350-kev and 854-kev 
gamma rays (the latter are from the Coulomb excita- 
tion" of Fe®*) using a thick target of pure iron of 
normal isotopic constitution and the enriched Fe*’ 
target. The relative yields agreed well with the relative 
abundances of the two isotopes in the two targets. 

3. The thick-target yield curve, shown in Fig. 2, 
demonstrates that the 350-kev gamma-ray yield is 
appropriate for the Coulomb excitation of a 365-kev 
level in Fe*’. It differs substantially from the yield 
curve we obtained for 342-kev radiation when a thick 
target enriched in O'* is bombarded by alpha particles. 
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Fic. 2. Excitation curves for the Coulomb excitation of Fe*’ 
by alpha particles. The points are the experimental gamma-ray 
yields. The solid and dashed curves are the theoretical thick 
target E2 Coulomb excitation functions for the level positions 
indicated. 


nG, M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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Fic. 3. Spectrum of gamma rays in coincidence with 123-kev 
gamma rays from the Coulomb excitation of Fe’ 


With regard to Fig. 2, the points are all experimental, 
while the curves are the appropriate thick-target /2 
Coulomb-excitation functions computed from the theory 
of Alder and Winther.” The fact that the excitation 
curves for the 350-kev and 228-kev gamma rays are 
parallel shows that both originate from the Coulomb 
excitation of the same level in Fe*’, That this level is 
at 365 kev and not at 350 kev is shown by the fact that 
the 350-kev gamma-ray yield experimental points 
follow the solid curve marked “level at 365 kev” and 
not the dashed curve marked “level at 350 kev.” Both 
the solid and dashed curves are normalized to the 4-Mev 
yield. Finally, the yield of 123-kev gamma rays, cor- 
rected for the cascade from the higher level, is seen to 
follow the theoretical excitation curve for a level at 
137 kev. This result is in agreement with the earlier 
Coulomb excitation experiment’ in which the yield of 
123-kev gamma rays was measured for alpha-particle 
energies between 1.0 and 3.2 Mev and found to be in 
good agreement with the theoretical excitation curve 
for a level at 137 kev rather than for a level at 123 kev 

To demonstrate clearly the cascade nature of the 
228-kev radiation, we measured the spectrum of gamma 
rays in coincidence with 123-kev gamma rays, using 
two Nal(Tl) crystals and a slow-fast coincidence 
circuit with a resolving time of 78 millimicroseconds."° 
The result, shown in Fig. 3, is consistent with the 
interpretation that the 228-kev radiation occurs be- 
tween the states at 365 kev and 137 kev. We tried to 
measure the spectrum of gamma rays in coincidence 
with the 14-kev gamma ray, using a 1 mm thick Nal (Tl) 
crystal for the soft radiation, but the attempt was 
unsuccessful. The 110-millimicrosecond lifetime of the 
14-kev state,‘ the conversion coefficient of 15,4 and 
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rather intense low-energy radiation (from Coulomb 
excitation of the 14-kev level as well as machine 
background) all combined to make the true-to-acci- 
dental ratio very low. 

The level scheme we propose, based on these measure- 
ments and the earlier work,'~* is shown in Fig. 4 

We determined the branching ratio of the 365-kev 
level to be about one 228-kev gamma ray per thirteen 
350-kev gamma rays. Any 365-kev radiation direct to 
the ground state can have an intensity of no more 
than 5% of the 350-kev radiation. We assign spin 5/2 
to the 365-kev level on these data: since the level is 
Coulomb excited by an £2 process, it must have spin 
3/2- or 5/2>. If its spin were 3/2>, the ratio of 365-kev 
radiation to 350-kev radiation in the decay should be 
about 5.7 to 1 (assuming pure M1 radiations with the 
same matrix element) instead of less than 1 to 20. 
With regard to the 350-228 branching, the spin sequence 
in Fig. 4 predicts a 50 to 1 ratio (for pure M1 radiations 
with the same matrix element) and we observe 13 to 1, 
within a factor of about 4 of the predicted ratio. If we 
chose 3/2> for the 365-kev level, the predicted 350-228 
branching would be 0.39 to 1 (same assumption), off 
by a factor of about 30 from the observed 13 to 1. 

Using a thick target we have also measured the 
angular distributions of the 123-, 228-, and 350-kev 
gamma rays with respect to the alpha-particle beam 
in order to determine their £2 M1 mixture ratios. The 
experiment of the Oxford group* on the angular distri- 
bution and polarization of the 123-kev radiation from 
a source of aligned Co’ gave a value of 6=+0.19 
+0.02," corresponding to an £2 M1 ratio of 0.04. 


"T, Lindqvist and E. Heer [Nuclear Phys. 2, 680 (1957) ] 
have recently investigated the directional correlation of the 
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TABLE I, Experimental results from the Coulomb excitation of 
Fe*’, Column 1 gives the energies of the levels excited in Fe*’. 
Column 2 gives the reduced upward transition probability, B( £2), 
in units of &X10~ cm‘. Column 3 gives F, the favored factor, 
the ratio of the observed B(E2) to that expected for a single- 
particle transition. Column 4 gives the energies of the observed 
gamma rays, and Column 5 gives the branching ratios of the 
levels from which they originate. Columns 6 and 7 give 6 and 8, 
where & is the ratio of E2 to M1 components in the radiation. 
The values of 6 and 8 for the 123-kev gamma ray and the branch- 
ing values for the 137-kev level are taken from reference 5. 


‘ Gamma- 
Fev ray Branch- 
level energies- ing 


kev B(R2) F kev % 8 =E2/Mi1 


137 0.050 13 123 91 
137 9 
365 0.033 8.4 228 7 


350 93 
365 ~~ 


This value predicts that at an alpha-particle bom- 
barding energy of 5 Mev we should observe an ani- 
sotropy, [W(0°) W(90°) ]—1, of —0.002. We observed 
an anisotropy of +0.04+0.05, in agreement with the 
prediction. According to our Coulomb-excitation cross 
section and the branching ratio, the mean lifetime of 
the 137-kev state is about 9X 10~* sec. One would thus 
expect the correlation to be attenuated considerably ; 
this, too, agrees with the Oxford observation’: their 
polarization experiment gave an attenuation coefficient 
of 0.11. 

On the other hand, our cross sections and branching 
ratios indicate that the lifetime of the 365-kev state is 
less than 5X 10~" sec, so here attenuation effects should 
not be very important. Assuming no attenuation of the 
correlations and spin 5/2~ for the 365-kev level, we 
obtain from our angular distributions the £2/M1 ratios 
given in Table I for the 228- and 350-kev gamma rays. 
We presume that the predominantly M1 choices are 
the more likely ones in these cases. 

Also given in Table I are our values for B(E2), 
obtained from our yield data, and in the case of the 
123-kev gamma ray, the internal conversion coefficients 
of Alburger and Grace.’ The favored factor, F, is the 
ratio of B(E2) observed to that expected for a single- 
particle transition. 
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123-kev-14-kev cascade. Their results are consistent with this 
value of 4. 
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It is shown that for nuclei in which the ground state wave function is symmetric in the space coordinates 
of all the nucleons, such as H?, H*, He’, He‘, the integrated bremsstrahlung-weighted cross section for 
electric dipole absorption is simply related to the mean-square radius of the nucleus, independent of the 
existence of correlations between the motions of the nucleons. This relationship was first derived by Levinger 
and Bethe on the assumption of absence of correlation, and was found to be at variance with known experi 
mental! results in heavy nuclei. Experimentally, the relationship is well verified by data on H? and Het. 
The relationship of the integrated bremsstrahlung-weighted cross section to certain nuclear parameters 


in the case of Li® is briefly discussed. 


ET the electric dipole absorption cross section, 

neglecting retardation, of a nucleus for photons 
of energy E, averaged over all orientations of the 
nucleus, be denoted by o(E£). The integrated brems- 
strahlung-weighted cross section o, is then defined by 


“ o(E) 
a= f dE. (1) 
E 


0 


In a now classic paper, Levinger and Bethe' showed 
that under certain assumptions, o» is related to the 
mean-square-radius ®® of the nucleus in its ground 
state. The assumption involved was essentially a lack 
of correlation between the motion of individual nucleons 
in the nucleus (statistical model). A comparison of the 
formula which they obtained,’ 


4n*? f/e?\ ZN 
o,=- ( ). ~—(R? (2) 
3 \tc7 A-1 


(where N, Z, and A are, respectively, the neutron 
number, atomic number, and mass number of the 
nucleus), with available experimental data showed that 
the above assumption is not justified in heavy nuclei. 
These authors suggested that better agreement with 
experiment would follow if one assumes a crude a- 
particle model of the nucleus and takes ®&? in Eq. (1) 
to represent the mean-square-radius of the a-particle 
units. 

Recently, Rustgi, and Levinger® have studied the 
photoeffect in the lightest nuclei H*®, H’, He*, and He‘, 
and among other matters have investigated the cross 
section a». The entire analysis has been based primarily 
on wave functions for these nuclei obtained by vari- 
ational techniques. In the case of He‘, where recent 
experimental data allow the determination of an experi- 


* Work supported by the U. S. Atomic Energy Commission. 

! J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950) 

2In the original formula of Bethe and Levinger, which was 
correct only to terms of order 1/A, the factor A replaced the 
factor A—1. 

3M. L. Rustgi and J. S. Levinger, Bull. Am. Phys. Soc. Ser 
II, 2, 62 (1957); M. L. Rustgi, doctoral dissertation, Louisiana 
State University (unpublished); M. L. Rustgi and J. S. Levinger, 
Phys. Rev. 106, 530 (1957). 


mental value for o», they find that this is nearly twice 
as large as the theoretical values obtained from the 
wave functions. They attribute the difficulty to the 
fact that the wave functions give too small a mean 
square radius for Het, as is also indicated by the fact 
that the mean square radius of He‘ as measured by 
scattering of fast electrons is also in disagreement 
with the theoretical values. On the other hand, they 
note that if the observed o» is used to calculate a mean 
square radius from Eq. (1), this value is in agreement 
with the experimental value measured by electron 
scattering. 

The present author has noted that the validity of 
Eq. (1) for these four nuclei does not depend at all on 
the presence or absence of correlations in the motion of 
the nucleons in these nuclei but follows from the single 
assumption that the ground-state wave function is 
symmetric in the space coordinates of the nucleons 
involved. Such symmetry can exist even in the presence 
of intense correlations in the nucleonic motion. 

We are thus faced with the question as to the extent 
that this assumption of space symmetry is justified. 
In the case of H’, this assumption is rigorously correct 
on the basis of parity considerations. It would also be 
rigorously correct for H*, He’, and Het if the forces 
between nucleons are of an attractive Wigner and 
Majorana character only, and nearly correct if forces 
of this character strongly dominate the coupling scheme 
in these nuclei (Wigner supermultiplet approximation), 
Even in the presence of some Bartlett, Heisenberg, 
and tensor forces, variational calculations have indi- 
cated that the dominant term in the ground state of 
these nuclei is still the completely symmetric S$ state 
with relatively small admixtures of D, P, and asym- 
metric S states. This last statement, in itself, is not 
sufficient to justify Eq. (1) since even if the percentages 
of asymmetric states are small (of the order of a few 
percent), their amplitudes may still be quite large and 
there can be contributions from cross-terms between 
symmetric and asymmetric states. However, a fortunate 
circumstance intervenes: After the symmetric S state, 
the most important terms which appear to be present 
in the ground states are D terms, and cross terms be- 
tween S and D terms do not enter into the derivation 
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of (2). The only cross-terms which could be important 
are those between the dominant symmetric S state and 
another asymmetric S state. The amplitudes of the 
latter seem to be very small. 

Our conclusion is therefore that Eq. (2) should be 
quite accurate for these nuclei, and its failure to be 
verified would raise serious doubts concerning our 
present picture of the ground-state wave functions for 
these nuclei. 

To derive Eq. (2) on our stated assumptions, we 
begin with some general considerations. Let r, (p=1, 
2, -**Z) be the position vectors of the protons, r, 
(n=1, 2, ---N) be the position vectors of the neutrons 
in a nucleus of mass number A=Z+N. We let R 
represent the center of mass of the nucleus, Rp the 
center of mass of the protons in the nucleus, and Ry 
the center of mass of the neutrons in the nucleus. The 
electric dipole moment of the nucleus, relative to its 
center of mass, is then 

x = (ZN/A yeRpy, Rpyw . Rp-— Ry. 
Now employing the familiar expression for o(£) and 
the closure relation in the usual way,' one obtains 


4r? 4m? fe? \ Z*N? 
op=——(P") = ( ) (Rpy’), 
3he 3 \fnc/ A? 


(3) 


where the angular brackets mean the expectation value 
in the ground state of the nucleus. We have further that 


(Rpy*) ({- » a “ nf) 


ss Tp Tp’ 


1 1 1 
-( 2 ws + oe v2 t+ 
zo » N? a Z 


A” pep’ 


2 


1 
+ : Dd tata t 


l = 
By the exclusion principle, the wave function is anti- 
symmetric under exchange of space and spin coordinates 
of any pair of like nucleons. Since Rpy* does not involve 
the spin operators, it readily follows that (r,”) has the 
same value ap for all protons, (r,”) has the same value 
ay for all neutrons, (r,-r,:) has the same value 8 pp for 
all distinct pairs of protons, (r,-r,’) has the same value 
Bww for all distinct pairs of neutrons, and (r,-r,) has 
the same value 8 py for all proton-neutron pairs. Hence 


Z—1 V 


1 1 i 
Bppt 


ap+—an +t 
Z N 


—1 


(Rpy’)= Byn—2Bpn. 


We can derive similar expressions for the mean square 
radius ®&® of the nucleus, and for the mean square 


FOLDY 


radius ®2 of the nuclear charge distribution: 
l " 

R?=—-(> (r,— R)?+> (r,— R)?) 
Ap " 


Z(A—1) N(A—1) Z(Z—1) 
aieaomaes apt an— Bpp 


A? A? A? 


N(N—1) 
Bwn = 
A? 


2ZN 


Ben, 
2 


1 
R2=—-+> (r,—R)?) 
Zp 


2 2 N (2A —Z)(Z—1) 
(1 - + Jur an = ies Bpp 
| A? A? 


N(N-1) 2N? 
+ Bun- Ben. 
A? A? 


Now, if the ground-state wave function is further 
assumed to be completely symmetric in the space 
coordinates of all nucleons, one has* 


ap=ay=a, Bep=Byn=Bpn=B. 
Thereupon 
A-1 
=R?=——(a—§), 
é 
A A’ 
~(a—B) =- 
ZN ZN(A—1) 


4m’ fe? \ ZN 

( ) R-?. 
3 \hcT AI 
It should be remarked that the complete spatial 
symmetry of the wave function is a sufficient but not a 
necessary condition for the validity of (4). 

The best experimental determinations of the mean 
square radius of the charge distribution are those 
obtained by high-energy electron scattering.* However, 
care must be exercised in employing these in the 
above equation since these experiments have also 
shown that the free proton itself has a root-mean-square 
radius Rp=0.77X10~" cm, while the above derivation 
is correct only for a proton with a point charge. The 
electron-neutron interaction experiments also indicate 
the existence of a finite second radial moment of the 
charge density distribution of a neutron, but this is 
sufficiently small to be neglected in the above calcu- 
lation. The formula (4) can be corrected for the finite 
size of the proton charge distribution, provided one 
assumes that this charge distribution is not appreciably 
polarized when the proton is in the close proximity of 
other nucleons in the nucleus. In this case, we may 


rh 


(R py’)= GR, 


(4) 


op 


‘For a charge-symmetric (self-conjugate) nucleus, ap=aw and 
Bpp=Bwn. 
* See R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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write in place of (4) 


—(-) ZN 
"5, « " 

3 \hc7 A-1 
where ®/ is now the directly measured mean square 
radius of the nucleus involved. 

If one applies Eq. (5) to deuterium and inserts the 
values obtained from high-energy electron scattering 
experiments by Hofstadter and his collaborators :*~? 
R.=2.10K10-" cm, Rp=0.77K10-" cm, one obtains 
o»=3.70 millibarns. From the experimental data on 
photodisintegration of the deuteron, Rustgi and 
Levinger® obtain a value for o, (after correction for 
photomagnetic contributions to the cross section) of 
3.7 millibarns. The agreement is excellent. The situation 
in Het is also satisfactory. The measured value of &, 
by electron scattering®*® is 1.61X10~" cm, with an 
accuracy of probably better than 5%. This yields from 
Eq. (5) the value o,=2.53 millibarns. Rustgi and 
Levinger’ obtain for a direct experimental value 2.7 
millibarns with an accuracy of 10%. The good agree- 
ment suggests (1) that the symmetry assumption is 
reasonably well fulfilled, and (2) that the charge 
distribution measured by high-energy electron scat- 
tering is the same charge distribution which gives rise 
to electric dipole absorption of radiation at moderate 
energies. 

The failure of variational wave functions to yield 
satisfactory values of either ®, or o» for He* suggests 
that the assumptions concerning nuclear forces con- 
tained in these calculations may be severely in question. 
Whether repulsive cores, many-body forces, or nonlocal 
forces are required to rectify the situation is not clear. 


(R2— Rp’), (5) 


6 J. A. McIntyre and R. Hofstadter, Phys. Rev. 98, 158 (1955); 

A. McIntyre, Phys. Rev. 103, 1464 (1956). 

7 Professor Levinger has kindly informed us that he and M. L 
Rustgi have reanalyzed the data of McIntyre by a somewhat 
different method. They obtain a value for ®.(H*)= 2.14 10-4 
cm in essential agreement with McIntyre. We are indebted to 
Professor Levinger for this information and for general comments 
on this manuscript. 

®R. W. MacAllister and R 
(1956); R. Blankenbecler and R 
Soc. Ser. II, 1, 10 (1956). 


Hofstadter, Phys. Rev. 102, 851 
Hofstadter, Bull. Am. Phys 
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Unfortunately, no information is available concerning 
H? and He’ and it would clearly be of interest to have 
determinations of ®, and oy for these nuclei. 

When one goes to nuclei heavier than Het, a» is no 
longer related to any simple parameters of the nucleus 
and it therefore can yield useful information only on 
the basis of further assumptions concerning the ground- 
state wave function which may have little substantial 
basis in fact. The case of Li® shows some promise, 
however. Some valuable information may be obtained 
if one is willing to admit the following assumptions? ; 

(1) Li® has a structure consisting of an alpha particle 
and two loosely bound nucleons, the alpha particle 
being unpolarized by the orbital nucleons, 


(2) One can neglect the Pauli principle in requiring 
that the wave function be antisymmetric with respect 
to an orbital nucleon and a like nucleon bound in the 
alpha particle. In this case one can show that 


o,(Li*) =0,(He*) +4 (6) 


r fe 
( Jor 
3 Nhe 


where (r’) is the mean square separation of the orbital 
proton and neutron. Under the same assumptions, 
knowledge of the mean square radius of the charge 
distribution in Li® (which is available)’ would allow 
one further to determine a second important parameter 
of the wave function, namely (p’), the mean square 
separation of the center of mass of the alpha particle 
and the center of mass of the two orbital nucleons, 
through the formula 


R2(Li*) = §(p?) + pals?) +3 R?2(He)+4Rp*. (7) 


Knowledge of the two parameters (r’) and (p*) would be 
quite valuable in setting up reasonable wave functions 
to represent the ground state of Li®. The validity of 
the above assumptions is not free from question, 
however. 


* These assumptions are equivalent to assuming that the ground 
state wave function is a simple product of a function of the 
internal coordinates of the a particle by a function of the co 
ordinates of the orbital nucleons relative to the center of mass of 
the a@ particle 
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Fast-neutron inelastic scattering has been studied in a number of elements by observation of the de 
excitation gamma rays with a single-crystal NaI (TI) spectrometer. Neutrons of energy 4.4+0.1 Mev were 
used to bombard isotopically enriched scatterers of Ti, Cr, Ni, Zn, Ge, and W, and normal scatterers of 
Cl, Sr, Nb, Nd, Sm, and Gd. The low-lying levels in Ti’, I, and W are studied using neutron energies between 
0.50 Mev and 1.45 Mev, Energies and relative yields of the gamma rays are given, and their assignment to 
various excited states is discussed. Previously unknown states were found in Ti, Cr®, Zn™, Zn", and Ge". 


INTRODUCTION 


HE work described herein is a study of the de- 

excitation gamma rays following fast-neutron 
scattering. The use of enriched isotopes of some of the 
elements investigated has made possible positive iso- 
topic assignments of the observed gamma rays, and the 
detection of radiation from the less abundant isotopes. 
The gamma rays have been assigned to various excited 
states of the nuclei by arguments based on their energies 
and yields, as well as by comparison with the results of 
other experiments. 


EXPERIMENTAL 


All of the gamma rays, except those from the tungsten 
isotopes and the low-energy radiation from Ti*’, were 
studied by a method described previously.!? Neutrons 
of energy 4.44+-0.1 Mev were produced by the bombard- 
ment of a deuterium-gas target with deuterons from the 
Westinghouse electrostatic generator. A 14-in.X 1}-in. 
cylindrical NaI(TI) crystal, shielded from the neutron 
source by a 10-inch tungsten wedge, was used to detect 
gamma rays from various scatterers exposed to the 
neutrons. The calibration of this spectrometer was 
effected by interleaving pulse-height spectra from radio- 
isotopes between those obtained with a scattering 
sample? The stability of the electronics has been im- 
proved since the previously reported work, and the 
measurements of the energy of a given gamma ray were 
often reproducible to within several kev. The probable 
errors given here, however, are twice those calculated 
from the spread of the data or 10 kev, whichever is the 
greater. This is done to allow for systematic errors, 
mainly associated with locating the position of the total 
absorption peaks, and because of the belief that + 10 
kev represents the best accuracy now obtainable with 
this spectrometer for gamma rays of this energy range 
(0.5 Mev to 1.5 Mev). Relative yields were obtained as 
described previously. 

Isotopically enriched samples of titanium, chromium, 
nickel, zinc, germanium, and tungsten were obtained on 
loan from the Stable Isotopes Research and Develop- 

* Assisted by the Office of Naval Research, the U. S. Atomic 
Energy Commission, and the Wright Air Development Center 


'R. M. Sinclair, Phys. Rev. 99, 1351 (1955) 
2?R. M. Sinclair, Phys. Rev. 102, 461 (1956) 


ment Division, Oak Ridge National Laboratory. Each 
sample was in the elemental form as a 1-in.X1-in. 
block, and thickness given by the quantity of material 
available. Table I gives the weights and enrichments 
of these samples. In addition, niobium, which is 
monoisotopic® was investigated, using a larger metal 
plate (3§ in.X34 in. 4 in., 292 grams) placed at 45° 
to both the incident neutrons and the axis of the 
crystal. 

Chlorine, strontium, neodymium, samarium, and 
gadolinium were studied using naturally polyisotopic 
scatterers. Only the energies of the gamma rays were 
measured for these elements, and yield data were not 
obtained. Each scatterer was in the elemental form 
except that for chlorine, which was hexachloroethane. 
These scatterers were also 1-in.X1-in. blocks and 
weighed ~50 grams. 

The low-energy (~100 kev) gamma rays from Ti” 
and the tungsten isotopes were studied by a method 


TaBLe I. Isotopic composition and weight of the enriched scatterers 
as reported by the Oak Ridge Nationa! Laboratory. 


Enrich- 
ment 
Isotope (%) 


ORNL lot 
number 


Weight 


Other isotopes present®* (>5%) (grams) 


3,638 
2.570 
2.906 
37.480 
4.128 
1.402 
1.578 
3.878 
27.012 
2.882 
5.417 
4.843 
2.783 
9.875 
15.300 
3.036 
17.284 
5.144 
7.875 
3.043 
8.379 
6.425 


GA752(a) 
GA753(b) 
GA753(a) 
GA754(a) 
GA755(b) 
GA756(a) 
GA756(b) 
GS840(a) 
GZ869 (a) 
GR839(c) 
FJ670(a) 
EK557 (a) 
EK559(a) 
FZ747 (a) 
FZ748(a) 
FZ749(a) 
FZ750(a) 
FZ751(a) 
EL562(a) 
EL563(a) 
EL564(a) 
EL565(a) 


$4.4 
70.0 
82.7 
97.6 
27.5 
80.3 
71.4 
75.2 
99.7 
79.6 
98.5 
93.8 
95.5 
91.4 
94.9 
78.0 
95.8 
81.0 
92.3 
82.6 
95.1 
97.5 


Ti* (11.8%) 

ian bree ), Ti (15.1%) 

Ti* 0%) 

None 

Ti* (69.6%) 

Ti (12.2%) 

a ore ), Ti® (11.5%) 
r 1%) 

None 

i (13.6%), Cr® (6.1%) 

None 

None 

None 

None 

None 

a (11.1%), Ge™ (7.7%) 

wone 

Ge™ (9.5%) 

None 

W'™ (10.6%) 

None 

None 


* Other elements present in negligible amounts. 


* White, Collins, and Rourke, Phys. Rev. 98, 1174(A) (1955). 





NUCLEAR ENERGY 


described by Guernsey and Wattenberg.‘ A 1-mm thick 
by 1-in. diameter NaI(T1) crystal was mounted with a 
0.001-in. aluminum reflector on a 6291 photomultiplier. 
Neutrons were produced by the proton bombardment 
of a 100-kev thick zirconium-tritium target. The crystal 
was placed 3 inches from the target at 0° to the incident 
charged-particle beam, and the entire target-crystal- 
phototube system was surrounded by a 5-in. diameter, 
}-in. thick lead shield. No shielding was placed between 
the neutron source and the crystal. 

Each scatterer was taped to a 1-in.X 1-in. x }-in. lead 
block. With the scatterer placed against the crystal, the 
pulse-height spectrum of the gamma rays from neutron 
scattering in the sample was superimposed on that due 
to the interaction of neutrons with the I’ in the 
crystal. By reversing the scatterer and placing the lead 
against the crystal, the gamma radiation from the 
scatterer was absorbed and a background curve ob- 
tained. The difference between these two curves gave 
the gamma-ray spectrum from the scatterer. No ac- 
curate measurements of the energies of these gamma 
rays were made, Each gamma ray could be associated 
with a known nuclear level, however, and Fig. 1 shows 
a plot of peak position versus presumed photon energy. 

Gamma-ray yields were obtained in the manner 
described by Guernsey.‘ The tungsten scatterers were 
all infinitely thick for the gamma rays produced in 
them. The crystal photopeak efficiency was taken 
proportional to the energy-dependent absorption prob- 
ability of photons incident normally on 1-mm_ thick 
Nal.® The neutron flux was monitored by a Hanson 
long counter placed at 90° to the proton beam, and 
corrected for the angular distribution of the neutrons.® 
Corrections were made for internal conversion, using 
the data of Murray ef al.’ for W'* and W'*, Internal- 
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Fic. 1, Observed pulse height of total absorption peaks versus 
presumed gamma-ray energy for various isotopes, using the 1-mm 
thick crystal. Neutron energy=1.00 Mev. The point marked 
“T]®™*”” was obtained with x-rays from a source of that material. 


‘J. B. Guernsey and A. Wattenberg, Phys. Rev. 101, 1516 
(1956). 
§ “Cross Sections for Photon Interactions with NaI,” Oak Ridge 
National Laboratory Drawing 9500 (unpublished). 
( * J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 103 
1956). 
( 7 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 
1955). 
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TaBLe II, Gamma radiation from monoisotopic scatterers, 


I evel as 
Relative signment 
isotopic yield (0 =ground 
(normalized state, Energy 
to the most 1 =first from 
intense gamma_ excited other 
Iso Gamma-ray ray from each state work Reter 
tope energy (Mev) element) ek (Mev) ence 
Tie* 0.887 +0.010 0.90 40.36 1-0 0.89 a 
rie’ ~A.160 1-0 0.160 a 
1,34440.015 0.44 40,10 2-0 1.40 a 
or or 
2-1 1.24 
Ti 0,998 +0,010 0.50 +0.04 1-0 0.99 a 
1.329 +0,010 0.087 40.012 2-1 1.33 a 
1.449 + 0.018 0.055 40,020 $1 
Ti# None observed 
ri’ 1.59540.014 1.00 +0,20 1-0 1.58 a 
Cr 0.787 40.010 1.00 +0.08 1-0 
Cr” 0.960 +0.020 0.044 40.010 2-1 0.94 a 
1.455 +0.010 0.64 40.10 1-0 1.45 
Crs 0.849 +0,010 0.65 +010 1-0 0.84 a 
Ni®@ 1.339 40.014 . 1-0 1.3325 a 
Zn” ~A),77 2-1 
~1,00 1-0 1.00 a,b 
Zn** 0.836 +0.012 0.60 40.10 2-1 
1.051 +0.010 1.00 40.12 1-0 1.04 a, b 
Zn" 0.82140.012 0.38 40.12 2—1 0.81 a 
1,099 +0,014 0.76 40.12 1-0 1.10 a 
Gee 1.05140.014 0.80 +0.08 1-0 1.036 a 
Ge 0.637 +0,021 0.31 40.04 $-+2 0.630 a,c, d 
0.840 +0,013 0.97 +0.09 2-0 0.835 a,c, d 
Ge" None observed 
Ge" 0.607 +0.018 0.81 +0.06 1-0 0.5964 a 
1.23040,019 0.047 4 0,008 2-0 
Ge" 0,560 +0,020 1.00 +010 1-0 0.566 a 
Nb*® 0.521 40.010 0.52 40.10 
0.759 +0.010 0.95 +0,06 
0.971 40,010 1,00 +0.09 
wie ~A), 100 1-0 0.10009 © 
wie ~A).099 See Fig. 2 2-0 0.09907 e 
wis 0.112 ( oe ee 1-0 0.112 f 
wiee A” 124) 1-0 0.124 f 
*Way, King, McGinnis, and van Lieshout, Nuclear Level Schemes, 
A =40-—-A =92, Atomic Energy Commission Report TID-5300 (U.S 


Government Printing Office, Washington, D. C,, 1955) 
»C, Kk, Weller and J. C, Grosskreutz, Phys. Rev, 102, 1149 (1956) 
* Kraushaar, Brun, and Meyerhof, Phys. Rev. 101, 139 (1956). 
4 Brun, Kraushaar, and Meyerhof, Phys. Rev, 102, 808 (1956), 
* Murray, Boehm, Marmier, and DuMond, Phys. Rev, 97, 1007 (1955) 
‘ McClelland, Mark, and Goodman, Phys, Rev. 93, 904 (1954) 


conversion coefficients for the gamma rays from W'™ 
and W!* were found by taking the coefficients for the 
various £2 transitions in W!* and W!**, and inter- 
polating for other gamma-ray energies. The resultant 
gamma-ray production cross sections are only relative, 
since the absolute efficiency of the crystal was not 
measured. 
RESULTS 


The energies and yields of the gamma rays observed 
from the monoisotopic scatterers are given in Table II, 
and those of the polyisotopic scatterers in Table III. 
These gamma rays are all assigned to neutron inelastic 
scattering. Some weakly excited gamma rays reported 
by other observers could not be detected with these 
small samples. The relative isotopic yield is normalized 
to the most intense gamma ray from each element. The 
assignments to excited states are also indicated in 
Tables II and II, and compared with the results of 
other experiments. 

Figure 2 shows the relative cross section for produc- 
tion of gamma rays from the tungsten isotopes as a 
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Taste ITI. Gamma radiation from polyisotopic scatterers. 


Assignment 


Trans 
tion 


Energy from 
other work 


(Mev) 


Gamma-ray 


Element energy (Mev) Isotope Reference 


Cc) 1,234-0.01 A) 1.220 


1.762 


a,b 
a, b 


1 
1.7740.01 * 2—0 


Sr 0.884-0.01 : *1 
1.854-0.01 S ) 


0.909 
1.850 


Nd 0.46+0.01 N +) 


0.455 
1,6€04-0.02 / ~A) 57 


576 


Sm None observed 


Gd None observed 


* Van Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 656 (1956). 
» Endt, Paris, Sperduto, and Buechner, Phys. Rev, 103, 961 (1956). 

* Lazar, Eichler, and O' Kelley, Phys. Rev. 101, 727 (1956). 

4N. P. Heydenburg and G. M. Temmer, Phys, Rev. 100, 150 (1955) 

* Jensen, Laslett, and Zaffarano, Phys. Rev. 80, 862 (1950). 


function of neutron energy. The curve for normal 
tungsten represents the production of gamma rays 
of energy 100 to 125 kev from the normal isotopi 
mixture, and was obtained by adding the curves for all 
isotopes weighted by the natural abundances, 


DISCUSSION 
Titanium 


The assignments made in Table I for the gamma rays 
from the titanium isotopes agree with the previously- 
known excited states.* The 1.344-Mev gamma ray 
could be the second-to-ground state transition in Ti‘ 
measured elsewhere as 1.40+-0.08 Mev, or the second- 
to-first state transition of 1.24+-0.08 Mev.’ There was 
no indication in the present work of a second gamma ray 
0.16 Mev higher or lower in energy. 

The yields of the gamma radiation from the even-even 
first excited states are equal to within a factor of two. 
The 1.449-Mev gamma ray from Ti* is assigned to the 
third-to-first state transition. Its yield is similar to that 
of the 1.324-Mev gamma ray, and it is unlikely that it 
comes from a state as high as 2.32+1.45=3.77 Mev, 
only 0.6 Mev below the neutron bombarding energy. 
This would require the third excited state to lie at 
2.447 Mev. A reasonable assignment for this state is 2+ 
which would not be excited by the decay of Sc** or V“*.* 
There is previous evidence for a state just above the 
2.32-Mev level.® 


Chromium 


The gamma rays from Cr” and Cr® fit accurately into 
the known level schemes, and are assigned accordingly. 
The 0.787-Mev gamma ray, by analogy with the other 


*Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40-—-A=92, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 

* Bretscher, Alderman, Elwyn, and Shull, Phys. Rev. 96, 103 
(1954) 
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two intense ones, is assigned to the decay of the first 
excited state of Cr®, thus locating this level. This value 
is in keeping with the energies of the first levels of other 
even-even nuclei in the neighborhood of 28 neutrons.'®"! 


Nickel 


An enriched Ni® sample was made available recently. 
The direct observation of the 1.339-Mev gamma ray 
from it confirms the assignment made previously,? using 
Ni®* and norma) nickel. The energy of this gamma ray 
was measured by alternate comparison with a Co® 
source. 


Zinc 


Radiation of energy 0.825+0.010 Mev and 1.024 
+(0.010 Mev was observed from a normal zinc scatterer. 
These energies correspond to the maxima of characteris- 
tic total-absorption peaks; both these peaks were 
composite, and each was caused by more than one 
gamma ray. The 1.024-Mev peak was too wide to be 
produced by a single gamma ray, and too low in energy 
to be due to the gamma rays observed from the Zn® and 
Zn® scatterers. [The half-widths of peaks from single 
gamma rays were measured from the interleaved 
calibration spectra, and interpolated by assuming a 
variation of resolution as (photon energy)~!.] It is 
then due to an overlap of the 1.051- and 1.099-Mev 
gamma rays and roughly an equal amount of an 
~ 1.00-Mev gamma ray from the first level in Zn™.* The 
().825-Mev peak had a low-energy tail. After subtraction 
of the composite of the 0.821-Mev and 0.836-Mev 
radiation from Zn® and Zn, a new photopeak at 
~0.77 Mev remained, again due to Zn™. The energy of 
these two gamma rays found by “unpeeling”’ could not 





T 
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w'®3 99kev 
w'84 112 kev 
w'®6 124 kev 
W, ~ 110 kev 
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Fic. 2. Relative cross sections for production of the indicated 
gamma rays from the tungsten isotopes by fast neutrons versus 
neutron energy. The curve for normal tungsten was obtained 
by weighting each curve by its isotopic abundance and adding. 


” G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
" P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953). 
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be measured as accurately as that of the others, and 
these values are estimated to be accurate to only 
+30 kev. 

The assignment of the two gamma rays from Zn** 
agrees with the known® energy of the first two states. 
The 0.821-Mev transition has not been reported 
previously, although its excitation is energetically pos- 
sible by orbital electron capture of Ga®. The location 
of the Zn® 0.836-Mev gamma ray as the second-to-first 
state transition, and the consequent placing of the 
second state at 1.887 Mev, are analogous to the results 
of Zn®. Such a state, if it were 44+, would be only 
weakly excited in the decay of Cu® and could have 
escaped previous detection.* The yield of the 0.77-Mev 
gamma ray is approximately equal to that of the 0,836- 
and 0.821-Mev gamma rays, and again by analogy it is 
assigned to the second-to-first state transition in Zn®, 
This locates the second state at ~1.77 Mev. This is 
consistent with the data of Weller and Grosscreutz,” 
and requires only one change in their suggested level 
scheme for Zn™, The ratio of the energies of the second 
to the first excited state of Zn®, Zn®, and Zn® is then, 
respectively, 1.75, 1.80, and ~1.77, 


Germanium 


The isotopic assignments made by direct observation 
confirm those made previously from a study of normal 
germanium." The level assignment of the most intense 
gamma ray from each isotope is straightforward, and is 
confirmed by the agreement with the results of other 
experiments. It should be noted that the present 
experiment could not detect the 0+ first state* of Ge”. 
The excitation of the 2+ second state, however, is 
comparable to that of the 2+ first states in Ge”, Ge”, 
and Ge"®, even after allowing for the contribution to the 
().840-Mev gamma ray by the cascade from the third 
state. ‘ 

The 0.637-Mev gamma ray from Ge” is assigned to 
the third-to-second state transition. Studies of the 
decay of Ga” and As” !® have shown that the ratio 
of crossover to cascade radiation from the third state 
of Ge”® is 0.13. The yield of this 1.46-Mev crossover 
gamma ray in the present work should thus be 0.31 
X0.13-~0.04, and be comparable to that of the 1.230- 
Mev gamma ray from Ge™, The latter gamma ray could 
be clearly detected, while no evidence for a 1.46-Mev 
gamma ray from Ge” could be found. An upper limit 
of a quarter of the yield of the 1.230-Mev gamma ray 
can be placed on that of any 1.46-Mev radiation, giving 
an upper limit on the crossover/cascade ratio of 0,04, 
as measured by this experiment. 

The assignment of the 1.230-Mev gamma ray to the 
second-ground state transition in Ge” follows from the 


2C. E. Weller and J. C. Grosscreutz, Phys. Rev. 102, 1149 
(1956). 

18 R, M. Sinclair, Phys. Rev. 99, 621 (1955). 

4 Kraushaar, Brun, and Meyerhof, Phys. Rev. 101, 139 (1956) 

'6 Brun, Kraushaar, and Meyerhof, Phys. Rev. 102, 808 (1956) 
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location of the corresponding states in nearby even-even 
nuclei.!® The low yield of this gamma ray relative to the 
0.607-Mev radiation suggests that this state decays 
more often by a 0.62-Mev gamma ray to the first state. 
The 0.607-Mev total-absorption peak in the pulse- 
height spectra, however, has the width and shape 
expected of a peak from a single gamma ray, determined 
by comparison with those from radioactive sources. 
This indicates that if it is caused by two gamma rays of 
nearly equal energy and comparable yield, these two 
are <30 kev apart in energy. Thus the presence of such 
a cascade cannot be proved or disproved from this work. 


Niobium 


No assignments are possible from present information 
for the niobium gamma rays, although it seems likely 
the 0.759-Mev and 0.971-Mev gamma rays are in 1:1 
cascade, 

The energy of the 0,521-Mev radiation was compared 
with that of annihilation radiation, and was consistently 
higher. This gamma ray could not be detected from the 
scatterer immediately after mechanical interruption of 
the deuteron beam, which sets an upper limit of } sec 
on its half-life. Since no short-lived positron emitters 
san be made by 4Mev neutron bombardment of Nb”, 
it is concluded that this is a nuclear transition and not 
annihilation radiation. 


Tungsten 


The energies of the gamma rays from the tungsten 
isotopes were not measured accurately, but the various 
radiations can be associated with the excitation of 
known levels. It is of interest to note that the excitation 
curves for the various excited states, shown in Fig. 2, 
are very similar in both magnitude and shape. The 
minimum in the curves can be explained by competitive 
excitation of higher states; the subsequent rise at higher 
neutron energies is then due to the excitation of even 
higher states cascading to the lower levels. These results 
are in agreement with earlier work with normal tung 
sten,* although the minima in the yield curves is more 
pronounced in the present results. 

A search for higher energy gamma rays showed that 
the previously reported” radiation of energy 0.64 and 
0.77 Mev is due to neutron interactions in the iodine of 
the detecting crystal'’'* and does not come from tung- 
sten. In this earlier work" a “background” obtained 
with a carbon scatterer was subtracted from the 
tungsten data after normalization. The actual neutron 
spectrum entering the crystal from the tungsten 
scatterer was different from that from carbon, contain- 
ing more low-energy neutrons which emphasized these 
gamma rays.!7 


16. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955) 

17 R. B. Day, Phys. Rev. 102, 767 (1956). 

‘6 J. J. van Loef, thesis, Utrecht, 1955 (unpublished) 
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Chlorine 


The 1.23- and 1.77-Mev gamma rays from chlorine 
can be assigned by energy comparison as ground state 
transitions from the first two states of Cl* at 1,220 Mev 
and 1.762 Mev, respectively.” A state in Cl*’ has been 
reported at 1.713 Mev” or 1.728 Mev.” No evidence 
was found for a gamma ray of this energy on the low- 
energy side of the 1.77-Mev peak. This peak was sym- 
metrical, and had a half-width equal within the error 
of measurement to that from the 1.71-Mev gamma ray 
from Sb™. This sets an upper limit of ~5% of the 
intensity of the 1.77-Mev gamma ray on any 1.71-Mev 
radiation from normal chlorine, or ~10% on any 
1.73-Mev radiation. 


Strontium 


Placing the 0.88-Mev gamma ray in cascade above 
the 1.85-Mev gamma ray agrees with the known level 
scheme of Sr*,* and the observation that the bombard- 
ment of strontium by 1.2-Mev neutrons produces no 
gamma rays.'*.”* 


Iodine 


The gamma rays from I'*’(n,n'y)I'*" were observed 
as background in the study of the tungsten isotopes. 
The yield of the 62-kev gamma ray was measured, and 
found to be essentially the same as reported previously.‘ 
The anomalous behavior of the 145-kev gamma ray 


reported elsewhere'* was noted here: its yield in- 
creased as the neutron energy was reduced to 150 kev, 
sc it must come from a process other than inelastic 
scattering. 


Neodymium 


The isotopic assignment of the two observed gamma 
rays was made on the basis of the previously known 
first excited states in Nd’ and Nd*.™ Another 
isotope of approximately equal abundance is Nd™, 
but the corresponding transition, known from beta 
decay to be 0.69 Mev,” could not be identified in these 
measurements. 


Van Patter, Swann, Porter, and Manderville, Phys. Rev. 103, 
656 (1956), 

® Schiffer, Gossett, Phillips, and Young, Phys. Rev. 103, 134 
(1956) 

* Endt, Paris, Sperduto, and Buechner, Phys. Rev. 103, 961 
(1956) 

™ J. J. van Loef and D. A. Lind, Phys. Rev. 101, 103 (1956). 

* Jensen, Laslett, and Zaffarano, Phys. Rev. 80, 862 (1950). 

*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955) 

* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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CONCLUSIONS 


This work completes the study of the available 
even-even isotopes from 2:Ti to y2Ge, as well as +,W. 
The energies of the levels measured here agree in all 
cases with the values from other experiments. Where 
new levels have been found, their spins and parities can 
be estimated from the fact that they are not excited by 
other means, while the excitation by fast neutrons is not 
strongly dependent upon these parameters. 

Certain regularities are now apparent in the results. 
First, the new levels fit into the systematic pattern 
reported elsewhere.”°" Secondly, the excitation of the 
first excited state of the several even-even isotopes of 
each element is surprisingly uniform. The greatest 
difference occurs in the titanium isotopes, where there 
is a factor of 2 between Ti** and Ti®. The validity of 
the measurements is limited because of the question 
of cascade versus crossover transitions from the higher 
states, but this will not change the observed excitations 
markedly. 

The only noticeable disagreement between this work 
and other experiments occurs in the cascade structure of 
Ge”, as previously discussed. (Another discrepancy, 
discussed fully in a previous publication,’ occurs in 
Te.) 

Future work by this method can be done as more 
separated isotopes become available. The regions of the 
periodic table at or near magic proton or neutron 
numbers, where the first few levels are high and widely 
spaced, can be studied by the use of the first experi- 
mental method described here. In other regions of low 
excited states, the thin-crystal technique would be more 
useful. 
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Spallation-Fission Competition in Heaviest Elements: Triton Production* 
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Stacked foils of Au'*’, Th**, and U™* were bombarded, in a series of experiments, with 48-Mev helium ions, 
24-Mev deuterons, and 32-Mev protons. Tritium from each foil was collected and then measured by a gas 
counting technique. The qualitative results indicate that high-energy tritons are emitted in relatively 
large abundance from all targets and with each of the bombarding particles. Cross sections for triton pro 
duction from fissionable U** and Th and from nonfissionable Au'”’ are comparable. The integrated (a,t) 
cross sections thus determined for U** and Th* are nearly the same as the integrated cross sections for the 
“(a,p2n)” reactions as determined by measuring the yield of the product heavy isotopes in radiochemical 
experiments. All of the facts are consistent with a picture of emission of high-energy tritons (whether due to 
a stripping, pickup, or other mechanism) in which fissionable intermediate nuclei are formed mainly at levels 


of excitation below their fission thresholds. 


I, INTRODUCTION 


ONSIDERABLE information about nuclear-reac- 
tion mechanisms can be obtained both from 
radiochemical yield studies of residual nuclei and from 
investigations of outgoing neutrons, protons, and other 
small particles. Initial studies of the present series!‘ 
dealt with radiochemical yields while the present study 
is the first to measure the yield of an outgoing particle. 
In the first paper of the series! radiochemically deter- 
mined yields were reported for spallation products from 
helium-ion-induced reactions in plutonium isotopes. 
These yields were characterized by the similar mag- 
nitude of the (a,xn) and (a,pxn) type cross sections. The 
more recent radiochemical studies? of heavy-element 
nuclear reactions induced by helium ions of energies less 
than 50 Mev also have shown that certain cross sections, 
particularly that for the production of the (a,p2n) 
product, are too large relative to those for the produc- 
tion of the (a,xn) product to be explained on the basis 
of a compound-nucleus, evaporation picture in which 
charged-particle emission would be discriminated 
against. It has been observed that for U*,? U™*,* U%? 
and Th™,‘ the (a,p2n) reaction is, in general, the most 
prominent of all the (a,xn) and (a,pxn) reactions 
observed. These considerations led to the hypothesis 
that the large values of the (a,p2n) cross sections in the 
region of fissionable nuclei are due to direct interaction 
of helium ions and target nuclei in which are produced 
tritons of sufficient energy to often leave the residual 
nuclei in states below fission and particle-emission 
thresholds. If this is true, it is reasonable to expect 
comparable (a,p2n) type cross sections for the heavy 
fissionable and the somewhat lighter nonfissionable 
nuclides. The following work was undertaken to test 
this hypothesis, and includes work on the (d,t) and (p,t) 
reactions. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


t Present address: Stanford Research Institute, Palo Alto, 
California. 
! Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956) 
2S. Vandenbosch (unpublished). 
* Vandenbosch, Thomas, Glass, and Seaborg (to be published) 


‘B. M. Foreman (unpublished). 


Only a few experiments on tritium emission have 
previously been described. Tritons from the (a,#), (d,t), 
and (p,t) reactions in bombardments with projectile 
energies greater than 100 Mev have been observed.*~’ 
In experiments with 600- and 2000-Mev protons Currie, 
Libby, and Wolfgang® collected tritium from a number 
of elements and measured its radioactivity. With lower 
energy particles (<25 Mev), tritium production from 
deuteron and proton bombardments has been the sub- 
ject of experimental investigation in both the light- 
element’ and heavy but nonfissionable element"! 
regions. The stripping theory of Butler has been 
applied by Newns" by considering the (d,t) process as 
the inverse of stripping, i.e., neutron pickup. 


II, EXPERIMENTAL 


For the helium-ion and deuteron bombardments, 
stacked 0.05-mm foils of natural Au'®’ and isotopically 
pure U*™*, and 0.1-mm foils of nautral Th™ were 
subjected to the external beams of the 60-inch Crocker 
Laboratory cyclotron. The proton bombardments were 
carried out on the Berkeley linear accelerator using the 
same technique. In a later paper it will be shown that 
triton production by these three bombarding particles 
is quite general over the entire periodic table. For this 
reason it was impossible to vary the beam energy by 
imposing degrading foils in front of the target without 
introducing an extraneous source of tritons, Thus, only 
maximum-energy beams were available to the first foil 
in the stack (48-Mev helium ions, 24-Mev deuterons, 
and 32-Mev protons). 


‘LL. E. Bailey, thesis, University of California, 1956; also 
University of California Radiation Laboratory Report UCRL 
3334, 1956 (unpublished), 

*W.H. Barkas and H. Tyren, Phys. Rev. 89, 1 (1953). 

7R. Deutsch, Phys. Rev. 97, 1110 (1955). 

* Currie, Libby, and Wolfgang, Phys. Rev. 101, 1557 (1956), 

* J. R. Hoff and T. N. Marsham, Proc. Phys. Soc. (London) A66, 
1032 (1953). 

 B, L, Cohen and T. H. Handley, Phys. Rev. 93, 514 (1954) 

"J. A. Harvey, Can. J. Phys. 31, 278 (1953) 

"2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951) 

4H. C. Newns, Proc, Roy. Soc. (London) A65, 916 (1952) 
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The tritium was extracted by heating the foils to 
1200°C in a measured amount of hydrogen carrier 
followed by selective diffusion of hydrogen isotopes 
through a palladium thimble and introduction into a 
counter tube. This apparatus is essentially the same as 
used by Currie, Libby, and Wolfgang, who discussed the 
possible experimental errors inherent in the apparatus. 
Counting was done in the proportional region using a 
methane filling of 1 atmos pressure and a partial pres- 
sure of hydrogen of ~0.04 atmos. Counting rates varied 
from 2X 10" to 1 10° counts/min, representing a total 
yield of tritium from the target into the counter tube of 
35 to 40%. The experimentally determined triton 
counting efficiency was 85%, 


III. RESULTS 
A. (a,t) Reaction 


The apparent cross sections (a) in mb for the (a,t) 
reaction calculated on the basis of thin-target approxi- 
mations are shown in Fig. 1(A) as a function of the 
mg/cm? of gold, thorium, and uranium as measured 
from the end of the stack upon which the beam was 
incident. The number of tritium atoms found in a foil, 
the number of particles incident on the stack, and the 
atoms per cm? in the foil were employed in each calcula- 
tion. Since the helium-ion beam ranges are 460, 485, and 
500 mg/cm? of gold, thorium, and uranium respectively, 
the maximum cross section consistently seems to be 
observed at depths in the target beyond the range of the 
helium ions. The integrated (a,t) cross sections deter- 
mined for gold, thorium, and uranium are listed in 
Table I in units of millibarn-mm and tritons per 
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protons. All abscissas are 
expressed in mg/cm? of tar- 
get material with numerical 
scales as given below Secs. 
(A), (B), and (C). The 
ordinates are in units of 
millibarns with the in- 
dividual numerical scales 
shown for each of the nine 
curves. (A) Cross sections 
for triton production in- 
duced by helium ions; (B) 
cross sections for triton pro- 
duction induced by deu- 
terons; (C) cross sections 
for triton production in- 
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MATERIAL 


incident helium ion."* The cross sections are compared 
with cross sections for the production of the corre- 
sponding residual nuclei determined by the radio- 
chemical method in the cases of thorium‘ and uranium.? 
It will be noted that tritium-emission and residual- 
nuclei cross sections agree within 20% in both cases. 
Table I also shows that the integrated (a,t) cross section 
for gold agrees within 20% with the radiochemical yield 
yalues for the corresponding reaction for uranium and 


thorium. 
B. (d,t) and (p,t) Reactions 


Figures 1(B) and (C) show plots for the yields of 
tritium in the (d,t) and (p,¢) reactions. In these cases no 
radiochemical cross section determinations are available 
for comparison. The deuteron beam is completely 
stopped by 930, 995, and 1000 mg/cm? of gold, thorium, 
and uranium respectively, and the proton beam by 
2450, 2580, and 2660 mg/cm? of gold, thorium, and 
uranium respectively. 


IV. DISCUSSION 


The striking result that the apparent cross section for 
the yield of tritium in the (a,t) reaction reaches a peak 
in target foils that the beam does not reach, leads, on 
detailed examination of the data, to the conclusion that 
tritons with velocities comparable with those of the 
helium ions incident on the foil stack must be emitted in 
forward directions. The high energy of the tritons 


“Tn general, the number of tritons per incident particle is 


. B 
= 7 
4; = 6.0210 kv « 


where @ is the target density in mg/cm*-mm, A.W. is the atomic 
weight, and a, is the cross section in raillibarns for foil x. 
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[20-30 Mev from an analysis of Fig. 1(A)] indicates 
that for a large share of interactions the residual heavy 
product must be left in the ground state or in a low-lying 
excited state, and hence little fission competition is 
possible for U** and Th. This conclusion that these 
nuclei survive fission is given confirmation by the 
agreement seen in Table I between the cross sections 
for the production of the ‘‘(a,p2n)” product determined 
by radiochemical methods which measure only the 
events surviving fission, and the tritium-production 
cross sections. The fact that the integrated cross sections 
for tritium production are somewhat higher than the 
corresponding (a,p2n or ¢) cross sections determined 
radiochemically may indicate the presence of a spectrum 
of triton energies of which approximately 20% results 
in residual nuclei being left in states sufficiently excited 
to undergo fission. The differences as they stand, 
however, are such that it is possible that the two types 
of cross sections are actually equal. It should be noted 
that although it is believed that the tritium activity 
collected and the corresponding heavy fragments ob- 
served radiochemically in the main represent simply 
(a,t) reactions, the tritium actually may result from 
(a,t), (a,én), and (a,tf) reactions and the “(a,p2n)” 
products may result from (a,t), (a,p2n), and (a,dn) 
reactions. For this reason and also because of the fact 
that the experimental procedures are so different, one 
must exercise caution in interpreting the data. 

A direct interaction mechanism such as stripping of 
a proton from the helium ion is suggested by experi- 
mental data presented here. If the residual nucleus is to 
be left in an energy state between ground and the fission 
threshold, the tritons must carry off an energy of be- 
tween (48+(Q) Mev and (48+ Q0—5) Mev, or approxi- 
mately (35—30) Mev in the case of full-energy helium 
ions. If tritium production is assumed most pre- 
dominant in the first few mils of foil, that is, with 
helium-ion energies greater than 30 Mev as shown by 
the radiochemical data, then the energy of the tritons 
found deep in the stacked foils can be calculated without 
too much uncertainty. The results show that these 
tritons, having an angular dependence strongly favored 
in the direction of the helium-ion beam, have energies 
of 30+5 Mev. Further, analysis of the data of Fig. 1(A) 
shows that if the majority of tritons have energies 
between 25 and 35 Mev they are emitted within a cone 
of total included angle of 60°. 

The data for triton production by deuteron pro- 
jectiles appear reasonable in the light of a mechanism 
by which the deuteron “picks up” a neutron as it 
passes near the target nucleus. Harvey" has studied the 
excited states of the residual nuclei produced from this 
reaction in Au’ and found the production of nuclei in 
their ground state quite prevalent. Table I shows that 
the cross sections for triton production in (d,#) reactions 
are actually considerably larger in Th* and U™* than 
in Au’? despite the fissionability of the former two. The 
nature of the experiments is such that the high energy of 
the tritons is not as obvious in deuteron bombardments, 
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TABLE I. Integrated triton production cross sections. 


Integral @ for triton production 
tritons/incident 
particle 


(1.284+0.11)« 10~* 
(1.5640.13)x10"5 
(1,23+0.09) x 107 


(5.04+4-0.45) x 10°° 
(11.4+1.0)«10"° 
(9.45+0.75) x 10~° 


(4.04+0.52)«10~° 
(6.1540.70) x 10"° 
(5.8140.62) «x 107° 


Radiochemical 


mb-mm value 


2.17 
5.15 
2.00 


8.55 
37.4 
20.0 

6.84 


24.2 
13.7 


Reaction Isotope 


Au? 
Th? 


[ 238 


(a,t) * 
1.27« 10° 
1.08 107% 
Au” 
Th 
Us 


(d,t) 


Au'#? 
Th* 
28 


(pt) 


* Assuming a counting efficiency of 100%. 
> Assuming a counting efficiency of 70%, 


since the range of the deuterons is greater than the 
range of the maximum-energy tritons so that no tritium 
is found in foils beyond the deuteron range, 

Cross sections for triton production in (p,é) reactions 
are similar in all three of the nuclides although the 
integrated cross sections are slightly larger in the case 
of Th”? and U**. Thus, the magnitudes of the cross 
sections again reflect a lack of fission competition with 
the (p,f) reaction for Th® and U**, This reaction is a 
possible example of a pickup of two nucleons (double 
pickup). Cohen" has studied the (p,4) reaction in beryl- 
lium and iron and considers it to be a direct-interaction 
process, Again the range of the tritons is less than that of 
the protons, and it is not possible to determine the range 
of the tritons by the present simple experimental 
techniques, 

Thus, it has been established in a qualitative way that 
high-energy tritium emission is occurring to an impor- 
tant extent in heavy fissionable and nonfissionable 
isotopes; that most, if not all, of the production of 
“(a,p2n)” products is accounted for by the (a,t) 
process; and that tritium-emission reactions proceed at 
these energies through a mechanism not involving 
formation of a compound nucleus. The (a,t) reaction 
probably proceeds by a stripping mechanism with a 
high-energy triton emergent in the forward direction. 
On the basis of their large production cross sections the 
tritons from the (d,s) and (p,t) reactions would also 
appear to be generated by a mechanism circumventing 
compound-nucleus formation, and probably represent 
examples of ‘‘pickup”’ reactions. It is interesting to note 
that cross-section values for the helium-ion, deuteron, 
and proton reactions are in the order (a,t) < (p,t) < (d,t), 
which is the generally accepted order of increasing ease 
of the processes, helium-ion stripping, double neutron 
pickup, single neutron pickup. 

At the present time, independent determinations of 
the range and angular distribution of tritons produced 
in these various reactions are under investigation in this 
laboratory and will be reported shortly. 

Appreciation is expressed to the crews of the 60-inch 
cyclotron and the linear accelerator for their assistance 
as well as to Dr. Floyd Momyer for advice during cali- 
bration of the counting equipment. 
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The radiations emitted in the decay of 1.9-year Tm'” have been studied with a 180°, 40-cm radius of 
curvature, shaped magnetic-field spectrometer, a scintillation spectrometer, and a 125-gauss permanent- 
field spectrograph. Beta-gamma coincidence measurements have also been made. Two beta groups with end 
point energies of 96.541 kev and ~30 kev were observed. A 66.740.5 kev transition, probably an M1-E2 
mixture, was also observed. Possible spin assignments are discussed. 


ETELLE and Boyd! first identified Tm'” and re- 
ported that it decayed by the emission of 0.10-Mev 
electrons with a half-life of 680 days. Bisi, Terrani, 
and Zappa’ reported an end point for the beta spectrum 
of 10342 kev. Using scintillation detectors, this group 
found no gamma rays. The spin of the daughter nucleus, 
Yb'"', was directly determined to be 4 by Cooke and 
’ark.* The spin of ‘Tm'™ was also found to be 4, and 
it seems reasonable to assume that the spin of Tm!” 
is also 4. 

The energies of the first excited states of nearby odd 
neutron-number isotopes with spins #4, are ~80 kev 
above the ground states. It appeared to be of interest 
to look for an Yb'” excited state in this energy region 
or at an energy sufficiently low to be undetectable with 
scintillation methods. Bisi ef al.* reported the presence 
of a large amount of Tm'” impurity (a 129-day electron 
emitter with an 84-kev transition in the daughter) in 
their source and this could obscure a weak transition 
in Tm", 

The beta spectrum and conversion lines were meas- 
ured in a high-resolution, 40-cm radius of curvature, 
180°, shaped magnetic-field spectrometer. A specially 
designed end-window, loop-anode proportional counter 
was used for electron detection, Pure methane gas at a 
pressure of 10-cm of Hg was used in this counter and the 
plateau extended for ~300 volts. The conversion elec- 
trons were also studied in an ~125-gauss permanent 
magnetic-field spectrograph. The electromagnetic radi- 
tions were investigated by means of a 1321 inch anda 
1} inchX 2 mm Nal crystal mounted on a Dumont 6292 
photomultiplier tube. 

A scintillation spectrometer was employed to detect 
both the singles beta spectrum and the coincident beta 
spectrum. For the singles measurement, the source was 
sandwiched between two cylindrical plastic phosphors, 
1\% X 1)’s inch. The beta pulses were recorded on a ten- 
channel pulse-height discriminator. The same arrange- 


* Supported by the joint program of the Office of Naval Re 
search and the U.S. Atomic Energy Commission, and by a grant 
from the Research Corporation, 

' B. H. Ketelle and G. E. Boyd, reported in Oak Ridge National 
Laboratory Report ORNL-65, July, 1948 [quoted in Hollander, 
Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953) ]. 

? Bisi, Terrani, and Zappa, Nuovo cimento 2, 172 (1955). 

* A. H. Cooke and J. G. Park, Proc. Phys. Soc. (London) A69, 
282 (1956) 


ment with the addition of a 131 inch Nal crystal for 
gamma detection placed at 90° to the two beta phos- 
phors was used for the beta gamma coincidence 
measurements. The pulses from the NaI crystal were 
sent through a single-channel pulse-height analyzer. 
The coincidence analyzer had a 0.5-usec resolving time. 

The Tm'” was produced by slow-neutron capture by 
Er'” and subsequent beta decay of the 7.5 hr Er'” to 
Tm", High-purity Er,O; was irradiated in the Materials 
Testing Reactor. Approximately 9 months after the 
end of the irradiation, a thulium fraction was separated 
using an ion-exchange procedure following specific rare- 
earth chemistry. 

The beta source for the shaped magnetic-field spec- 
trometer was prepared by the evaporation of a hydro- 
chloric acid solution containing the activity on a 
laminated backing of ~25 yug/cm* of LC 600 and 
~100 yg/cm? of Zapon. The former was the top 
laminate. The backing was aluminized on both sides 
to minimize source charging. 

The beta-spectrum measurements were made using a 
counter window with a cutoff below 6 kev. These 
measurements gave an end-point energy of 96.5+ 1 kev. 

In addition to the continuous beta spectrum, L, M, 
and N conversion-electren lines of a 66.72-0.5 kev 
transition were observed using a counter window with a 
cutoff at less than 1 kev. These lines were also observed 
in the permanent-magnet spectrogram. (The thulium 
was electrodeposited on a 0.01-inch platinum wire.*‘) 
The K-conversion line of this transition, with energy 
equal to 5.4 kev, was not resolved. The total intensity 
of the observed conversion lines was ~1% of the total 
beta-spectrum intensity. 

In the gamma scintillation study, only the Yb K 
x-rays and their escape peak and the L x-rays were 
observed. The scintillation spectrometer was calibrated 
by means of the Yb x-rays emitted in the decay of 
Tm'”, which was produced by slow-neutron capture 
by Tm'®, (The amount of Tm!” impurity present in 
the Tm! sources was ~0.5% of the Tm'”. The 84-kev 
gamma ray emitted in the decay of Tm!” was not ob- 
served in the gamma spectrum but the L, M, and NV 
lines were observed in both magnetic spectrometers.) 
The energy of the Tm!” x-ray peak was not shifted by 


*W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
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the presence of the 67-kev gamma ray which indicates 
that the K-conversion coefficient is quite large. This 
eliminates the possibility that this is an #1 transition. 
An estimate of 2 for the K/L x-ray intensities ratio was 
obtained after making fluorescent yield corrections.'* 
This value is directly the ratio of the K/L conversion 
coefficients. A mixture of M1 and £2 multipoles could 
give 2 for the K/L ratio. 

Although no attempt was made for great accuracy, 
the L-subshell intensities also appear to be consistent 
with an M1-—E2 multipole mixture for this transition. 

The combined effects of source and backing thick- 
nesses probably broadened the K conversion line to the 
extent that it was unobservable in the presence of the 
continuous beta spectrum. However, there must be an 
appreciable number of K conversion electrons as evi- 
denced by the presence of K x-rays. 

The observed decay over a period of two months of 
the 96.5-kev 8 group and the 66.7-kev transition L 
conversion electrons is consistent with the reported 
680-day half-life of Tm'”. 

The source for the gamma scintillation, singles beta, 
and the beta-gamma coincidence measurements was 
prepared by evaporating the hydrochloric acid solution 
containing the activity on a Zapon backing which was 
~10 ywg/cm? thick. 

The singles beta-spectrum measurements gave an 
end point of 98+3 kev. 

The beta particles in coincidence with the ytterbium 
K x-rays and the 67-kev gamma rays were observed. 
The electromagnetic radiations provided the gating 
pulses. A low-intensity beta group with end-point 
energy of ~30 kev was detected. This agrees very well 
with the energy difference between the 96-kev beta 
group and the 67-kev transition. This agreement may be 
somewhat fortuitous considering the many uncer- 
tainties involved, e.g., extrapolation of energy calibra- 
tion, addition of pulse from the ~5-kev K conversion 
electron to the beta pulse when gating with x-rays, and 
corrections to the Fermi-Kurie plot because of finite 
resolution. However, it does appear certain that there 
is an approximately 30-kev beta group in coincidence 
with gamma radiation of ~60 kev. Also, because 
coincidences are observed with a resolving time of 
0.5 ysec, octupole and higher multipole assignments 


‘I. Bergstrom, Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. 20, Sec. I. 

* Richard W. Fink, Phys. Rev. 106, 266 (1957). 
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OF: Tm!!! 1315 
for the 67-kev transition can be ruled out from lifetime 
arguments based on the single proton model.’ This 
model suggests a mean life of 10~ sec for such an M2 
transition. This lifetime is considerably longer than 
what was experimentally observed. In addition, the 
relative L-subshell conversion intensities do not appear 
to be compatible with an M2 assignment. 

From the conversion-electron and electromagnetic- 
radiation intensities and the coincidence measurements, 
the intensity of the 30-kev group is estimated to be 
~2% of the 96-kev group. The transition depopulating 
the 67-kev level appears to be an M1-E2 mixture. 
The log/é values for the 96- and 30-kev groups are 6.2 
and ~6.3, respectively. These log/t values suggest 
that both groups are once-forbidden beta decays with 
spin change 0 or 1 and a parity change. 

Mottelson and Nilsson’s® level calculations indicate 
that the ground state spin and parity of Tm'® is 
4+ or $—. The spin of Tm'® has been determined to be 
4, therefore the 4+ assignments seems reasonable for 
Tm”, The spin of Yb!” also is 4. This work indicates 
that there are two once-forbidden, spin-change=0 or 1, 
beta groups in the decay of T'm!”'. This requires that 
the spin and parity of the observed 66.7-kev level in 
Yb!” be 4— or 4—. The former can be ruled out from 
the J-subshell intensities, which indicate that the 
transition is not a pure M1. The } assignment is con- 
sistent with the interpretation that the 66.7-kev transi- 
tion is an M1—E2 mixture. In addition, the unified 
model of Bohr and Mottelson® permits the prediction 
that the spin of the first excited state, with ground state 
spin=4, will be } with the same parity as the ground 
state in this region of large nuclear deformation. It 
should be noted that the spins and parities suggested 
for Tm'” and Yb!” are not uniquely defined by the 
present work. 

We are indebted to the following members of the 
University of California Radiation Laboratory Chem- 
istry Group for their assistance in the procurement of 
the Tm!” used in this work: G. T. Seaborg, E. K. Hyde, 
J. M. Hollander, D. R. Nethaway, G. R. Choppin, and 
B. G. Harvey. We would like to thank Professor R. G. 
Wilkinson for his assistance in making the permanent- 
magnetic-field spectrograph measurements. 

7S. A. Moszkowski, Beta- and Gamma-Ray S pectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. 13 
*B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 


* A. Bohrand B. R. Mottelson, Kg!, Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953) 





PHYSICAL REVIEW VOLUME 


107, 


NUMBER 5 SEPTEMBER 1, 1957 


Time-Reversal Invariance and Beta-Gamma Angular Correlation*t 


M. Moritat anp R. Sarto Morita|| 
Department of Physics, Columbia University, New York, New York 
(Received May 8, 1957) 


The angular correlation functions between beta and gamma rays from oriented nuclei (with or without 
observing circular polarization) are given for use in testing the invariance of the beta interactions under 
time-reversal. If the beta interactions are noninvariant under time-reversal, the angular correlation func 
tions have asymmetries, W(0f,¢)#W(@0, —¢) and W(90f,9,P)#W(09, —¢, P), where the axis of the 
nuclear orientation is chosen as the z-axis, and the beta and gamma rays are assumed to be emitted in the 
directions with polar angles @, @=zero, and 6, y, respectively. P indicates the circular polarization of the 
gamma rays, and P= +1 (—1) for left (right) circular polarization. These asymmetries are of the order of 


(p/W) Im(Cr*C 9'+Cr’*Cs—Ca*Cv' —Ca"Crv) 


The angular correlation functions between beta and gamma rays from unoriented nuclei (with or without 
observing circular polarization) are also considered. However, they do not give us a clear-cut experiment to 
test the invariance of the beta interactions under time-reversal. 

Another method to test time-reversal invariance is to measure the difference between the values of 
Re(C,°C;) and |C;|-|C;|, etc. This is discussed briefly. 


I. INTRODUCTION 


“INCE the first announcements of nonconservation 
of parity, P?, and violation of invariance under 
charge conjugation, C, in weak interactions,'* further 
experiments*~’ based on different methods have con- 
firmed these findings. However, the validity of in- 
variance of weak interactions under time-reversal, 7°, 
has not yet been established. 

As is well known, invariance with respect to time- 
reversal imposes the restriction that the ten coupling 
constants C; and C/ (i=5S,V,7,A,P) must be real 
(apart from a trivial common phase factor which can 
be normalized to unity). Therefore, we can test the 
invariance under time-reversal: on the one hand, by 
measuring the values of the imaginary parts of the 
products of the coupling constants, C;*C; (i#7) 
(“ means with or without prime), or CC,’ (i=j and 
ix j); or on the other hand, by measuring the difference 
between values of Re(C\O*C;) and |C\?|-|C;| 
(i# 7), or of Re(C*C;/') and |C;| -|Cj'| (i= 7 and i¥)). 


* This work was partially supported by the U. S. Atomic 
Energy Commission 

t Preliminary reports of this work were published in Soryusiron 
Kenkyu (mimeographed in Japanese), 14, 548 (1957) and 15, 27 
(1957) 

tOn leave from Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo, Japan 

|| On leave from Department of Physics, University of Tokyo, 
Tokyo, Japan 

'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 
1671 (1957). Lee, Oechme, and Yang, Phys. Rev. 106, 340 (1957) 

*?Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev 
105, 1413 (1957); and Ambler, Hayward, Hoppes, Hudson, and 
Wu, Phys. Rev. 106, 1361 (1957) 

*Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957) 

‘Postma, Huiskamp, Miedema, 
Gorter, Physica 23, 259 (1957). 

* Frauenfelder, Bobone, Goeler, Levine, Lewis, Peacock, Rossi, 
and De Pasquali, Phys. Rev. 106, 386 (1957). 

*L. A. Page and M. Heinberg, Phys. Rev. 106, 1220 (1957). 

? Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 
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For the latter case, Re(Ci*C;) = |Ci| -|C; |, 
etc., if the beta interactions are invariant under time- 
reversal and Re(C;*C;) < |C; | -|C; |, etc., if the 
beta interactions are noninvariant under time-reversal. 
Two experiments for determining such quantities are 
the beta-ray angular distributions from oriented nuclei 
and electron (positron)-recoil experiments in J — J 
transitions considered together with beta-ray spectra.* 

By exhaustive studies of angular distributions, angu- 
lar correlations, and polarizations of emitted beta 
particles in beta decay*" and in muon decay," 


* According to the great successes of the explanation for the 
data on the beta decays of Co™,? Na™,* and Y™,? and of r—y—e 
decay*® by the two-component neutrino theory [T. D. Lee and 
C. N. Yang, Phys. Rev. 105, 1671 (1957); L. Landau, Nuclear 
Phys. 3, 127 (1957); A. Salam, Nuovo cimento 5, 299 (1957) ], 
it seems to be natural to put C;= —C;,’. On the other hand, there 
is no clear-cut explanation of the data for the beta-ray angular 
distribution from oriented nuclei of Co**.** Some of the possible 
explanations for the Co® data are: ; 

(1) Assuming invariance under time reversal: (a) Cy’O=C,4™ 
=() and |Mogr|?/|My|?2500, which contradicts the result, 
| Mor|?/|Mv|?S50, obtained by gamma-ray anisotropy from 
aligned Co nuclei [D. Griffing and J. C. Wheatly, Phys. Rev. 
104, 389 (1956) ]. (b) Cs“? =C4" =0 and the Fermi-type inter- 
action is not scalar but vector. This argument cannot agree with 
the data of the electron (positron) recoil experiments on the 
neutron [J. M. Robson, Phys. Rev. 100, 933 (1955) ] and on Ne’® 
(J. S. Allen et al., Phys. Rev. 97, 109 (1955); M. Good et al., Phys. 
Rev. 105, 213 (1957); D. R. Hamilton et al., Phys. Rev. 105, 673 
(1957) ], and the beta spectrum of Rak [M. Yamada, Progr. 
Theoret. Phys. (Japan) 9, 268 (1953) ]. 

(2) Possible violation of time-reversal invariance: For this 
case, we can explain very many ways. For example, Cy‘? =C4 
=() and the phase difference of Cs" and Cr“ is nearly equal to 
a/2 or 3/2; or C4’ =0 and the scalar, vector, and tensor inter- 
actions are out of phase. (The meaning of “out of phase” is that 
the phase difference is not equal to 0 or x.) The data of the elec- 
tron (positron) recoil experiments and ff values on n' and Ne'® 
allow us to assume that 0S (|Cy |?+|Cv’|?)/(|Cs|?4+|Cs’|*) <1, 
even in the case of C4“) =0. A more detailed discussion has been 
given by the present authors [Soryusiron Kenkyu 14, 489 (1957) J. 

The situation is almost the same for Co", 

*M. Morita and R. S. Morita (unpublished). See Eq. (1) in 
Ambler, Hayward, Hoppes, Hudson, and Wu, reference 2. It has 
also been given by many other authors 


” Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957); 
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several tests of invariance under time-reversal have 
been already proposed, all of which involve the direct 
observation of the imaginary part of the product, 
C*C;, etc. Some of them are based on the p or Z de- 
pendence of the asymmetry effects in the relevant 
phenomena. However, as the p or Z dependence is 
usually of the order of aZ/p (where a is the fine struc- 
ture constant) times smaller than the main asymmetry 
term, it is rather difficult to perform these experiments 
with sufficient accuracy. 

Some other experiments are based on cross terms 
such as (p/W) Im(C7*C4“”) which also may be very 
small or zero, because |Cy‘?| and |C,“| may be 
much smaller than |Cs| and |C;“?|.!* Furthermore, 
when the angular distribution (or correlation) has 
(p/W) Im(Cr*C,4), etc., as a main term of asym- 
metry, it has also (aZ/W) Re(Cr*Cr), etc., as a 
Coulomb correction,’® Therefore, the lack of (or very 
small) asymmetry in these experiments does not give 
us any definite information on the invariance of beta 
interactions under time-reversal. Conversely, if some 
phenomenon has a term like (p/W) Im(Cr*C ss”) as 
an asymmetry term, it has (aZ/W) Re(C4*Cs"") as a 
Coulomb correction, which may be very small com- 
pared with the main term. The asymmetry in this 
phenomenon may be large. Consequently, this phe- 
nomenon may reveal the invariance or noninvariance of 
beta interactions under time-reversal. 

One such experiment was proposed by Jackson et al." 
This is the electron (positron) recoil experiment in 
polarized nuclei, which has (p/W) Im(Cr*Cs+Cr'*C 3s’ 
—Cy4*Cy—Cy4"*Cy’) in its J-(p,Xp,) term. The most 
suitable beta emitter for this investigation would be 
the neutron. However, the counting rate is expected 
to be rather limited for the polarized neutron flux 
currently available from reactors. 

Here we shall discuss another possible method to test 
time-reversal invariance. This is to measure the angular 
correlation between the beta and gamma rays in the 
successive decays of oriented nuclei. The angular cor- 
relation function has an asymmetry which is of the form 
J: (px k)(J-k)" with n 


tion axis of the nucleus; p and k are the directions of 


1 and 3. Here J is the orienta- 


the momenta of the emitted electron and the gamma 


rays. If one assumes the Coulomb correction to be very 


small, this asymmetry can be expected only if the beta 


107, 326 (1957). B. T. Feld, Phys. Rev 
Kotani (unpublished) 

"M. Morita, Progr. Theoret. Phys. (Janan) 10, 364 (1953); 
M. Morita and R. S. Morita, Phys. Rev. 107, 139 (1957) 

2 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957) 

8 T. Kotani (unpublished 

“T, Kinoshita and A. Sirlin, Phys 
107, 523 (1957) 

16 The beta-ray angular distribution from polarized Co® nuclei,? 
and the measurements of electron polarization from unpolarized 
Co®,5 Na™,* and Y®,’ showed that 0¢ |C4|?/|Cr|?<0.1, even if 
the coupling constants are complex numbers. There has been no 
such indication for Fermi type prior to this. 

'6 See various formulas given by several! authors 


(to be published); T 


Rev. 106, 1110 (1957); 
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INVARIANCE 


Fic. 1. Geometry for 
beta-gammaangularcor 
relation from oriented 
nuclei. The orientation 
axis J of the nuclei is 
chosen as the z-axis. The 
beta and gamma rays 
are assumed to be 
emitted in the directions 
p and k, with polar axes 
©, @=zero, and 8, ¢, 
respectively. 


interactions are not invariant under time-reversal, and 
it has the order of magnitude (p/W) Im(Cr*Cy’ 
+Cr*Cg—Cy*Cy’—Cy4/*Cy) (see Sec. 11). Both aligned 
and polarized nuclei may be used for this experiment. 

When J and k are perpendicular, this asymmetry 
vanishes. In this case, however, if time-reversal in 
variance is violated in the beta decay, the beta-gamma 
angular correlation function can still exhibit a similar 
asymmetry, which is related to PJ-(pXk), by observ 
ing the circular polarization ? of the gamma ray and 
using polarized nuclei, This asymmetry changes its 
sign for opposite signs of the circular polarization of 
the gamma ray, ?=-1, and its order of magnitude 
is also (p/W) Im(Cr*Cg/+Cr'*Cs—Ca* Cy’ —Ca"*Cy) 
(see Sec. III). In Sec. IV, various angular correlations 
in the successive decays of oriented or unoriented 
nuclei are related to each other. Some final remarks are 
given in Sec. V. 

In Appendix I, the angular correlation functions 
between beta and gamma rays from oriented nuclei 
(with or without circular polarization) are given. For 
comparison, the angular correlation functions between 
beta and gamma rays from unoriented nuclei (with or 
without circular polarization) are also given in Ap 
pendix II. 


Il. BETA-GAMMA ANGULAR CORRELATION 
FROM ORIENTED NUCLEI" 


We shall use the following definitions of orientation 
hereafter. 


(1) ad, = relative population of the initial magnetic sub 
state. 
(2) Unoriented nuclei: a,, 


(3) Oriented nuclei: 


a (constant), for all m. 


Qaimy Im¥ Am: for |m| | m' 
dm ¥% Om: for mx m' 


Aligned nuclei: a», 
Polarized nuclei: 


The orientation axis of the nuclei is chosen as the 
z-axis. The beta and gamma rays are assumed to be 
emitted in the directions with polar axes ©, =O, and 
6, ¢, respectively (see Fig. 1). 

The angular correlation function between beta and 
gamma rays in the successive decay of the oriented 


'7 After this work was completed, the authors have heard that 
the same problem has also been calculated by R. B. Curtis and 


R. R. Lewis (Phys. Rev. (to be published) ] 
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Fic. 2. A special ge- 
ometry for beta-circu- 
larly polarized gamma 
angular correlation from 
polarized nuclei. The 
polarization axis J of 
the nuclei is chosen as 
the z axis. The beta and 
gamma rays are as 
sumed to be emitted in 
the x-y plane. The angle 
between the directions, 
p and k, of the momenta 
of the beta and gamma 
rays is 9 





nuclei, W(0,6,¢), for a 2—*-—+2—7-—0 transition is 
derived from (A1) of Appendix I by averaging over the 
circular polarization of the gamma ray. 


+1) 
+W(0,8,¢, P 


W(O,¢)=}{W(0,0,9, P 


—1)}. 


W(©,9,¢) is the P-independent part of (A1), so we do 
not rewrite it here. 
In (A1), the first half, which contains square terms 
C,\* or |C//\* and cross terms C;*C; or C/*Cj' (i# 4), 
is the contribution from the correction factor of the 
beta spectrum, and it is equal to the gamma-ray angular 
distribution (beta particle unobserved) in the successive 
beta and gamma decays of oriented nuclei. The last 
half, which contains cross terms C;*C/ (i= j and i# j), 
appears in the case of nonconservation of parity, which 
has already been demonstrated.~’ The terms which 
have different sign for the electron and positron decays 
appear in the case of violation of invariance under 
charge conjugation, The imaginary parts of the products 
of coupling constants appear in the case of noninvari- 
ance under time-reversal. As the Coulomb correction 
terms may be of the order of aZ/p (~ yy) smaller than 
the main terms, the interesting asymmetry which 
appears in the case of noninvariance under. time-re- 
versal is 
2 Im(Cr*C 3’ +-Cr*Cs—Ca*Cy’—Ca"*Cy) 
X Mar*Me(p/Wv/6) sin® sing sind 
& (3B, cos8+ 2B, cos*@), (2) 


which is related to the terms J- (px k)(J-k)" with n=1 
and 3, and B, and By, are given in Appendix I. As B, 
and By, have nonzero values in both polarized and 
aligned nuclei, these two kinds of oriented nuclei 
may be used. Mor*My is real and it may be plus or 
minus. 

In order to test the invariance of beta interactions 
under time-reversal, it is sufficient to know the differ- 
ence between W(©6,¢) and W(0,0,—¢). Such a 
difference is possible only in the case of violation of 
invariance under time-reversal, if one assumes the 
Coulomb correction for Eq. (2), Re(C4*Cs’+---) 
X (aZ/p), to be very small. 

To maximize the asymmetry given in Eq. (2), we 


R.: Ss. MORITA 


Taste I. Calculated anisotropy and degree of orientation for 
Co (CeMgCo nitrate, magnetic field strength for nuclear 
polarization = 800 gauss) with the assumptions C;= —C,’, | Mar|? 
=8|My|?, and Cy~C,=0, and the definition of (3’).* 


Abgiate temperature 0.1 0.05 0.03 0.015 001 0,005 0.001 


Degree of orientation 0.127 0.262 0400 0.615 0.737 0,899 1,000 


(J2)/J =Zmam/J Zam 
Anisotropy defined> 
in 3’), —a’ 


0.004 0.015 0.037 0.097 0.145 0.226 0.333 


* Calculated by Miss Hilda Oberthal. The authors are very grateful to her. 

» Note added in proof.—In experiments, it is much easier to normalize 
the anisotropy in (3’) by W(w/2,"/6,"/2) instead of W(r/2,9/2,"/2). For 
this case, the third line of Table I should be read as 0,004, 0.015, 0.038, 
0.115, 0.183, 0.325, 0.550. 


put O= y=7/2. In this case, most of irrelevant asym- 
metries in W(©,6,¢) vanish. 
Let us define an anisotropy as follows: 
W (9 /2,0,9/2)—W (x/2,0, —2/2) 


Anisotropy at é=-— ) 
W (x /2,m/2,r/2) 


where 


numerator = — (4//6)(p/W) 
XIm(Cr*Cg'+Cr'*Cg—Ca*Cy’ —Ca4"*Cy) 
x Mor*Mr sin® sing sind 
X (3B, cosé+ 2B, cos*#), 


denominator 
={{Cg\?+|Cg' |?+|Cy|?+|Cv’ |?) | Mp|?A1 
+{|Cr|?+|Cr’|?+ [Ca |?+|Ca’|?} | Mar|?(A2/2). 


This anisotropy has a nonzero value if beta interactions 
are not invariant under time-reversal. Conversely, if 
the beta interactions are invariant under time-reversal, 
it vanishes. 

The value of 6, which makes (3) a maximum, cannot 
be determined without specifying the nuclear orienta- 
tion. In the case of complete orientation, a,,=0 except 
ay (and a_,)#0, (3) becomes 


Anisotropy at 6 
= (8/x/6)(p/W) 

XIm(Cr*Cs'+Cr*Cs—Ca*Cy' —Ca*Cy) 

x Mor*My sind cos*é 

+ (([Csl?+|Cs' [2+ | Cv 2+ Cv’ |?) | Mel? 

+(|Cr|?+|Cr’ |?+|Cal?+|Ca’|?)|Mar|*}, (4) 
where the Fierz terms are set equal to zero in con- 
formity with experimental allowed beta spectra. The 
anisotropy (4) has its maximum value at 0=2/6, 
namely, 


Anisotropy at 1/6 
= (3/2N2)(p/W) Im(Cr*Cs’+Cr'*Cs 
—C,4*Cy’—C4"*Cv)Mor*Mr 
+([denominator of (4)]. (5) 


The numerical values of the anisotropy are given, 
for example, for Co® (cerium magnesium cobalt nitrate 
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which was used in the experiments? of Wu ef al.) in 
Table I, with the assumptions C;=—C/, |Mar|? 
=8|My|*?, and Cy=C,=0, and the definition 


Anisotropy at 7/6 
W (4/2,9/6,9/2)—W (4/2,9/6, — 2/2) 
W (9 /2,9/2,9/2) 


=a'(p/W) Im(Cr*Cs').  (3’) 


III. BETA-CIRCULARLY POLARIZED GAMMA 
ANGULAR CORRELATION FROM 
ORIENTED NUCLEI 


The asymmetry, (2), in W(©,6,¢) vanishes at the 
following special values of angular variables: O=0, 7; 
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6=0, w/2, 4; 34/2; or p=0, w. As we can see in Eq. (Al) 
of Appendix I, where the beta-circularly polarized 
gamma angular correlation from oriented nuclei is 
given for 2—*-+2—7—>+0 transitions in the most general 
geometry, we have no good term to test invariance of 
beta interactions under time-reversal at O=0, r, =O, 
mr, or g=0, wr. At 0=m/2 (or 39/2), however, the beta- 
gamma angular correlation can still have an asymmetry 
which appears in the case of violation of invariance 
under time-reversal. This can be seen by observing the 
circular polarization of the gamma ray and using 
polarized nuclei. 

For example, we obtain from (Al) of Appendix I 
an angular correlation function between beta and cir 
cularly polarized gamma rays for a special geometry 
(see Fig. 2): 


W (x/2,9/2,¢,P)=[|Cs|?+ |Cs'|?+ |Cy|?+ iC'y ‘(242 Re(Cs*Cy +-C'g/*Cy \(¥y ‘W) ] My\*A, 
+[|Cr|2?+|Cr’|?+|Cal?+|Ca’ [242 Re(Cr*Cat+CrCa’)(y/W) ]| Mat|*(A2/2) 


—[2 Re(Cr*Cs'+Cr'*Cs—Ca*Cyv'’—Ca"Cy) #2 Im(Ca*Cs'+Ca"*Cs 


Cr*Cy’ Cr’*C\ \(aZ p) | 


xX Mot*M e(p/Wr/6) PA, cose+[—2 Im(Cr*Cg'+Cr"*Cs—Ca*Cv'—Ca*Cv) 
+2 Re(C4*Cs'+Ca"Cs—Cr*Cy'— Cr’ 'v)(aZ/p) |Mar*Me(p ‘Wv/6) PC, sing 


F[2 Re(Cr*¢ "n’ —Ca*Ca’) -2 Im(Cr*C4’+Cr'*C4) (aZ/p) ]| Mar\*(p 3W)PA a COSY, 


where 


P=-+1 for left-circularly polarized gamma rays 


= —1 for right-circularly polarized gamma rays, 


and Aj,23 and C, are given in Appendix I. The upper 
(lower) sign refers to the electron (positron). This 
angular correlation function is also given for the allowed 
beta ray and quadrupole radiation for 2—*’-»2—1—0 
transitions. 

This angular correlation function will have the fol- 
lowing two asymmetries: 


(1) 
(2) 


W (9/2,9/2,0,P)AW (4/2,"/2, —¢, P), 
W (9 /2,9/2,0/2,P) AW (4/2,0/2,9/2, —P), 


with the assumption of noninvariance of beta inter- 
actions under time-reversal. 
The anisotropy is defined by 


W (xx/2,x/2,0,P)—W (x/2,x/2, -¢, P) 
Anisotropy =- 
W (4/2,9/2,n/2) 
=—(4/y ‘6)(p/W) Im(Cr*C s'+Cr'*Cg 
—Ca4*Cy’—Ca"*Cy)Mar*MrPC, sing 
(7) 


+ (denominator of (3) ], 


where we also neglect the Coulomb correction. This 
anisotropy takes its maximum value at g=+7/2. 


(6) 


In the case of complete polarization : 
Anisotropy =(4/y ‘6)(p W) 

K Im (Cr*C 5'+ Cr’*Cg—Ca*Cy’ 

XK Moer*MyeP sing? 


C4*Cy) 


[denominator of (4) ]}. (8) 


The value of (8) at g=m/2 is 8/3V3(=1.5) times larger 


than that of (5). 


IV. RELATION TO OTHER ANGULAR 
CORRELATIONS 


When one integrates over the direction of emission of 
the gamma ray, W(©,0,¢) becomes the angular dis 
tribution function of beta rays from polarized nuclei 
which is given by many authors.*:'°? 


freose) sinddddy=W(@) in 2—%—»2, (9) 


Integrating over the direction of emission of the 
beta ray and the azimuthal angle ¢ of the gamma ray 
and also over the electron energy, W(©,0,¢) becomes 
the gamma-ray angular distribution function from 
oriented nuclei. 


feef sindOde f Lal (Z,W)KYpWaWW (0,6) 


W (0) in 2—#+2—7+0, (10) 
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which also agrees with the gamma-ray angular dis- 
tribution function given by Tolhoek et al.'* 

If one puts a,,=a in (6), then A,y=(A,/2)=—2A, 
=4a, and C,=0; consequently (6) becomes the beta- 
circularly polarized gamma angular correlation in un- 
oriented nuclei’: 

W(¢9,P), (11) 
where ¢ is an angle between p and k. 

This is also obtained from (A1) by putting a,,=a 

and © =0, 


[W(0,0,¢,P) with a, 


[ (6) with a,,= a | 


a and ©=0)=W(6,P), (12) 


where @ is an angle between p and k. 

The general formula for the beta-circularly polarized 
gamma angular correlation is given in Appendix II. It 
has also been given in reference 12, and (12) can be 
derived from Eq. (7) of this reference, where the beta 
interaction is assumed to be STP. 

As we can see immediately from (A3), the beta- 
circularly polarized gamma angular correlation in un- 
oriented nuclei does not offer a clear-cut experiment to 
test invariance of beta interactions under time-reversal, 
just as in the case of the angular distribution of beta 
rays from polarized nuclei. The terms which appear 
due to the violation of invariance under time-reversal 
are of the order of (aZ/p) smaller than main asym- 
metry terms even in the forbidden beta transitions. 


V. CONCLUDING REMARKS 


In the successive decays of oriented nuclei, the angu- 
lar correlation function between beta and gamma rays 
(with or without observing circular polarization) has 
strong asymmetries which appear in the case of non- 
invariance of beta interactions under time-reversal, 
W(0,0,¢)4#W(00,—¢) and W(06,¢,P) 

pP 
¢, f). 


namely, 
AW (0, - 


MORITA AND R. S. 


MORITA 


When the circular polarization of the gamma rays is 
not observed, the most convenient geometry is that in 
which the beta particle is emitted perpendicular to the 
plane which is formed by J and k. In this case both 
aligned and polarized nuclei may be used. 

When the circular polarization of the gamma rays is 
observed, the most convenient geometry is that with 
J, p, and k perpendicular to each other. In this ge- 
ometry, only polarized nuclei should be used. The 
maximum value of the anisotropy defined by (8) is 
almost 1.5 times larger than that described in the pre- 
ceding paragraph and defined by (5). 

All of the explicit formulas given in the present paper 
(except Appendix II) are for the special transition 
scheme, 2—*—+2—— 0 with allowed beta raysand quad- 
rupole gamma rays. The above-described situations are, 
however, still valid [except for some algebraic factors 
and the energy dependence of the beta rays for forbidden 
transitions in W(0,6,¢) and W(0,6,¢,P)] for other 
transition schemes including forbidden beta transitions, 
for which angular correlation functions can be easily 
obtained from equations given in an earlier paper” with 
slight modifications. It is advisable to choose nuclei 
which are easily oriented and have 4/=0 for allowed 
beta decay, or AJ = -:n for nth-forbidden beta decay, 
and Mer and My (or the corresponding matrix ele- 
ments for the forbidden cases) of the same order of 
magnitude. 

Further investigation of this subject is now being 
made. 

The authors would like to express their sincere 
thanks to Professor W. W. Havens, Jr., for his hos- 
pitality, and to Professor C. S. Wu for valuable dis- 
cussions and for showing us the data of Co®* and Co 
before publication. One of us (M. M.) is indebted to 
the Nishina Memorial Foundation for a grant. 


APPENDIX I. ANGULAR CORRELATION FUNCTION BETWEEN BETA AND GAMMA RAYS 
FROM ORIENTED NUCLEI (WITH OR WITHOUT POLARIZATION) 


The angular correlation function between beta and gamma rays from oriented nuclei (with or without circular 
polarization) is easily obtained by slight modifications of the calculation in reference 20. 

The angular correlation of the allowed beta ray and the quadrupole gamma ray is given below for the 
2 »() transition, For the geometry, see Fig. 1 in Sec. IL. 


) >? 


a 


W (0,0,¢,P) 


[|Cs|?+|Cs’|?+|Cvl?+|Cv’ |*22 Re(Cs*Cv+Cs"*Cy’) (y/W) ]| Mel? 


X {(Air+3B, cos’0+ By cos?) +2P(C; cos6-+C:2 cos”) +[|Cr|2+ |Cr’|2+ [Ca l2+1Ca’|? 

t2 Re(Cr*Cat+Cr*Cy’)(y¥/W) || Mar|*b{(3A24+3B; cos’?— 4B, cos?)+2PC; cosd} 

tL 2 Re(Cr*Cs'+Cr*Cs—Ca*Cy'—Ca*Cy) +2 Im(Ca*Cg'+CaCs—Cr*Cy'—Cr'*Cy) (aZ/p) | 

X Mar*M e(p/W+/6)[cosO{ (—Cy+-3C, cos*?— 2C, cos@)+2P(A,; cos+2B, cos) 

+sin® cos¢ sinO{ (3C, cosd— 2C, cos®)+ P(—A,+3Bs cos’6) } ] +[- 2 Im(Cr*C5'+Cr*Cs—Ca*Cy’—Ca"*Cy) 
£2 Re(C4*Cs'+Ca"Cs—Cr*Cy’—Cr'*Cy) (aZ/p) |Mar*M v(p/W/6) sin® sing sind 

X { (3B; cosd+ 2B, cos”)+ P(C:+3C; cos’))+[2 Re(Cr*Cr’—Ca*C a’ 

#2 Im(Cr*Ca'+Cr *C4) (aZ/p) | Mar|*(p/3W)[cosO{ (—Ci— 3C,s cos’9+4C; cos?) + 2P(A 4 cosd+ By cos*#)} 


+sin® cosy sinO{ (— 3C, cosd+4C; cos?) — P(A;+6B, cos*’#)} ], 


and Gamma Ray Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Morita, Ogata, and Sakai, Physica 22, 915 (1956); and also Bull 


"H. 
Company, Amsterdam, 1955), p. 613 
Research 6, 69 (1956). 

® See Appendix II or reference 12. 

” M. Morita, Progr. Theoret. Phys. (Japan) 15, 445 (1956). 


A. Tolhoek; see, for example, Beta 


(Al) 


Kobayasi Inst. Phys 
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with the upper (lower) sign for the electron (positron), P= +1 for left-circularly polarized gamma rays, and 
P=-—1 for right-circularly polarized gamma rays. Mer*M is real and it may be plus or minus. 
Without observing the circular polarization of the gamma ray, all of the terms which are multiplied by P vanish. 
A,, B,, and C, indicate the dependence of each term on the nuclear orientation. They are introduced only for 
abbreviation and are not completely independent, but five of them are independent. Their explicit forms are given 
as follows: 
A\= 42+ a);+a ita 2) B\= —a,+2a9—a ly C; - dot a\~—a ita 2, 
A2= 2a2+4;+2a9+a i+ 2a 2; B= — do+4a;— 6ao+ 4a 17 d_4, C2 ayo 2a, +- 2a 17 a_2, 
Ag= —2a.+a);+4_;—2¢_2, B3= —2a2.+5a,—6a0+ 5a_;— 2a_», +” 2a9—a;+a_,+2a_2 


A4= 2+ 4)— 3a0+4_)+4_2, By=d2.—a,— a_1+ 4-2, C4 a;+-d_), 


(A2) 


Bs= a,—2ao+a 2) Cs ade- 3a, f 3a 1 G8, 


Be= — 2a2— 4+ 6a9— a_,— 2a_2, 


with a,,= relative population of initial magnetic substate. 
A,#0 for both oriented and unoriented nuclei. 
B,# 0 for oriented nuclei, 
=( for unoriented nuclei. 
C,#0 for polarized nuclei, 
=( for both aligned and unoriented nuclei. 


APPENDIX II. ANGULAR CORRELATION FUNCTION BETWEEN BETA AND GAMMA RAYS 
FROM UNORIENTED NUCLEI (WITH OR WITHOUT CIRCULAR POLARIZATION) 


The angular correlation function between beta rays and circularly polarized gamma rays from unoriented nuclei 
can be derived from reference 20 with slight modifications. In M(4) and (30) through (32) of reference 20, 2n 
should be replaced by n. Equation (31) and the second line of (32) should be multiplied by py!) +4'+4"'+", Then 
the beta-circularly polarized gamma angular correlation function is obtained as follows: 


WO,P)=SU & (—) bpp OW (ffl; nj) (2ji+1)} 
n L<L’ 
KHL (—) baba’ pores’ teat tam ( fl Dll js) (full Li'l ja) a(LiLy'jajs)) WPa(cosd), (A3) 


LiL’ 


for 7—°—>j,— ’—j2 transitions. P is the circular polarization as given in Appendix I. 6 is equal to 0(+-1) for magnetic 
(electric) radiation. 
The b,,/‘”’s are given for the allowed beta transition as follows: 


bo =(|Cs|?+|Cs’|?+|Cv|?+ | Cv’ |?42 Re(Cs*Cv+Cs"*Cv')(v/W) || Me|?, 
by = —V3L|Cr|2+ | Cr’ |2+|Cal?+ [Ca |?+2 Re(Cr*CatCr’*Ca')(y/W) ]| Mar!?, 
bo =[2 Re(Cr*Cs'+Cr*Cs—Ca*Cv'—Ca"Cy) 
+2 Im(C4*Cs'+Ca""*Cg—Cr*Cy'—Cr'*Cy) (aZ/p) |Mar*M e(p/W), 

by) = FVIL2 Re(Cr*Cr’—Ca*C 4!) F2 Im(Cr*C a! +Cr*C) (aZ/p)]| Mat|?(p/W). (A4) 
Here, the upper (lower) sigh refers to the electron (positron) decay. Mor*Mry is real. 

When the circular polarization of the gamma ray is not observed, the beta-gamma angular correlation function is 

W (0)=4{W(6, P=1)+W(0, P=—1)}, (AS) 

for which the Legendre polynomials of odd order vanish. 


The angular correlation functions between beta rays and circularly polarized gamma rays in the successive 
triple cascade transitions of unoriented nuclei will be given later (Phys. Kev., to be published). 
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Paschen-Back Effect as a Means of Detecting Muonium* 


Ricnarp A. FERRELL AND FERNANDO CHAOst 
University of Maryland, College Park, Maryland 
(Received May 24, 1957) 


Although formation of muonium (the bound system of a u* meson and an electron) can be expected in 
suitable materials, the precession test for it has been negative. Since this test is sensitive to slight perturba- 
tions it is proposed to substitute for it a more positive and insensitive test which uses a strong magnetic field 
in the direction of the initial muon orientation rather than a weak field at right angles. In this way the de- 
polarizing effect of the muonium hyperfine coupling is quenched and the beta-decay asymmetry will be 
increased. The amount of increase determines the fraction of muons forming muonium. For a field of five 


kilogauss the quenching should be 90% complete. 


ECAUSE of the recently detected anisotropy' in 

the beta decay of the u meson there is now some 
prospect of detecting the formation of the muonium 
atom.? The most natural test, precession in a weak 
magnetic field, has been unsuccessful.’ Since this nega- 
tive result may be due to weak stray fields, possibly 
of an internal nature in the substances investigated, 
we would like to point out an alternative very simple 
test which is not sensitive to slight perturbations. The 
method depends on an external magnetic field, H, of 
the order of a few thousand gauss applied parallel to 
the initial muon spin, rather than a field of the order 
of a fraction of a gauss applied perpendicular, as in 
the precession experiment. In this way the depolariza- 
tion caused by the hyperfine coupling in muonium can 
be quenched by the strong interaction of the electron 
with the external field, and the average muon polariza- 
tion at the time of the beta decay increased. If we 
assume that the fraction f of the muons form ground 
state muonium within a time short compared to 107 
sec and we let x=H1/Ho, where H y= 1580 gauss is the 
effective magnetic field exerted by the muon on the 
electron, then the time-averaged muon polarization 
in the direction of /7 is increased because of the applica- 
tion of the magnetic field by 


? 


f x 
a ‘ 
2\1+27 


Thus, passage to the Paschen-Back limit of strong 
fields completely decouples the electron spin from that 
of the muon and increases the muon polarization by 
f/2. In this way it ought to be possible to determine /. 
In addition, fitting the AP vs H curve with Eq. (1) 


AP 


* Research supported by the National Science Foundation, 

t On leave of absence from Instituto Nacional de la Investiga- 
cién Cientffica, México D. F. The subject of this report forms the 
basis of a thesis to be submitted to the University of Mexico by 
F. Chaos in partial fulfillment of the requirements for the degree 
of B.S. in Physics. 

'Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957). 

?Muonium formation has been discussed by V. W. Hughes 
[Bull. Am. Phys. Soc. Ser. IT, 2, 205 (1957) } 

4 Campbell, Garwin, Sens, Swanson, Telegdi, Wright, Yovano 
vitch, Bull. Am. Phys. Soc. Ser. II, 2, 205 (1957) 


should permit a more or less accurate experimental 
verification of the above theoretically predicted value 
for H.t 

Equation (1) is readily established by considering 
the pair of m=0 (component of angular momentum 
along 1) eigenfunctions of the operator 


1+o,:o, 
to——————+- 2 
2 Me By 


( ) 
Ue D+yio,4 


(2) 


The spin-dependent part of the Hamilton for the system 
is KC times one-half the hyperfine splitting of —32yu.u,/ 
3a¢,'= 1.84X 10~ ev, or 4440 megacycles. The quantity 
a,, is the muonium Bohr radius, », and yw, the electron 
and muon magnetic moments, and @, and @, the Pauli 
spin matrices, with a superscript denoting the com- 
ponent along 1. The parameter //» is simply the hyper- 
fine splitting times (—2u,+2y,)~', from which the 
value given in the preceding paragraph is obtained. 
In the absence of the magnetic field the higher and 
lower energy m=0 eigenfunctions of K are simply the 
triplet and singlet states, with eigenvalues +1 and —1, 
respectively. For 70 the triplet and singlet states 


t Note added in proof.—Equation (1) has already been derived 
independently by Orear, Harris, and Bierman [Phys. Rev. (to be 
published) ]. In addition they have carried out in nuclear emulsion 
an experiment of the type suggested here. By applying a magnetic 
field of 9000 gauss along the initial direction of muon polarization, 
they confirm the expected complete elimination of depolarization, 
which without the external field amounts to 50%. In contrast to 
the views of the above authors, however, we feel that there is no 
evidence against the hypothesis that muonium is the sole depolar 
ization mechanism. Against this hypothesis they cite the absence 
of a component of intensity f/2 in the precession experiment with 
a precession rate corresponding to the muonium g factor. But it 
should be impossible to observe this precession, except in materials 
containing nothing but spin-zero nuclei, since it would require an 
external field of the order of one gauss, which is an order of mag- 
nitude smaller than the internal fields already present because of 
the magnetic moments of the nuclei. The field along the axis of a 
nuclear magneton at a distance of one angstrom is ten gauss, so 
that the depolarization caused by the internal fields ought to be com- 
pletely quenched out by an external field of a few hundred gauss 
Thus one can predict, on the hypothesis of 50% muonium forma 
tion in nuclear emulsion, that the Orear-Harris-Bierman experi 
ment, if carried out at, say, 300 gauss, would already show half 
of the effect which they found at 9000 gauss, and yield an asym 
metry coefficient of a= —0.18. The remaining quenching would 
then set in more slowly as a function of field strength and be 
described by Eq. (1). 
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PASCHEN-BACK 


mix, giving eigenfunctions 
¥+=daB,+ bB a, (3a) 
y_== —b*a f,+a*Ba,. (3b) 


The basis functions a,, etc., represent electron and 
muon spin parallel and antiparallel to H. Suppose that 
the muon initially in state a, captures the electron in 
state B,. (The aa,,m=-+1 case does not concern us 
here, since it does not undergo depolarization.§) At a 
time é later the wave function will be 


¥(b) =b* exp(— iE, /h)p,+a exp(—itE_/h)y— 
=([b*a exp(--itE,/h)—ab* exp(—itE_/h) Ja B, 
+[b*b exp(—w#E,/h)+a*a exp(—itE_/h) Ba,, (4) 


+ 


where E,,_ are the energy eigenvalues. Averaging in 
time over the muon polarization eliminates the fluctuat- 
ing cross-products and yields (|a|?— | b|*)?. Determina- 
tion of |a| and |b| from the Schrédinger equation is 
a simple problem. The eigenvalues of 3 are + (1+.2°)!, 
from which one readily finds | a| [2+ (1+.22)+#}"'= | }| 
= [2+ 2x*+2x(1+27)!}-4. Substitution into the po- 
larization expression leads immediately to Eq. (1). 
The function F(x)=2*/(1+-2*) which occurs in the 
right-hand side of Eq. (1) is plotted in Fig. 1. It will 


oO 








. 4 as 4 J 
% ' 2 3 x 4 5 


Fic. 1. Quenching of hyperfine depoiarization in muonium. The 
increase in muon polarization due to application of the magnetic 
field is proportional] to F = x*/(1+-2*), where x is the field strength 
measured in units of /o= 1580 gauss. 


be noted that the value x=3, corresponding to a field 
of about 5000 gauss, yields F=0.9, or 90% quenching. 
Not much would be gained by employing stronger 
fields. For the case that muons are brought into the 
field and stopped with their spins oriented at angle 6 
to the field it is easy to show that the right-hand side 
of Eq. (1) must be multiplied by cos@. Thus @ could be 
allowed to become as large as 45° without greatly de- 
creasing the quenching effect. This effect would best 
be sought in nonmagnetic materials which exhibit a 
smaller than optimum free-muon precession effect. 
Assuming muonium can eventually be detected by 
quenching, various more elaborate resonance experi- 


§ This will be true only for substances containing no nuclear 
as well as no paramagnetic moments. See note added in proof. 


EFFECT 


Fic. 2. Muonium 
Zeeman = spectrum. 
Energies are  ob- 
tained by multiply- 
ing e by one-half the 
hyperfine splitting of 
1.84K10°§ ev, or 
4440 megacycles. 
The parameter x is 
the magnetic field 
strength in units of 
Hy= 1580 gauss. 








ments suggest themselves. While the muon quenching 
experiment suggested above is analogous to the ortho- 
para positronium quenching experiment of Deutsch 
and Dulit* and Pond and Dicke,® one could also try 
the analog of the Deutsch-Brown® experiment. The 
spectrum of the eigenvalues ¢ of 5C is shown in Fig. 2. 
The frequency required to induce m=+1—+m=0 
transitions has the convenient magnitude of only about 
2000 Mc/sec, which, in addition to the fact that only 
very modest magnetic fields are required, would seem 
to make this an attractive experiment to attempt. The 
transmtions would be detected, of course, by a decrease 
in the muon polarization at the time of beta decay. In 
this way one might be able to obtain an accurate value 
for the hyperfine splitting, and hence for the muon 
magnetic moment itself. 

In conclusion, we would like to point out that con- 
siderations similar to the above can be applied to the 
bound system composed of a u~ meson and an atomic 
nucleus of nonzero spin. There is no prospect of quench- 
ing in these cases, however, since the required magnetic 
fields are of the order of 10° times larger than for 
muonium. It should also be mentioned that the validity 
of Eq. (1) depends upon sufficiently prompt formation 
of muonium in the ground state so as not to depolarize 
the initial orientation of the muons. Even if muonium 
is first formed in an excited state this condition is 
probably satisfied, since rapid nonradiative transitions 
down to the ground state can be expected in solids and 
liquids, which are the cases so far investigated experi- 
mentally. This is probably also true for gases at atmos- 
pheric pressure, but rarefied gases can be expected to 
show a somewhat different quenching behavior, since 
the relatively slow radiative transitions will permit 
depolarization in the excited states. The present work 
is being extended to some special cases of intermediate 
state quenching. 


4M. Deutsch and E. Dulit, Phys. Rev. 84, 601 (1951). 

5T. A. Pond and R. H. Dicke, Phys. Rev. 85, 489 (1952). 

*M. Deutsch and S. C. Brown, Phys. Rev. 85, 1047 (1952), 
See also M. Deutsch, Progr. Nuclear Phys. 3, 131 (1953). 
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The excited levels of Cu” have been investigated by studying the radiations from the decay of Zn® with 
scintillation spectrometers. Gamma rays of 0.042-, 0.25-, 0.26-, 0.40-, 0.51-, and 0.59-Mev energy have been 
resolved and have been fitted into a consistent scheme of levels at 0.042, 0.30, 0.55, 0.63, and 0.70 Mev in 
Cu™. Some information on the spins of these levels has been obtained by gamma-gamma directional correla 


tion measurements 


Information on some gamma rays from the decay of Cu® has also been obtained. 


I, INTRODUCTION 


HE energy levels of nuclei in the region of the 
periodic table from Ni to As are of interest from 
a shell-model point of view. In this region, beyond 
the magic nucleon number 28,'~* it may be possible to 
make shell-model! calculations involving 2p, 1/5, and 
perhaps higher configurations.‘ Cu® is one of the few 
odd-odd nuclei in this region whose levels are accessible 
by radioactive decay. Initially an additional reason for 
undertaking the study of the decay of Zn®, and in- 
cidentally Cu® (see Appendix), was the previously 
existing discrepancy in the Cu®-Ni® mass difference® as 
inferred from mass spectroscopic and nuclear measure- 
ments. The masses have recently been remeasured® and 
no further mass discrepancy appears to exist. 
Previous work on the decay of Zn®™ has been sum- 
marized recently,’ and original references will be 
mentioned below only if pertinent. 


II. SOURCE PREPARATION 


Sources of Zn™ and Cu® in equilibrium (henceforth 
denoted by Zn®™+Cu™) were made by the (y,2n) 
reaction on enriched*® Zn™, using the Stanford Mark IT 
and Mark IV linear electron accelerators at about 33 
and 45 Mev, respectively. The zinc was available both 


as a powdered oxide and as thin metallic foils. Measure 


* Supported in part by the joint program of the Office of Naval 
Research and the U.S, Atomic Energy Commission 

{t Now at the Department of Physics, University of Zurich, 
Zurich, Switzerland 

t Now at the Department of Physics, University of Colorado, 
Boulder, Colorado 

1M. G. Mayer, Phys. Rev. 75, 1969 (1949) 

? Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 

*R, H. Nussbaum, Revs. Modern Phys. 28, 423 (1956) 

*D. G. Ravenhall and M. Peshkin (private communication) 

*Nusshaum, Wapstra, van Lieshout, Nijgh, and Ornstein, 
Physica 20, 571 (1954). Other authors had previously pointed out 
this difficulty; the present authors were made aware of it by 
A. O. Berman, Phys. Rev. 96, 83 (1954), 

* Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956) 
We are indebted to Mr. K. S. Quisenberry for communicating his 
results to us prior to publication 

’ Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300, June 1955 (U.S. Government Printing Office, 
Washington, D. C., 1955). 

* On loan from the Stable Isotopes Division, Oak Ridge National 
Laboratory. The composition of the target was 93.1% Zn", 6.3% 
Zn™, 0.16% Zn*, 0.43% Zn™ 


ments were started about six hours after the end of 
each bombardment, which allowed the 38-minute Zn®™ 
to decay. 

An attempt was made to produce a strong Zn®™ source 
by a (p,2n) reaction on enriched’ Cu®, using the 
Berkeley linear proton accelerator at 30 Mev. Un- 
fortunately the source was weaker than the Zn™ (y,2n) 
sources. 

Sources of Cu” were obtained by the (y,m) reaction 
on enriched Cu® foils, using the Stanford Mark II 
linear electron accelerator at 25 to 33 Mev. 


III. APPARATUS 


Anthracene and sodium-iodide scintillation crystals 
were used for detecting the beta and gamma rays. A 
fast-slow coincidence circuit in conjunction with a 20- 
channel pulse-height analyzer, previously described," 
was used for most of the present measurements. 

For the half-life measurement of the 0.042-Mev state 
of Cu® the time-to-pulse-height converter of Weber 
et al." was used, with modifications proposed by the 
University of California Radiation Laboratory, Liver- 
more, California.” 


IV. BETA-RAY MEASUREMENTS 


A. Previous Results 


Hayward” and Nussbaum®’ have measured the 


intensity ratio of the positrons from Zn®™ to the positrons 
from Cu® in the Zn®™+Cu® decay and found, respec- 
tively, values of ~0.10 and ~0.14. The end point of the 
Zn™ spectrum was found to be 0.66+0.01 Mev™ and 
0.675+0.10 Mev®? and that of the Cu® spectrum 
2.92+0.02 Mev" and 2.91+-0.01 Mev.® 

Conversion electrons have been found for a transition 
of 0.0418+0.002" or 0.0413+0.003 Mev,® which comes 
from an excited state of Cu™, Nussbaum ef al,> have 
measured the K conversion coefficient of this transition 


® On loan from the Stable Isotopes Division, Oak Ridge National 
Laboratory. The composition of the target was 99.4% Cu® and 
0.6% Cu® 

 Kraushaar, Brun, and Meyerhof, Phys. Rev. 101, 139 (1956). 

" Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 

'L. G. Mann (private communication). 


3 R. W. Hayward, Phys. Rev. 79, 541 (1950) 
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and found it to be 0.49+0.08" with K/(L+M) 
=8.0+1.5, indicating a predominantly M1 character. 


B. Beta-Gamma Coincidences 


It had been assumed previously’ that an appreciable 
part of the Zn® positron spectrum feeds the 0.042-Mev 
excited state of Cu®. To check this we performed three 
separate experiments, each of which indicated no 
positron feeding within the detection sensitivity of the 
experiment. 

In the first experiment a Zn®+Cu® source in the 
form of a metallic foil (20 mg/cm? thick) was placed 
between a }-in.X1-in. diameter anthracene crystal 
covered with a 1-mil Al foil and a 1}-in.X1}-in.- 
diameter sodium-iodide crystal in a #y-in. Al container, 
and covered with %;-in. Lucite. Beta-gamma _ coin- 
cidences were measured between all the positrons 
entering the anthracene crystal and gamma _ rays 
entering sodium-iodide crystal. The coincident gamma- 
ray pulse spectrum near 0.04 Mev was displayed on the 
pulse-height analyzer. 288+ 43 coincident 0,.042-Mev 
gamma rays were detected in 6 minutes. A }-in. Lucite 
absorber was then placed over the Zn™+Cu® source to 
annihilate the positrons. An average of two determina- 
tions yielded a value of 328+ 26 coincident 0.042-Mev 
gamma rays for a 6-minute period. From these results, 
the self-absorption of the beta and gamma rays in the 
source and the detection efficiency of the anthracene and 
sodium-iodide crystals for the 0.042-Mev and coincident 
gamma rays (see Sec. V, C), it is possible to set an 
upper limit for the positron branching to the 0.042-Mev 
state of Cu™. Using the absolute gamma-ray intensities 
from the Zn®™ decay scheme (shown below), the upper 
limit for the positron branch is found to be 0.45% of the 
total disintegrations of Zn™. 

In a second experiment a Zn®™+Cu™ source in the 
form of a metallic foil 20 mg/cm? thick was suspended 
in tissue paper between two counters at 90° with 
respect to each other. One sodium-iodide detector 
(} in.X § in.X1 in.) was set to detect only pulses near 
0.042 Mev (channel width= 0.008 Mev). The coincident 
pulses in the other sodium-iodide detector (14 in. 1} 
in. diameter) were displayed on the pulse-height 
analyzer. Gamma rays of 0.51 and 0.59 Mev were 
resolved (see Fig. 4 for a complete pulse-height spec- 
trum for a similar experiment). To subtract coincident 
gamma-ray pulses due to the Compton distribution of 
higher-energy gamma rays beneath the 0.042-Mev 
photopeak, the small sodium-iodide detector was set 
to detect pulses near 0.06 Mev (channel width= 0,008 
Mev). The net intensity ratio of the 0.51- to 0.59-Mev 
gamma rays was found to be 0.47+ 0.06. After surround- 
ing the Zn™ source with }-in. Lucite absorbers to an- 
nihilate the positrons, the same ratio was found to be 


“This value has been calculated from the original value in 
reference 5 (ax =0.524-0.08) correcting for the presence of a 
0.51-Mev gamma ray in Zn™. (See Sec. V, B.) 
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0.51+0.03. From these results and the known intensity 
of the 0.51-Mev gamma ray (not to be confused with 
annihilation photons; see below), it is possible to set an 
upper limit of 2.3% for the positron branching to the 
0.042-Mev level of Cu®. 

In a third experiment, a Zn®+ Cu® source in the form 
foils, sandwiched between }-in. 
Lucite absorbers, was placed in the position normally 


of several metallic 
occupied by the center crystal in a three-crystal pair 
spectrometer.!® The side crystals were biased, in the 
usual fashion, to detect only the photopeaks of an 
nihilation quanta. The center crystal was withdrawn 
until it was out of line with the side crystals. The 
coincidence pulses detected in the center crystals 
were displayed on No 
coincident 0,042-Mev gamma ray was observed. The 
by 
rays in 


the pulse-height analyzer. 


sensitivity of the experiment was determined 
measuring the 1.28-Mev 
coincidence with positrons in a similarly placed Na” 


number gamma 
source. In this way it was found that less than 0.3% of 
the total number of positrons in the Zn™+Cu® source 
could be in coincidence with the 0.042-Mev gamma rays. 
Correcting this for the ratio of the number of positrons 
in Zn™+Cu® to Zn®™ and for the internal conversion 
coefficient of the 0.042-Mev gamma ray, showed that 
the positron branch to the 0.042-Mev state in Cu® is 
less than 0.6% of the decays 

In conclusion, the three separate experiments are 
consistent and indicate an upper limit of 0.45% to any 
possible positron feeding of the 0,042-Mev state of Cu® 
If one assumes an (allowed) ¢/8* ratio!®"7 of 3.2, an 
upper limit of about 2% can be set for the total e+" 
feeding of this state. 


V. GAMMA-RAY MEASUREMENTS 
A. Previous Results 


Nussbaum eé/ al.® have reported the intensity of the 
0,042-Mev gamma ray to be 9.7+0.7% of the total 
number of 0.51-Mev quanta in Zn®+-Cu™, Although no 
other gamma rays from Zn® have been reported, an 
indication of branching to higher excited states of Cu” 
has been noted.’ 


B. Gamma-Ray Spectrum 


The gamma-ray spectrum of Zn™ can be obtained 
only by subtracting a properly normalized Cu® gamma- 
ray spectrum from a Zn™+4+Cu®™ spectrum, measured 
under identical conditions. Because of the presence of 
the easily absorbed 0.042-Mev gamma ray, slightly 
different normalizing methods were used for the high- 
energy and low-energy parts of the gamma-ray spectrum. 

In order to obtain a pure Zn®+Cu® gamma-ray 
spectrum from our Zn(y) sources, which contained an 
appreciable amount of 245-day Zn [produced by 
Zn" (y,n); see reference 8 |, a background gamma-ray 


oH. I Instr. 25, 129 


(1954). 


West, Jr., and L. G. Mann, Rev. Sci 
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Fic. 1. Gamma-ray spectrum of Zn®+4-Cu® and of Cu®. The 
points refer to Zn®+4-Cu® and the line refers to the spectrum of 
Cu®, normalized to the Zn®+Cu® spectrum by total counts above 

, I ) 
14 Mev. Both sources were placed between yy-in. copper ab 
16 
sorbers. See Table I for a summary of the spectrum analysis. 


spectrum was subtracted about three days after the 
original spectrum was taken. Figure 1 shows the re- 
sulting high-energy spectrum for Zn®+Cu®, with the 
source placed between ;-in. copper absorbers, which is 
enough to produce complete annihilation of the posi- 
trons. On the same figure the Cu® spectrum is shown, 
normalized to the Zn®+ Cu® spectrum by matching the 
total counts above 1.4 Mev. Since the decay energy’ 
of Zn® is 1.7 Mev, it is to be expected that practically 
all the counts above 1.4 Mev in a Zn®+Cu® spectrum 
are due to gamma rays, bremsstrahlung, and annihila- 
tion in flight of the positrons of Cu® alone, which has a 
decay energy’ of 3.9 Mev. Hence the total counts 
above 1.4 Mev provide a convenient normalization for 
the two spectra. The presence of 0.25-, 0.40-, and 
0).59-Mev gamma rays due to Zn®™ can be noted on Fig. 
1. Excess counts near 0.8 Mev appear to be spurious, 
since the half-width of a 0.8-Mev gamma-ray photo- 
peak should be equal to three channels, ie., three 
points on the curve. Excess counts near 1.1 Mev are 
probably also spurious, since a small gain shift in the 
Zn™ background spectrum could cause an apparent 
peak near this energy. 

The low-energy gamma-ray spectrum of Zn® was 
obtained by suspending identical foils (54 mg/cm?) of 
zinc (Zn®™+Cu®™) and copper (Cu®) in tissue paper in 
front of the sodium-iodide detector. Since the high- 
energy positrons from Cu® could easily enter the crystal 
(canister wall sy-in. Al--y-in. MgO) and since the 
Zn® positrons have an upper limit’ of 0.7 Mev, the 
total counts above 0.7 Mev provided a convenient 
normalization of the Zn®+Cu® and Cu® spectra. 
Figure 2 shows the subtraction of these two spectra 
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after normalization. Gamma rays of 0.04, 0.25, 0.39, 
and 0.59 Mev are apparent on the figure. A possible 
0.55-Mev gamma ray (see Sec. VI, A) cannot be 
excluded. 

Comparison with the known®’ positron intensity in 
Zn™ shows the annihilation peak in Fig. 2 to be exces- 
sively high. We believe this is due to the presence of 
Cu®, produced by the Zn®*(y,pn) reaction. As will be 
indicated below, our determination of the absolute 
branching ratios of Zn™ gamma rays is independent of 
the presence of this Cu™ impurity. From the way in 
which Fig. 2 was obtained, it is clear that some Zn®™ 
positrons will contribute to the total spectrum. Hence, 
in the case of the weaker gamma rays only a rough 
intensity determination is possible from these data. 

Table I summarizes the energies and intensities of the 
gamma rays found in the above-mentioned experiments. 
Upper limits for some gamma rays which could occur in 
the Zn® decay are also given. Since the aforementioned 
normalization of the Cu® gamma-ray spectra to the 
Zn™+Cu® spectra allows a determination of the 
number of Cu® positrons in equilibrium with Zn®, 
this number is also given; it will be used below to 
calculate an absolute branching of the Zn®™ gamma rays. 
The intensity values in Table I have of course been 
corrected for all absorption and detection effects. 


C. Gamma-Gamma Coincidence Spectra 


The prompt gamma-gamma coincidence spectra were 
measured in the geometry shown in Fig. 3. The 
Zn®™-+ Cu® sources were made relatively thin (0.1 g/cm?) 
to avoid, as much as possible, coincidences resulting 
from Compton scattering of annihilation radiation in 
the sources and to minimize the absorption of the 
gamma rays. As a consequence of this arrangement, 
some positrons underwent annihilation in or near a 
counter and produced 0.51-Mev-gamma-0.51-Mev- 
gamma coincidences despite the 4-in. thick lead shield 
between the counters. 

For the 0.042-Mev gamma-gamma coincidence spec- 
trum a }-in. thick Nal crystal was used for the detection 
of the 0.042-Mev gamma ray. For the other measure- 
ments both the NaI crystals were 1} in. thick. The use 
of the }-in. crystal for the 0.042-Mev gamma-gamma 


TABLE I. Zn® gamma-ray data from singles spectra. 


Energy (Mev) 


Intensity (relative) 


0.70 

0.63 

0.595+0.010 

0.55 

0.40+0.02 

0.25+0.01* 

0,0416+-0.002" 

Cu® positrons in equilibrium with Zn® ¢ 


<34 
5+3 
1344 
9545 

455415 


* Composite gamma ray. 
» Energy from references 5 and 13. 
* See text (Sec. V, B). 
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Fic. 2. Low-energy portion of Zn® spectrum. This spectrum was obtained by subtracting a Cu™ spectrum from 
a Zn™+Cu® spectrum in identical geometry. (See text for normalization procedure.) No absorber was placed be- 
tween the sources and the detector, in order to emphasize the 0.042-Mev gamma ray. The circles are the experi- 
mental] points; the full line is the sum of the analyzed distributions shown. 


coincidence spectrum reduced the number of coin- 
cidences due to Compton pulses near 0.04 Mev from 
higher energy gamma rays. 

Figure 4 shows the original coincidence data. A 
Zn®+Cu®™ singles spectrum, curve (A), is shown for 
comparison. Curve (B) shows that 0.042-Mev gamma 
rays are coincident with 0.26-, 0.51-, and 0.59-Mev 
gamma rays. Since positrons are not in coincidence with 
the 0.042-Mev gamma ray, as far as could be detected 
(see Sec. IV, B), the peak at 0.51 Mev must be due 
either to scattering effects or to nuclear gamma rays. 
To test the first possibility, a 0.06-Mev gamma-gamma 
coincidence spectrum was measured. The resulting 
spectrum is shown in curve (C) in Fig. 6 after proper 
normalization to curve (B). It can be seen that by far 
the major part of the peak at 0.51 Mev is not due to 
scattering effects and hence must be due to a transition 
between levels in Cu”. The appearance of a small peak 
at 0.04 Mev in curve (B) is due to Compton pulses from 
higher energy gamma rays in the discriminating crystal. 

Curve (D) shows that 0.04-, 0.26-, 0.40-, and 0.51- 
Mev gamma rays are coincident with 0.25-Mev gamma 
rays. Detailed comparison with curves (£) to (G) 
showed that the peak at 0.51-Mev in curve (D) is due 


to the Compton pulses of annihilation quanta or 
higher energy gamma rays from Cu™ (see Appendix) in 
the discriminating crystal. 

The appearance of a peak at 0.26 Mev in curve (D) 
is most reasonably interpreted as the result of two 
gamma rays of about 0.25 to 0.26 Mev being in cascade, 
which could not be resolved in singles work. The 
possibility of such a peak being due to Compton 
scattering of annihilation radiation was eliminated by 
coincidence work described later in connection with the 
directional correlation measurements. 

Curves (£) to (G) of Fig. 4 are self-explanatory for 
the most part. The small peak near 0.08 Mev in curve 
(F) is due to lead x-rays. 

The coincidence spectra, shown in Fig. 4, 
analyzed in detail in order to obtain the relative 
intensities of the coincident gamma rays. Table II 
shows the results of this analysis. The only features 
brought out by this analysis, which are not directly 
obvious from Fig. 4 are (a) the presence of a low- 
intensity gamma ray of 0.40 Mev in curve (B), and 
(b) the Compton contribution from higher energy 
gamma rays, which fell within the discriminating energy 
band selected, to various coincidence peaks. As an 
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Fic. 3. Geometry used in gamma-gamma 
coincidence measurements 


example of this latter effect, in the 0.40-Mev gamma- 
gamma coincidence spectrum [curve (£) ], approxi- 
mately 85% of the peak at 0.042 Mev is due to the 
Compton contribution of the 0.51- and 0.59-Mev 
gamma rays. Table IT includes correction for effect (b), 
as well as corrections for the angular anisotropy of the 
coincidences in some of the cascades (see Sec. V, E). 
The relative intensity of the 0.40-Mev gamma ray in 
the decay scheme was obtained only with very poor 
accuracy from the analysis of curve (B) (see column 2, 
Table II). In order to get a better estimate of this 
intensity the various coincidence spectra were nor- 
malized by correcting the coincidence rates for the 
detection efficiencies in the discriminating counter, By 
then comparing the 0.40-0.04-Mev cascade intensity 
with the 0,59-0.04-Mev cascade it was possible to 
obtain a value of 0,054-0.03 for the ratio of the intensity 
of the 0.40-Mev to the 0.59-Mev gamma ray. This 


ase II. Relative intensities of coincident gamma rays in Zn™ 
g 


Discriminating 0.042 0.25 0,40 0.51 0.59 


y ray (Mev) 
0,008 0.04 0.04 0.04 


Channel width 0.04 


(Mev) 


oincident y ray 
energy in Mev 
0.042" 0440.1! 
0.08 <0.1 
0.15 <01 
0.264001 0,085 40.02 0.38 40.04% 
0.30 <0,2 
0.35 vee < 03 
0.404001 0.240,2» 1.00" 
0.514001 0.514 0.0% . 
0.594001 1.00 
0.66 <0.02 


1.00% 1,00 
< 0,03 
< 0.15 


0.440,2» 


1.006 
< 0.08 


* Fnergy used for calibration 

> Intensity corrected for contribution from Compton pulses in dis 
criminating crystal 

* Intensity corrected for angular anisotropy 

4 Intensity obtained from angular correlation measurements (see Sec 
V, E) : 
* Error calculated from four separate experiments 
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result was combined with the results in Table II and 
used for the final decay scheme. The absolute compari- 
son of the coincidence spectra also served as a valuable 
consistency check for the various experiments and for 
the corrections that were applied. 


D. Half-Life of the 0.04-Mev State of Cu” 


Using a time-to-pulse-height converter"? in con- 
junction with }-in. thick and 1}-in. thick NaI crystals 
mounted on RCA 6810 photomultipliers, an attempt 
was made to measure the half-life of the 0.042-Mev 
excited state of Cu™, The thin crystal was differentially 
biased, to detect pulses near 0.04 Mev and the thick 
crystal was biased to detect pulses near 0.60 Mev. An 
upper limit of 8X 10~* sec could be set on the half-life of 
the 0.04-Mev state. 


E. Gamma-Gamma Directional Correlation 
Experiments 


Of the various gamma-ray cascades in the decay of 
Zn™ the only two that were reasonably adaptable to 
directional correlation measurements were the 0.04-0.59- 
Mev and the 0.25--0.26-Mev cascades (see Fig. 4). 

The counters and electronic apparatus were the same 
as those used in coincidence work (Sec. V, C). As 
before, the 0.04-Mev gamma ray was detected in the 
}-in. thick Nal crystal and the other gamma rays in the 

}-in. thick Nal crystal. Lead shields surrounded both 
the sides and front of each counter. 

A preliminary directional correlation was performed 
on the 0,04-0.59-Mev gamma-ray cascade with the 
source in the form of ZnO powder held in a Lucite 
cylinder of }-in. inside diameter, and y-in. wall thick- 
ness. The differential discriminator was positioned to 
cover the photopeak of the 0.042-Mev gamma ray. The 
coincidence spectrum from about 0.45 to 0.75 Mev was 
displayed on the 20-channel pulse-height analyzer. 
Coincidence spectra were obtained at 90°, 130°, 150°, 
210°, 230°, and 270° with equal frequency. The total 
number of counts in the peak at 0.59 Mev was deter- 
mined from each spectrum. The averaged values for the 
anistropy were thus found to be €(130°) = —0.01,+0.03, 
and €(150°)=0.019+0.035. 

Because of the predominantly dipole character of the 
0.04-Mev transition (see Sec. IV, A) it is necessary to 
consider only an angular distribution of the form 
W (0)=1+-a, cos’®. A least-squares fit to the experi- 
mental points corrected for the finite angular resolution 
of the apparatus yielded a,=0,003+-0.043. Because of 
the rather large amount of scattering of the 0.04-Mev 
gamma ray, that took place in the source, it was 
estimated that the value of a2 should be increased by 
about 15%. To minimize possible extranuclear per- 
turbations of this angular correlation, measurements 
were repeated with the ZnO source dissolved in nitric 
acid. The Lucite source holder for the liquid had a }-in. 
inside diameter and a 0.030-in. wall thickness. After 
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correcting for geometry and scattering it was found that 
a2=0.05,+0.06,. The liquid-source data was also 
analyzed for the 0.04-0.51-Mev gamm1-ray directional 
correlation. The 0.51-Mev photopeak areas were meas- 
ured after subtracting the contribution from the 
Compton distribution of the 0.59-Mev gamma ray. A 
value of a,.=0.34+0.09 was obtained after correcting 
for the geometry and scattering. Unfortunately this 
value must also be corrected for the presence of 0.51- 
Mev gamma-ray coincidences resulting from the 
Compton background of high-energy gamma rays and 
annihilation quanta beneath the 0.04-Mev photopeak. 
The contribution of this effect to the coincident 
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Fic. 4. Gamma-gamma coincidence spectra. See Table II for a 
summary of the analysis of these spectra 
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0.51-Mev photopeak was about 15 to 20 % when the 
counters were at 9)°, but higher at 150°. Because of the 
difficulty of making accurate corrections the anisotropy 
of the 0.04-0.51-Mev gamma-ray cascade was finally 
used only to exclude spin sequences that resulted in 
more positive anisotropies. 

The 0.25-0.26-Mev gamma-ray directional correla- 
tion was measured by differentially biasing the dis- 
criminating detector near 0.25 Mev and by displaying 
the coincidence spectrum from 0.14 to 0.58 Mev on the 
pulse-height analyzer, The source and holder were the 
same as used for the preliminary 0.0 +-0.59-Mev gamma- 
ray directional correlation. Because of the large 
Compton contribution of the annihilation radiation 
beneath the 0,25- and 0.26-Mev photopeaks in the 
discriminating crystal it was necessary to make a careful 
subtraction of the coincidence spectrum due to an 
nihilation radiation under identical conditions. 

To make the proper subtraction, a Cu™ source was made 
and mixed in with a quantity of unactivated ZnO equal 
to the amount used for the actual measurements, With 
the discriminator positioned as before, the coincidence 
spectrum was run at the various angles, The resulting 
spectra were subtracted from the Zn®™+ Cu® coincidence 
spectra after normalizing to the areas of the 0.51-Mev 
photopeaks. A coincident 0.40-Mev gamma-ray spe 
trum then also had to be subtracted from the resulting 
coincidence spectrum [see Fig. 4 (D) ]. 

The number of counts in 0.26- and 0.25-Mev coin 
cidence photopeaks was furthermore corrected for the 
Compton contribution of 0.40-0,26-Mev gamma-ray 
coincidences. The final calculated anisotropy from the 
corrected number of counts in the 0,.26- and 0,.25-Mev 

0.1674-0.05, and (150°) 
A least-squares fit to a cos*6é 


photopeaks was €(130° 
~0.077+0.067 at 150°, 
distribution, corrected for the angular resolution, gave 
d,= —0,23+4-0.09. If a cos? term is included, 
d= — 1.25+0.35 and a4= 1.446+0.4). 
Unfortunately it was impossible to determine a 
meaningful anisotropy for the 0.26-0.40-Mev gamma 
ray directional correlation. Large errors resulted from 
the low intensity of the 0.40-Mev line and the large 
0.51-Mev The data 
analyzed, however, to obtain a ratio for the intensity of 
the 0.25-0.26 Mev cascade relative to the 0.40-0.26 Mev 
cascade. After making the usual corrections, the ratio 
was found to be 0.38+0.04. This value was computed 
by combining the data at 90°, 130°, 150°, 210°, 230°, 
270°, so no further directional correlation correction was 


applied (see Table IT). 


one finds 


Compton backgrounds. were 


and 


VI. CONCLUSIONS 
A. Decay Scheme of Zn” 


The gamma-ray intensities, given in Table I, were 
expressed in absolute branching ratios of the Zn™ decay, 
by assuming that most of the Cu™ positrons go to the 


ground state of Ni®. The total Cu” positron-plus 
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Fic. 5. Decay scheme of Zn™. Gamma rays shown in dotted 
lines have not been detected and only upper limits for their 
intensity are given. Gamma-ray and level energies are in Mev; 
intensities in percent decay. Log ft values are given in square 
brackets, See Tables ITI and IV for errors on gamma-ray energies, 
intensities and branching ratios and Table V for possible spin 
assignments, The decay of Cu® is discussed in the Appendix. See 

also note added in proof after reference 18. 


electron-capture intensity (for the ground-state tran- 
sition ¢/B+t=0,.022)'*"" is then equal to the total 
Zn®™-decay intensity, in the units of Table I. As shown 
in the Appendix, most of the Cu™ decays indeed lead to 
the ground state of Ni™, so that this normalization is 
accurate to a few percent. 

The data in Table II were used to construct the decay 
scheme shown in Fig. 5. The absolute branching ratios 
of the gamma rays, together with the experimental 
errors, are given in Table III. Within the errors, the 
decay scheme of Fig. 5 is consistent. 


Tasce III, Absolute branching ratios of Zn** gamma rays. 


Branching ratio 
(percent 


0.70 ei. 
0.66 <0 
0.63 < 
0.595+0.010 2 
0.55 < 
0.5140.01 11.0+-0.7 
0.40+0.01 0.9+0.7 
0.33 £1.5 

0.30 <0.2 
0.26+0.01 1.2+0.6 
0.25+4-0.01 0.3940.2, 
0.15 <0.1 

0.08 <0.1 
0.0416+0.002* 20.5+1.1 


Energy (Mev) 


5+0.5 


* Energy from references 5 and 13. 


PF. Zweifel, Phys. Rev. 96, 1572 (1954). We are indebted to 
Dr. Zweifel for communicating to us certain corrections to his table 
prior to publication. [See P. F. Zweifel, Phys. Rev. 107, 329 
(1957). ] 

''M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
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Since the presence of Cu™ (see Fig. 2) did not allow 
a measurement of the ratio B+ (Zn) /B+(Cu®), the value 
0.14 of Nussbaum et al. was assumed. [It should be 
mentioned, though, that this value affects only our 
derived ¢«/8* ratio for the ground-state transition of 
Zn® (see Sec. VI, B) and nothing else. ] With this ratio, 
we find also that the intensity of the 0.042-Mev gamma 
rays relative to the total number of 0.51-Mev quanta in 
Zn®™+Cu® is 8.6+0.5%, which can be compared with 
Nussbaum’s value® of 9.7+0.7%. 


B. Beta Decay 


Table IV gives the branching ratios and log ft of the 
various transitions from Zn™ to Cu®™. Since for some of 
the gamma-ray intensities only upper limits could be 
set, the logft values are necessarily approximate. 
Nevertheless one is probably justified in concluding 
that all the transitions, except to 0.042- and 0.30-Mev 
levels, are allowed and that the latter are perhaps 
forbidden. Hence the spins and parities of all the states 
of Cu®, except the 0.042- and 0.30-Mev levels should be 
Ot or 1*. 


Tas_e IV. Zn® branching ratios to Cu®. 


Branching ratio 


Cu® level (Mev) (percent) Log ft 


0 66_5* 4.8 
0.042 : >6.4 
0.30 , 26.3 
0.55 ~5 
0.63 ' 4.8 
0.70 ~6 


Our results (Sec. IV, B) show that practically only 
the ground state of Cu® is populated by positron decay 
from Zn™, Balancing the intensities of total decays 
reaching the ground state and leaving it, we can 
calculate an ¢/8* ratio of 3.7_o 4*'* for the ground-state 
transition from Zn®™ to Cu®. This can be compared with 
the theoretical value'*"’ of 2.7 for an allowed transition. 
The experimental value assumes that the ratio® 
Bt (Zn™) /8*(Cu®) =0.14; if this value were 0.18, good 
agreement with the theoretical ¢/8*+ value would be 
obtained. 


C. Conversion Coefficients 


The intensity balance for the gamma rays leading to 
and from the 0.042-Mev level allows the conclusion 
that the total conversion coefficient of the 0.042-Mev 
transition is a@io.=90.65+0.10. This can be compared 
with Nussbaum’s value’ (see Sec. IV, A) atoc=0.55 
+().09 and the theoretical values'*§ ayo.(M1)=0.61 and 


'§M. E. Rose, in Beta- and Gamma-Ray S pectroscopy, edited by 
K. Siegbahn (Interscience Publishers, New York, 1956). Using 
privately circulated tables of Rose, Goertzel, and Swift, it is 
possible to compare the experimental K/(L+M)=8.0+1.5 
(reference 5) with the theoretical values K/L =9.6 and 6.4 for a 
M1 and £2 transition of 0.042 Mev, respectively. 

§ Note added in proof.—The authors are very grateful to Dr. A. H. 
Wapstra for pointing out that the experimental conversion coeffi- 
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Qtor(22)= 16. It can be concluded that the 0.042-Mev 
transition is predominantly M1 with at most 1% E2 
admixture and that the parity of the 0.042-Mev state is 
even, since the ground-state parity is even. Hence, if the 
positron-plus-capture transition from Zn®™ to the 
0.042-Mev state is indeed forbidden (see Table IV), it 
must be second forbidden, and the spin of the ground 
state of Cu must then be 1* and that of the 0.042-Mev 
state 2+. In any case, the spin of the 0.042-Mev level 
cannot be greater than 2°. 


D. Lifetime-Energy Relationship 


It can hardly be expected that for a nucleus as com- 
plex as Cu® gamma-ray transition probabilities can be 
predicted from the “single-particle” formula of Weiss- 
kopf.'!* Nevertheless it is probably reasonable to conclude 
that, since transitions from the upper (0* or 1*) states 
of Cu® to the 0.30-Mev state compete successfully with 
transitions from these states to ground or first excited 


[Pp yg a) (p pid Mya Mga) 





Fic. 6. Comparison of Cu® levels with predictions of the 
zero-range odd-odd model (see references 23 and 26). The left 
side of the figure shows the predicted levels for two assumed 
proton-neutron configurations with a proton-neutron interaction 
of the form Vij= Vol1+-0.10;-0; ij. The energy match to the 
experimental levels is completely arbitrary and indicates only one 
possible correspondence. The predicted absence of a low-lying 
spin-0 state may be noted. 


states (spins <1* and < 2+), the spin of the 0.30-Mev 
state is not greater than 3. 

The measured upper limit of 8 10~* sec for the half- 
life of the 0.042-Mev state can be compared with the 
value ~3.5X10-" sec for an M1 transition and 
~1.5X 10~ sec for an £2 transition, calculated from the 
Weisskopf formula.'* A more refined theoretical calcula- 
tion on the basis of a_ shell-model configuration 
[p: py; m: (py)*fy Je for the 0.042-Mev state and [p: pj; 
n: (p,)*f; |; for the ground state of Cu® happens to give 
the same numerical values.” The configurations for the 
0.042-Mev state could be different, though (see Sec. VI, 
F and Fig. 6). 


cients by themselves could hardly decide between an F.1 (a1.=0.76, 
K/L=10) or M1 assignment for the 0.042-Mev gamma ray. A 
negative parity for the 0.042-Mev level would be consistent with 
the experimental beta- and gamma-transition probabilities, but 
would be unlikely on the basis of the shell model. (See Fig. 6, 
for example.) 

*V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). We used the 
formula given by S. A: Moszkowski; see reference 18. 

*C.L. Schwartz (private communication). 
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E. Angular Correlation 


From the preceding discussion it is clear that the 
parity of all the levels of Cu®, except the 0.30-Mev level, 
is probably positive ; no conclusion can be drawn about 
the parity of the 0.30-Mev level. The spins of the ground 
state and the three highest states (Fig. 5) are not 
greater than 1 and those of the 0.042- and 0.30-Mev 
states not greater than 2 and 3, respectively. The 
directional correlation data were evaluated under these 
considerations for the spins of the Cu® states. 

The 0.59-0.04-Mev gamma-ray directional correla- 
tion is consistent with 1-1-0, 1-1-1, 1-0-1 and 1-2-1 
spins for the 0.63-Mev, 0.42-Mev, and ground states. 
This assumes there can be any mixture of dipole and 
quadrupole radiation in the first transition (0.59 Mev) 
but only up to 1% quadrupole radiation in the second 
transition (0.04 Mev) (see Sec. VI, C), if the spins of 
the respective levels are such as to permit mixing of the 
radiations. 

Because of the difficulties that were discussed the 
0.51-0.40-Mev gamma-ray directional correction re- 
sults can be used only to exclude the 0-1-0) spin assign- 
ments for the 0.55-, 0.042-Mev, and ground states. 

The 0.26-0.25-Mev gamma-ray directional correla- 
tion, because of the possibility of an unknown amount 
of mixing of dipole and quadrupole radiation in either or 
both of the transitions, is consistent with many sets of 
spin values for three levels involved. In fact, of all the 
spin possibilities allowed from consideration of the 
feeding of the 0.55-, 0.30-, and 0.042-Mev levels, only 
0-1-0 and 0-2-0 can be definitely excluded. These 
particular sets of spins are also not consistent with the 
presence of the observed 0.51-Mev crossover gamma ray, 

A summary of the spins and parities that are per 
mitted from all considerations is shown in ‘Table V. 
The possibility of having either the 0.70- or 0.55-Mev 
level with spin 0 and at the same time the 0.30-Mev 
level with spin 3 has been omitted because the observed 
branching ratios are so radically different from what 
would be expected for single-particle transitions in that 
case. Likewise, the possibility of having the 0.30-Mev 
level with spin 3 and the 0.04-Mev level with spin 0 
has been omitted because the expected lifetime of the 
transition (10~' to 10°* sec) would not be consistent 
with the coincidence work 


TABLE V. Possible sets of spins and parities for the states of 
Cu® based on the directional correlation measurements and other 
information 


Level —_ 
energy Possible sets of spins and parities 


(Mev) ) (e) 
0.70 l 
0.63 1 
0.55 1 
d 5 

1 


’ 
+ 
+ 


0.30 
0.042 
0.00 


+ 
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The 0.26-0,.25-Mev gamma-ray directional correla- 
tion is consistent with spin 1-3-1 for the 0.55-, 0.30-, 
and 0.04-Mev levels, respectively, but requires mixing 
of quadrupole and octupole radiation in either or both 
of the transitions. This spin sequence is shown in Table 
V, column (e), although the mixing of such radiation 
to the extent that is needed would seem rather improb- 
able. Aside from this there is little additional evidence 
that would make the spins shown in any one of the 
seven columns in Table V preferable over any other 
one. 


F. Shell Model 


According to recent measurements of Nussbaum 
et al.” the ground-state spin of »Nis3" is 3. On the shell 
model' this would be most reasonably interpreted as 
due to a [(p,4)*(fy)o? |, neutron configuration (with 
possible admixtures to explain the small magnetic 
moment of Ni®), It would appear that a similar neutron 
configuration is predominant in 97Co3;".77 If the same 
neutron configuration is also effective in a»Cug3;™, its 
ground state could be expected to have spin 2 on a zero- 
range model.” On the other hand, the proton-neutron 
“stabilization”™* by the py proton may allow the 
[ (py)*fy |p neutron configuration to compete favorably 
with the [ (py)*(fy)o? |) configuration in »Cug;™, despite 
the increased pairing energy” of (/;)? as compared to 
(p,)?. This would give a ground-state spin of 1, 2, or 3 
for Cu® on the zero-range model,.?* Evidence for an 
apparent reversal of the ground state and first excited 
state configurations of Cu™ as compared to Ni® may be 
seen in the predominant gamma transitions, which in 
Cu®™ go to the first excited state and in Ni®™ to the 
ground state. Whether or not these states are due to 
the aforementioned competition between the [ (p,)* fy] 
and [ (p4)*(f4)o? |, neutron configurations or due to more 
complicated interactions can only be decided by 
accurate shell-model calculations.‘ For general interest, 
though, we show in Fig. 6 a possible matching of the 
states predicted by the zero-range model”™?* with the 
experimentally-found states. 

Another matter of possible interest in connection with 
the shell model is the close similarity in energy of the 
lowest states’ of o7Co33”, osNizs", and »Cugs". A fairly 
detailed search throughout the periodic table indicates, 
though, that this might well be accidental. 
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APPENDIX. GAMMA SPECTRUM OF COPPER-62 


The gamma-ray spectrum of Cu® is shown in Fig. 1. 
In principle this spectrum can be analyzed for the 
energies and intensities of the gamma rays that are 
emitted in the decay of Cu® to obtain information about 
the level structure of Zn®. The obvious difficulties with 
this process are the very low intensities of the gamma 
rays above 0.51 Mev and the great complexity of the 
spectrum. Besides the spectrum shown in Fig. 1, a 
number of others were run under various conditions in 
an effort to obtain the most favorable experimental 
conditions. No spectrum was obtained that would 
permit an accurate decomposition into individual 
gamma-ray spectra, but a few gamma rays consistently 
evidenced themselves in the various measurements. 
They were at 0,66+0.02, 0.854+0.02, 1.18+0.02, 
1.354+0.03, 1.46+0.03, 1.98+-0.03, and 2.24+0.03 Mev. 
The intensities relative to the total number of positrons 
were about 2% for the 0.66-Mev gamma ray and about 
1% for the rest. Other gamma rays are most certainly 
present but it was not possible to resolve them with any 
certainty. In view of this it would appear more fruitful 
to investigate the levels of Ni® by the decay of Co®, in 
which gamma rays of 1.0, 1.17, ~1.5, 1.7, 2.0, and 
~2.5 Mev have already been found.® 

The 1.18-Mev gamma ray appears strongly in the 
Co® decay® and presumably represents a transition 
from the first excited state”’ to the ground state of Ni®. 
It is difficult to understand, however, why in Cu® this 
transition is not more intense both relative to the other 
gamma rays and to the positrons. If one assumes that 
the 1.18-Mev level is populated entirely by positrons 
and electron capture from Cu® a lower limit to the log ft 
of 6.2 is obtained, compared to the transition between 
ground states which has a log ft of 5.2. 

Since the present measurements and analyses were 
completed, levels in Ni® at 1.171, 2.047, and 2.304 Mev 
have been found by inelastic proton scattering.” This 
allows a tentative assignment of the 0.85- and 1.98-Mev 
gamma rays from Cu® to transitions from the 2.05-Mev 
state to the 1.17-Mev and ground states of Ni®, re- 

27 Spencer, Phillips, and Young, Bull. Am. Phys. Soc. Ser. II, 2, 
105 (1957). 
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spectively. It is of interest to compare these transitions 
with the probably analogous transitions from the 2.16- 
Mev state?’* in Ni® and the 2.46-Mev state*?® in 
Ni**. Table VI summarizes this comparison ; the similar- 
ity of the energy ratios is striking” and has also been 
found for similar levels® in Zn™, Zn®, and Zn", The 
reduced transition probabilities in Table VI have been 
calculated by assuming the second excited state to be 
2+ and assuming the M1 contribution to the transition 


28 Van Lieshout, Nussbaum, Nijgh, and Wapstra, Phys. Rev. 
93, 255 (1954); Nussbaum, Van Lieshout, Wapstra, Verster, Ten 
Haaf, Nijgh, and Ornstein, Physica 20, 555 (1954). 

* R. M. Sinclair, Phys. Rev. 102, 461 (1956). 

*G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
toss}: J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 

1953). 

311). J. Horen and W. E. Meyerhof (to be published). In these 
nuclei the energy ratio is close to 1.8 and not 2.3 as was previously 
thought (see reference 32). 
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Similarities in e-e Ni nuclei.* 


raBLe VI 


Reduced 

transition 

probability 
B( EQ; 2’ 
B(E2; 2’ -*2 


Energy of excited states 
birst Second 
ka id 


Nucleus Mev (Mev) ’/E 


1.69 
1.63 
1.74 


1.453» 
1.329 
1.171 


2.456 
2.161 
2.047 


Ni* 
Njj60 
Ni ®@ 


(0.003 
(~0.01¥ 


* The notation used is the same as that of reference 32 

»b All energy values taken from references 27 and Gossett 
Phillips, and Schiffer, Phys, Rev, 103, 1321 (1956 

¢ Only the transition between second and first excited states ha 
up to now (see reference 29) 

4 Intensity ratio from reference 28 

* Intensity ratio from present work 


Windham 


been seen 


from the second excited to the first excited state to be 
negligible.” 

82 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956); see espec ially Table V, 6 
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Gamma Radiation from Resonance Neutron Capture in Mercury 
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An experiment has been performed to detect individual high-energy gamma rays associated with 
resonance capture in mercury, using an electron linear accelerator as a pulsed neutron source, The gamma 
ray spectrum from the 34-ev resonance in the compound nucleus Hg™ has intense components of higher 
energy than does the spectrum from thermal capture in this isotope. From this it can be inferred that the 
spin of the 34-ev resonance is most probably 1 with negative parity 


INTRODUCTION 


N investigation has been undertaken, using the 

A.E.R.E. linear electron accelerator! as a pulsed 
neutron source, to study the possibilities of observing 
individual high-energy capture gamma rays associated 
with resonance neutron capture. One of the pressing 
problems in slow, i.e., resonance energy neutron physics, 
has been the determination of spins associated with the 
individual sharp resonances in the compound nucleus, 
particularly the determination of the spin of more than 
one resonance in a single isotope. The problem in prin 
ciple is straightforward. Accurate measurements of both 
total and scattering cross sections give unambiguous 
choices of all the Breit-Wigner parameters, including the 
spin. The scattering measurements, however, have 
proved to be very difficult, particularly when the level 


* Research performed at the Atomic Energy Research Estab 
lishment, Harwell, England, while on leave of absence from 
Brookhaven National Laboratory 

'E. R. Wiblin, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva (United Nations, New York, 
1956), Vol. 4, p. 35. 


spacing is sufficiently small to permit observation of 
several resonances in a single isotope.’ For some time 
we have wished to know what could be achieved by 
somewhat different approaches, utilizing differences in 
the decay schemes of the compound nucleus which 
might depend upon spin. Variations in the population of 
isomeric states have been observed’ when activation is 
made through selected resonance states of the compound 
nucleus, It might be hoped that measurements of this 
type would show a division into two distinct groups 
from which the spins might be inferred after the estab 
lishment of at least one spin by a more direct method 
One would certainly expect that the capture gamma-ray 
spectrum itself would change with the spin, although 
it has been evident for some time that such changes are 
not always obvious or easy to measure. We have felt, 
however, that if one could choose individual gamma 
rays, presumably of high energy, which originate at the 


2. R. Rae, Physica 22, 1131 (1956) 
*V. L. Sailor (private communication); R. E 
Rev. 95, 453 (1954) 
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Fic. 1. Schematic diagram of the level structure of Hg™ as reported 
by Adyasevich et al. in reference 4. 


capturing state and decay to a well-isolated low-lying 
state, and establish the multipolarity of these, then one 
would have made a direct attack upon the problem of 
the spin of the compound state. One needs for this, of 
course, rather special knowledge of the capture gamma- 
ray spectra, measurements which have themselves been 
difficult. In particular the spectra have been unknown 
for just those cases where the density of levels near the 
capturing state is interestingly large. The recent results 
of Adyasevich et al.‘ for Hg are particularly interesting 
and appear schematically in Fig. 1 

The thermal capture of Hg is dominated by a strong 
negative energy level’ in Hg™. The binding energy, as 
established by the capture gamma-ray results, is 8.03 
Mev. No transition having the full binding energy, 
however, is observed. Since the even-even Hg™ has a 
ground state spin of 0+, the absence of a ground state 
transition is strong evidence for assigning the spin of 
the capturing state as O0-.° This assignment is 
strengthened by the absence of strong transitions to 
the first two excited states which have been assigned 2*.’ 

Since the 0-0 transition is forbidden, the presence of 


‘ Adyasevich, Groshev, and Demidov, Proceedings of the Con 
ference of the Academy of Sciences of the U.S.S.R. on Peaceful Uses 
of Atomic Energy, July 1-5, 1955, Session of Division of Physico- 
Mathematical Sciences (Akademiia Nauk, S.S.S.R. Moscow, 
1955) [translated by the Consultants Bureau, New York, 1955, 
», 195 
, *W. W. Havens, Jr., and L. J. Rainwater, Phys. Rev. 70, 154 
(1946). 

* The ground state spin of the target Hg™ has been assigned 4 
by H. Schiller and E. G. Jones, Z. Physik 74, 631 (1932). Assum 
ing the negative parity assignment of the shell model, s-wave 
neutrons can excite only 0~ and 1~ compound-nucleus states. 

’ Bergstrém, Hill, and DePasquali, Phys. Rev. 92, 918 (1953). 


LANDON AND E. R. 


RAE 


an 8-Mev transition from a capturing state would 
unambiguously establish the spin of that state as 1-. 
This transition would, of course, be £1 and conse- 
quently intense. The problem of detecting at 8.0-Mev 
gamma ray with good efficiency and resolution is not 
easy, but the problem is simplified by the existing 
scheme of low-lying states of Hg’. Gamma rays from 
a capturing O~ state to the first two excited states are 
M2 and consequently weak compared to £1, It is in 
fact observed by Adyasevich ef al. that no transition 
of E1 speed is seen above about 6.5 Mev. We have 
therefore set out to detect individual high-energy 
gamma rays associated with the decay of the well-known 
virtual level in Hg™ at 34 ev.** 


MEASUREMENTS 


A schematic diagram of the apparatus is shown in 
Fig. 2. The details of the operation of the linear accel- 
erator as a pulsed neutron source for cross-section 
studies have been published.’ For the present experi- 
ment” a sample of about 100 grams of natural mercuric 
oxide contained in a circular thin aluminum can 3.1 
inches in diameter, was irradiated at the 11.5-meter 
station by the pulsed neutron beam. Three suitably 
shielded NaI(T1) scintillation detectors surrounded the 
target. Pulses from these detectors were linearly am- 
plified before being admitted to a single-channel dis- 
criminator. The pulses selected by the discrimator were 
time sorted in a 100-channel time-delay analyzer to 
permit selection of the flight time of the neutron whose 
capture in the mercury had given rise to the pulse in 
the gamma-ray detector. The type of data obtained for 
a particular bias setting of the discriminator is shown 
in Fig. 3. The resonance structure of natural Hg is 
clearly seen, The most probable isotopic assignment of 
the resonances according to reference 9, is shown. 
When the cadmium filter normally present in the beam 
is removed, curves such as that shown in Fig. 4 are 
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Fic. 2. Schematic diagram of the experimental apparatus asso- 
ciated with the neutron capture gamma-ray observation. 
* J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 
*R. R, Palmer and L. M. Bollinger, Phys. Rev. 102, 228 (1956). 
Similar techniques for detecting low-energy gamma rays have 
been reported by Bennett, Walters, Fenstermacher, and Rosler, 
Bull. Am. Phys. Soc. Ser. II, 1, 62 (1956). ' 
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Fic. 3. Neutron capture gamma-ray counts versus neutron 
time of flight. Resonance energies are shown in electron volts. The 
isotopic assignments are taken from Palmer and Bollinger, refer 
ence 9, The asterisk signifies tentative assignments. 


obtained. The resonance structure is still clearly seen, 
but an apparent large increase in the background count- 
ing rate is observed. These extra counts are due to the 
capture of very slow thermal neutrons whose flight 
time is greater than the cycling time of the spectrometer 
and which are normally removed by the cadmium 
filter. The gamma rays corresponding to the extra 
counts are therefore due to the capture of thermal 
neutrons by the mercury sample. 

The principle of the experiment was to determine the 
ratio of the number of counts observed in a resonance 
peak to the number of counts associated with thermal 
capture, and to observe the variation in this ratio as 
the discriminator bias was increased. The bias setting 
of the discriminator determines the amplitude of the 
pulse obtained from the scintillation detectors, and so 
the amount of energy dissipated in the detectors by the 
capture gamma rays. The system was calibrated by 
using standard gamma-ray sources. The Cs’ line at 
0.66 Mev was used for setting up the apparatus each 
day, a standard attenuator of 20 db normally present in 
the amplifier being removed during the calibration runs. 
The gamma ray of 4.4 Mev from the reaction Be*(a,n)C” 
was also used to check the linearity of the system up to 
that energy. Mercury gamma rays were observed, 
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Fic. 4. Neutron capture gamma-ray counts versus neutron 
time of flight 


however, up to a bias setting corresponding to 9.0 Mev, 
thus indicating an uncertainty of approximately 1 Mev 
in the energy scale. Careful background studies were 
made both with the mercury sample replaced by an 
empty aluminum can and by a nonresonant scatterer 
of neutrons. Results are reported only for the strong 
resonance at 34 ev since the counting statistics achieved 
at the other two resonances were inadequate. Typical 
running time was approximately one hour per run for 
each bias setting. 


RESULTS 


The results are summarized in Fig. 5. A change in 
the character of the gamma radiation associated with 
the 34-ev resonance is clearly indicated. Gamma rays 
are seen from this state up to the limit of the binding 
energy, while intense radiation from thermal capture 
is not seen above approximately 6.5 Mev. Above this 
energy the ratio of thermal to resonance capture gamma 
rays approaches zero. The statistics associated with the 
ratio measurement are adequate to show definitely the 
change in the spectra. This result indicates that the 
spectrum of gamma rays from the 34-ev resonance is 
harder or more energetic than that from the thermal 
capture and implies the presence of strong radiation to 
the lowest lying states of Hg™. We consequently infer 
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Fic. 5. The ratio R of gamma-ray counts due to thermal! and 
$4-ev resonance neutron capture versus the energy of the gamma 
rays detected. The ordinate scale is arbitrary to the extent that 
the energy interval of thermal neutrons detected was arbitrary 


that the spin of the 34-ev resonance must be 1 with 
negative parity. A further series of measurements was 
undertaken by one of us (E.R.R.) to measure the 
entire pulse-height spectrum of events detected in the 
Nal counters while time sorting these events according 
to neutron energy. This was achieved by the use of a 
magnetic-tape recording technique" and also by direct 
recording of the pulse-height spectrum in a 100-channel 
pulse-height analyzer."* The curves obtained by the 
latter technique, together with the background pulse 
height spectrum are shown in Fig. 6. 

The apparatus was calibrated by using the 4.4-Mev 
gamma ray from Be*(a,n)C” and the 7.9-Mev gamma 
ray from the capture of thermal neutrons in copper, 
and it appears that the gamma-ray spectrum from the 
34-ev neutrons extends to an energy of about 8.0 Mev. 
This indicates strong radiation to the lowest states in 
the Hg™ nucleus, including the ground state. 


DISCUSSION 


In addition to the information that one can obtain 
about the spin of compound-nucleus resonances, it 
should be mentioned that it is or soon will be possible 


"E.R. Rae and F. Firk, Nuclear Instr. (to be published) 
"K, Kandiah, Proc. Inst. Elec. Engrs. (to be published 
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to obtain other interesting results using these tech- 
niques. If one can observe individual high-energy 
gamma rays associated with the decay of a particular 
selected resonance of the compound nucleus one can 
measure the relative transition probability of this 
decay and consequently the distribution of partial 
widths for this gamma transition much as one does in 
the case of neutron-scattering partial widths. In addi- 
tion, if one can select the transition from the 
individual resonance, then it should be _ possible 
to observe interference phenomena in the capture 
cross section. That is, if we restrict the number of exit 
channels in the capture process to a relatively small 
number, then interference effects between individual 
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Fic. 6. The gamma-ray pulse-height spectrum observed for 
both thermal-neutron and 34-ev resonance neutron capture. The 
background spectrum is shown as well as the calibration spectra. 
The dotted Cu(ny) curve is based on an experimental line shape 
and results by G. A. Bartholomew and B. B. Kinsey, Phys. Rev. 
89, 386 (1953) 


resonances will show up. Such interference effects are 
not presently seen in this process because of the multi- 
plicity of exit channels open in the normal capture 
experiment. 
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Spin-Orbit Coupling in the Neutron-Proton Interaction* 


j. L. GAMMeL AnD R. M. THALER 
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(Received May 20, 1957) 


It is shown that if the nucleon-nucleon interaction is charge-independent, then the n-p scattering and 
polarization data in the energy range 0-310 Mev require the presence of a spin-orbit term in the triplet 
even-parity potential of the same short range as (but of somewhat less depth than) the spin-orbit term 
found previously for the triplet odd-parity potential 


I. INTRODUCTION 


W* assume that the nucleon-nucleon interaction is 
charge-independent [so that we necessarily and 
conveniently use singlet even-parity ('V*) and triplet 
odd-parity (*V~) potentials derived in previous work! 
from p-p scattering and polarization data |, and study 
the usefulness of a spin-orbit term (*V ,s*) in the triplet 
even-parity potential (*V*) in fitting the 90-, 150-, and 
310-Mev n-p scattering and polarization data. We shall 
draw the following conclusions: 


(1) A term *V;s* [of the same short range as (but 
of somewhat less depth than) the spin-orbit term 
(*Vs~) in the potential *V~ derived from p-p data | 
must be included in the potential *V* in order to 
obtain precision fits to the 90-, 150-, and 310-Mev 
n-p data. 

(2) The shape of the tensor term (*V 7+) in the 
potential *V + needed to achieve energy-independent fits 
to the n-p data must be similar to the shape of the 
tensor term (*V 7) in the potential *V~ needed to 
achieve energy-independent fits to the p-p data (some- 
thing less singular than the Yukawa shape). 


II. LIMITATIONS OF THE PRESENT WORK 


In a previous paper,’ we gave a number of forms of 
the potential *V * which fit the binding energy (/,) and 
quadrupole moment (Q) of the deuteron and the zero- 
energy triplet n-p scattering length (a;). 

Because our code which calculated E,, QO, and a; no 
longer exists (it was prepared for IBM 701’s which have 
been replaced by IBM 704’s at Los Alamos), we were 
obliged simply to add spin-orbit terms to the potential 
‘V+ given in reference 2, This procedure is not un- 
justified because L-S vanishes in the *S, state, and the 
short-range spin-orbit forces which we consider are not 
effective in D states at low energy (presumably, the 
binding energy of the deuteron is a low energy). 

Also, becausé the potentials *V* given in reference 2 
have Yukawa-shaped *V7* terms, we necessarily use 
Yukawa-shaped *V 7* terms in the present work. Thus, 
conclusion (2) in the introduction should be stated as 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

2? Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 


follows: it was found that to achieve precision fits to 
the n-p data, it is necessary to decrease the depth of a 
Yukawa-shaped term, *V7*, as the energy increases, 
just as it was necessary to decrease the depth of a 
Yukawa-shaped term, *V r~, in fitting the p-p scattering 
data [see discussion in reference 1 following Eq. (10) }. 

In reference 1, we actually found a shape for the 
*V 7~ term which gives an energy-independent fit to the 
data. In the present work we have not attempted to 
find a shape for the *V 7+ term which gives an energy 
independent fit to the data, because we have no code 
available to relate the necessary shape (something less 
singular than the Yukawa shape) to /, V, and ay. 

It is satisfying that the necessary change in depth of 
a Yukawa-shaped *V 7* term is not great (from 257 Mev 
at 0-90 Mev to 175 Mev at 310 Mev). We believe that 
the potentials given here and in reference 1 can be used 
in calculating the properties of nuclear matter, We also 
believe that the phase shifts given here and in refer 
ence 1 provide a phase-shift analysis of the nucleon 
nucleon data in the energy range 0-310 Mev, and that 
this phase-shift analysis is valid independently of slight 
remaining defects in the potential model from which 
the phase shifts are calculated. The phase shifts are 
useful in optical-model calculations of high-energy 
nucleon-nucleus scattering. 

Work is in progress to calculate &, Q, and a, with 
spin-orbit terms *Vs* included in the potential *V* 
and with tensor terms *V 7+ which are less singular than 
the Yukawa-shaped terms previously used. 


III. PROCEDURE AND RESULTS 


‘The 90-Mev n-p angular distribution [ (0, 90 Mev) | 
was studied first. For each of the potentials 4V* in 
Table I, reference 2, and zero singlet odd-parity poten- 
tial ('V~=0), we calculate® o,(0, 90 Mev). ‘The results 
are shown in Table I for @=0°, 90°, 130°, and 180°. 

In order to increase a,(180°, 90 Mev) to its experi 
mental value, we have to use a repulsive potential 
'V~. This will increase o,(130°,90 Mev) also (even 
though very slightly), which proves at once that 

4 When we speak of calculating an n-p angular distribution from 
given potentials *V * and'V~, we mean, of course, that we use the 
(Yukawa-shaped) potentials *V~ and 'V* given in reference 1 
At 310 Mev, we used the singlet even-parity phase shifts and 


triplet odd-parity phase shifts of solution 1 of Stapp, Ypsilantis, 
and Metropolis { Phys. Rev. 105, 302 (1957) ], directly 
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Fie, 1. (a) The 90- and 310-Mev n-p differential cross sections 
(b) The 137- and 156-Mev n-p differential cross sections 


o,(130°, 90 Mev) and o,(180°, 90 Mev) cannot be fit 
simultaneously (without introducing the term *V5*), 
since the calculated values of o,(130°,90 Mev) are 
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already much greater than the experimental value. 
This problem is evident in reference 2, Fig. 6, which 
shows that o,(0, 90 Mev) is too V-shaped when calcu- 
lated from potentials with central and tensor terms 
only, as was remarked in the discussion in reference 2. 

With the potential 'V~ adjusted‘ to fit o,(180°, 
90 Mev), we added a *V,s* term of the same range as 
the *V_,s~ term found in reference 1. We observed that 
in order to decrease o,,(130°, 90 Mev) we had to give 
the term *V ,5* the same sign as the term *V ,s~ found 
in reference 1. 

Adding this *Vzgt term also decreases o,(180°, 
%) Mev) ; however, 7,(180°, 90 Mev) was always fitted 
by increasing the magnitude of the repulsive potential 
'V~. As already mentioned, the increase in o,(130°, 
90 Mev) resulting from an increase in the magnitude 
of 'V~ is slight, so that the decrease in ¢,(130°, 90 Mev) 
resulting from increasing *V,s* is not lost when the 
magnitude of 'V~ is increased to keep ¢,(180°, 90 Mev) 
fixed at its experimental value. 

a,(90°, 90 Mev) and a,(0°, 90 Mev) also decrease as 
*V st is added and a,(180°, 90 Mev) is held constant 
by increasing the magnitude of 'V~. Thus, that poten- 
tial in Table I is most desirable which shows a low 
value of a,,(130°, 90 Mev), and high values of o,(90°, 
90 Mev) and a,(0°, 90 Mev). The potential with identi- 
fication number 4 is obviously outstanding in these 
respects. It has by far the lowest value of ¢,(130°, 


90 Mev) and also the highest value of ¢,(90°, 90 Mev). 
We were unable to get a good over-all fit to ¢,(0, 90 
Mev) by adding a *V,s5* term to any of the *V* poten- 


TABLE I. o, (6,90 Mev) for various 6 calculated with the *V* 
from Table I, reference 2 and 'V~=0. 


yr 
identification 
number 4 90 


an (0,90 Mey) in mb 
15.31 
15.25 
15.21 
14.59 
13.97 
13.97 
13.74 
12.95 
16.40 
16.35 
17.11 
18.94 
18.04 10.09 
18.96 § 10.12 
13.5 4. 6.7 


8.30 
8.76 
9,20 
7.66 
8.08 
8.59 
9.14 
8.45 
8.86 
942 
9.66 
9.52 


10.53 
10.75 
11.12 
9.89 
9.61 
9.93 
10.05 
9.22 
11.46 
11.76 
12.84 
13.55 
13.24 
14.50 
13.4 
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experimental* 


* Result of drawing curve through best data as reviewed by Wilmot N. 
Hess, University of California Radiation Laboratory Report UCRL-4639 
(unpublished). 


‘We assume that the potential 'V~ has a Yukawa shape. At 
this stage we did not know its range; a compromise range of 
1.0 10-" cm was used and the depth adjusted to fit 7, (180°, 
90 Mev). Since only the 'P; phase shift is important at 90 Mev 
(F, is not), ignorance of the range of 'V~ is a matter of no con- 
sequence. 
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tials from Table I, reference 2, except the one with 
identification number 4. 

The depth found for the (Yukawa-shaped) *Vz5s* 
term was not quite as great as the depth found for the 
3Vps~ term in reference 1; the depths and ranges are 
(for Yukawa shapes) : 
4V pg =7317.5 Mev, 


= 3.710" cm~!. 


3V ,g+= 5000 Mev, 
Su Ls* . wn Ls 


The fits to the 90-Mev scattering and polarization 
data are shown in Figs. 1 and 2. 

There remains the problem of fitting the 310-Mev 
n-p data. The potential found to fit the 90-Mev data 
does not give a good fit to o,(@, 310 Mev). The values 
for ¢,(0°, 310 Mev) and o,(130°, 310 Mev) are much 
too large. Our experience with the p-p problem was 
that *V 7~ needed to be less deep at 310 Mev than it did 
at 70 Mev when it is Yukawa shaped. This is discussed 
in detail in reference 1 following Eq. (10). We wondered 
if there might not be a similar effect in the present 
problem. We found at once that by decreasing the 
depth of the Yukawa-shaped term *V7* from 257 Mev 
(the value used in fitting E,, 0, and a; and the 90-Mev 
data as described above) to 175 Mev resulted in a 
precision fit to the 310-Mev n-p scattering and polariza- 
tion data as shown in Figs. 1 and 2.° ¢,,(180°, 310 Mev) 
was fit by adjusting 'V~ with a range of 1X10~" cm. 
It was found that more depth (—150 Mev) was needed 
at 310 Mev than 90 Mev (—100 Mev); energy inde- 
pendence could be achieved by using a shorter range 
potential 'V~ (still of Yukawa shape) but this was 
not done. 


TABLE IT. Phase shifts as a function of energy. The entries are 
twice the Blatt-Biedenharn phase shifts in radians. The sign 
conventions for the coupling constants ¢ is opposite to that used 
by Stapp et al. 


90 Mev 156 Mev 310 Mev 
-1.10 
0.257 


—0.077 


—0.629 
0.101 
0.021 


1P; —0,480 
IP; 0.0540 
Ms —0.006 


-~0.516 
-1.09 
~1,22 


0,543 
0.695 
—0.322 


AY 1,291 
‘sD, 0.460 
2e —0.199 


0.778 
0.432 
—0,.209 
-0).724 


0.909 

0.283 

0.156 
—1.01 


5Dy 0.653 
"Ds 0.134 
5G, —0.095 
23 = 1 218 


0.195 
—0.033 


0.108 


5G, 0.042 
; 0.137 


5G, —0.007 


* See reference 5. 


5 We also adjusted the depth of the Yukawa-shaped central 
term (*V,*) in 4V* from 100.7 Mev at 0-90 Mev to 60 Mev at 
310 Mev. This says that the form of *V,* is less singular than the 
Yukawa shape, or that the hard core has a diffuse boundary. 
Since &, QO, and a, depend on *V,*, we did not try to find a shape 
for *V.* which gives an energy-independent fit to the data. In the 
p-p problem, *V,~=0, and this point did not arise. 
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Fic. 2, The 90-, 156-, and 310-Mev n-p polarizations (/’/sin6 
The upper left-hand scale is for 90 Mev, the lower left-hand scal 
for 310 Mev, and the right-hand scale for 156 Mey 


These results suggest fitting the 156-Mev n-p data 
with an intermediate-depth Yukawa-shaped term *V 7‘ 
We found at once the fits shown in Figs. 1 and 
when we used a depth for a Yukawa-shaped term of 
*V 7* = 230 Mev, and the same depths for the Yukawa 
shaped terms *V,* and 'V.~ as at 90 Mey 

The triplet even-parity and singlet odd-parity phas 
shifts are shown as functions of energy in Table II 
The triplet odd-parity and singlet even-parity phase 
shifts are given as functions of energy in reference 1 

The ranges and depths of Yukawa-shaped potentials 
which provide the best over-all fit to the data are 


) 


Sot=0.4X10—-"% cm, 'rg-=0.5X10-" cm, 


*V t= 100.7 Mev for n-p data at 0-90 Mev 
100.7 Mev for n-p data at 156 Mev 
60 Mev for n-p data at 310 Mev, 


oot == 1.2310" cm“, 


257 Mev for n-p data at 0-90 Mev 

230 Mev for n-p data at 156 Mev 

175 Mev for n-p data at 310 Mev, 
Supt =1,203K 10" cm, 


= 5000 Mev, 


‘wurst =3.7K10" cm", 
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'V, 100 Mev for n-p data at 0-90 Mev 
100 Mev for n-p data at 156 Mev 
-150 Mev for n-p data at 310 Mev, 
Me 1.010" cm™. 
The potentials *V~ and 'V* are given in reference 1, 
and are (for Yukawa shapes) : 


4v¢- =0.4125K10~ cm, 
‘V--=0 Mev, “Ube 
Vey 22 Mev, 
*Vis~=7317.5 Mev, *urs 
'V+=425.5 Mev, ye! 


vot =0.4XK10~" cm, 

is not relevant, 
0.810" cm", 
3.710" cm“, 


1.4510" cm™!, 


‘ur 
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IV. DISCUSSION 


The most obvious defect in the fits to n-p data found 
in the present work is that the differential cross sections 
are slightly low in the forward direction at 90 and 
156 Mev. This means that there is a small amount of 
attractive potential *V,~ in the interaction (more at 90 
than at 156 Mev).® At 310 Mey, it is definitely not 
desirable to have any *V.~, either in the n-p or p-p 
problem. Here again, it is probable that an effect of a 
diffuse core in the potential *V~ shows itself. 


® Definite depths for Yukawa-shaped *V,~ of range ‘4, =1.5 
10" cm™ are: *V,~=40 Mev at 90 Mev, *V,~=10 Mev at 
156 Mev, *V,” =0 at 310 Mev. 
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Study of Reaction Mechanisms Involved in the Ca‘“’(d,p)Ca*' Reaction* 
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SCHIFFER 


Argonne National Laboratory, Lemont, Illinois 
(Received May 23, 1957) 


Excitation functions and angular distributions for the Ca®(d,p)Ca" (ground state) reaction have been 
measured from 1.50- to 4.15-Mev bombarding energy. Strong resonance effects are observed in the excitation 
functions, indicating that at least 20% of the reaction proceeds through compound-nucleus formation 


Angular distributions were measured at 7.5 


intervals between 0° and 157.5° in the laboratory system. 


Although these show strong fluctuations over resonances, a general forward peaking is apparent throughout 


the energy region studied 


INTRODUCTION 


en reactions in which the bombarding energy 
exceeds the Coulomb barrier, observed angular 
distributions from (d,p) and (d,n) reactions to discrete 
final states have been adequately interpreted by the 
simple deuteron stripping theory.' Various attempts’ 
to extend the theory to bombarding energies below the 
Coulomb barrier have met with some success, but have 
not been entirely satisfactory. Many of these inter- 
pretations have assumed that the reaction proceeds 
entirely by a direct-interaction mechanism without 
formation of a compound nucleus. In this case one 
would expect the excitation function for a (d,p) or 
(dm) reaction to a particular final state to be a slowly 
varying function of energy, exhibiting none of the 
resonances characteristic of compound-nucleus forma- 


tion. Experiments on light nuclei® have revealed pro- 

* Work performed under the auspices ol the | S. Atomic 
Energy Commission 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951) 

2 See for instance W. Tobocman, Phys. Rev. 94, 1655 (1954); 
J. Yoccoz, Proc. Phys. Soc. (London) A67, 812 (1954) 

‘Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955); Berthelot, Cohen, Cotton, Faraggi, Grjebine, Leveque, 
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nounced resonance effects. These effects have been 
interpreted in terms of interference between resonant 
compound-nucleus and nonresonant direct-interaction 
contributions to the interaction. 

In order to observe whether or not resonance effects 
persist in medium-weight nuclei, the Ca(d,p)Ca" re- 
action leading to the ground state of Ca‘! has been 
studied. One does not expect to observe isolated reso- 
nances at such high excitation in medium-weight nuclei 
but, if the reaction proceeds appreciably by compound- 
nucleus formation, the effects of closely spaced reso- 
nances should be observed. The deuteron energies used 
were well below the 5.8-Mev Coulomb barrier in this 
case, so the simple stripping theory is not expected to 
give an adequate picture of the angular distributions. 


PROCEDURE 


Deuterons from the Argonne Van de Graaff generator 
were used to bombard Ca targets evaporated onto gold 
backings which were thick enough to stop the deuteron 
beam yet thin to the high-energy protons. The targets 
were mounted at 45° to the incident beam in the center 
of a scattering chamber of 6-in. diameter which had 
ports of }-in. diameter every 7.5°. Protons from reac- 
tions in the target passed through thin aluminum foil 
and were detected in CsI(TI) scintillation counters. 
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Fic. 1. Angular distributions for the Ca®(d,p)Ca reaction at 
the bombarding energies indicated. The Ca target used was 25 kev 
thick to 3-Mev deuterons and was evaporated on a thin Au 


backing. The angular resolution was 2.5°. Statistical errors are of 
the order of magnitude indicated by the size of the points, or less. 


A carefully weighed CaF, target was used to obtain 
the absolute differential cross sections, since the metallic 
Ca targets oxidized too quickly to permit accurate 
weighing of the amount of Ca deposited. 

Angular distributions were taken at 7.5° intervals 
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using two counters which were carefully checked to 
have equal efficiencies. Excitation curves above 2.25 
Mev were taken with four counters set at 0°, 45°, 90°, 
and 135° to the incident beam. Below 2.25 Mev, 
counters were set at 30°, 90°, and 150°. The biases on 
the single-channel pulse-height analyzers used were 
checked periodically by comparison with a 256-channel 
pulse-height analyzer to be sure that only protons from 
the ground state of Ca*! were detected. 


RESULTS 


Angular distributions in the center-of-mass system, 
measured at arbitrary half-Mev intervals with a target 
25-kev thick to 3-Mev deuterons, are shown in Fig. 1. 
It is evident that there is a pronounced forward peaking 
at all of the energies chosen, probably indicating a 
direct-interaction process. At the higher energies there 
are indications of a peak at about 35° and a smaller 
backward peak at about 120°, but there is no appreci- 
able change in the average front-to-back asymmetry. 
There is also evidence for this peak in the behavior of 
the ratio of the 45° yield to the 0° yield. When the data 
are averaged over a 0.25-Mev interval this ratio changes 
from 0.89 at 2.5 Mev to 1.15 at 3.5 Mev. 
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Fic, 2. Excitation functions for the Ca®(d,p)Ca“ reaction using the same target as for the measurements in Fig. 1. The 
cross sections were measured by using a weighed CaF, target, and are believed to be accurate to about 30%. The lower portion 


shows excitation curves at 90° and 0 


(30° below 2.25 Mev). The upper part shows the ratio of the 45° cross section to the 


135° cross section (30° to 150° below 2.25 Mev). Statistical errors are indicated only for a few points in regions where they 


are larger than the size of the points 
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Excitation functions, taken at 0° and 90° to the 


incident beam with a 25-kev Ca target, are shown in the 
lower half of Fig. 2. For deuteron energies below 2.25 
Mev the forward counter was at 30° instead of 0°. 
Although the average with 
energy, many resonances are evident in the excitation 
curve, with widths apparently determined by the target 
thickness. The resonance effects are most pronounced 
at the small and large angles and weaker around 90° in 
agreement with the work on lighter nuclei where it was 
possible to observe the effects of isolated resonances. 
Using the 45°, 90°, and 135° yields to obtain the 
approximate variation of the total reaction cross section, 


cross section increases 


the contribution from compound-nucleus formation is 
estimated to be at least 20% of the reaction in the 
energy region studied. 

The ratio of forward to backward cross sections is 
shown in the upper portion of Fig. 2. Except for one or 
two energies, where apparent symmetry is approached, 
there is pronounced fore-and-aft asymmetry, as might 
be expected from a direct-interaction mechanism, with 
the forward yield always exceeding that in the backward 
direction. It is evident that since the resonances have 
considerable effect on the fore-and-aft asymmetry these 
cause drastic changes in the angular distribution. 

It was not practical to measure angular distributions 
over all of the numerous resonances observed in the 
excitation curves. Angular distributions taken at a few 
closely spaced energies are shown in Fig. 3. One can see 
that, although the 90° yield changes little over the 
energy range studied, there are marked variations in 
the angular distributions which must be attributed to 
compound-nucleus formation. 

A small portion of the excitation curve which was 
investigated with a target about 5-kev thick at the 
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Fic. 4. Excitation function for the Ca®(d,p)Ca" reaction over 
a limited region of bombarding energy. The target is evaporated 
Ca metal, about 5-kev thick to the incident deuterons. 


deuteron energy used is shown in Fig. 4. With the 
thinner target, the resonance effects are more pro- 
nounced and the angular distribution varies quite 
sharply. In particular there is the very sharp change 
from a 7:1 forward asymmetry to near isotropy for 
bombarding energies differing by only 35 kev. The 
apparent width of some of the resonances is about 
15 kev, considerably larger than the target thickness, 
giving a measure of the natural widths of these states 
in Sc*, 
DISCUSSION 

Measurements at the Massachusetts Institute of 
Technology‘ and at Liverpool,® using 7.0- and 8.0-Mev 
deuterons, are fit fairly well by the simple stripping 
theory when /=3 is used for the captured neutron, in 
good agreement with the shell theory assignments for 
the 1f7/;2 neutron shell. For 3-Mev bombarding energy 
the simple stripping theory predicts a maximum at 
about 60° for /=3 neutron capture. Our measured 
angular distributions do not show this peak, nor can 
one expect to improve agreement by adding a Coulomb 
correction, which broadens the theoretical peak and 
shifts it to larger angles.® The peak that is observed at 
about 35° at the higher energies might indicate a transi- 
tion to the type of angular distribution observed in 
references 4 and 5. 

It would appear that in addition to compound- 
nucleus formation a direct-interaction process, other 
than simple deuteron stripping, produces forward peak- 
ing in the angular distributions at energies well below 
the Coulomb barrier. Because of this process, and the 
effects of resonances, /-value assignments based on 
angular distributions at single bombarding energies 
near or below the Coulomb barrier might easily be 
incorrect. 

*C. K. Bockelman, Bull. Am. Phys. Soc. Ser. II, 1, 223 
(1956). 


*J. R. Holt and T. N. Marsham, Proc.” Phys. Soc. (London) 
A66, 565 (1953). 
*W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 
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An extensive study of elastic scattering of medium-energy 
alpha particles at fixed angles has been made for 28 nuclides rang 
ing from Ni to Pu. The sharp-cutoff model is used to evaluate 
interaction radii, Raq, and a simple graphical method has been 
developed for these evaluations. A least squares fit to the experi 
mental data of the form Rag=roA'+b gives ro= (1.414+0.042) 
10-8 cm, b= (2.19+0.20)K 10~" cm. The internal consistency 
of the data is much higher than the stated over-all errors (standard 
deviations) indicate; the average departure from the least squares 
curve is 0.75%. The dependence of interaction radius upon 


I. INTRODUCTION 


NOMALIES in the elastic scattering of alpha 
particles by Au, Ag, Ta, Pb, and Th were reported 
in 1954 by Farwell and Wegner.'? Investigation of 
elastic scattering cross section vs energy in the region of 
14 to 43 Mev showed that, for a particular element and 
scattering angle, the Rutherford energy dependence was 
followed as the alpha-particle energy was increased 
from 14 Mev up to a certain energy; at higher energies, 
a rapid and approximately exponential decrease in cross 
section was observed up to the maximum energy 
available. The energy at which departure from the 
Rutherford dependence begins was seen to increase with 
Z for the target element. 

A semiclassical strong absorption model (hereafter 
termed the sharp-cutoff model) was used by Blair® to 
account for the general behavior of elastic scattering 
cross section as a function of energy over a considerable 
energy interval. In this model the outgoing /th partial 
wave vanishes if the corresponding classical turning 
point is less than the sum of the radii of alpha particle 
and nucleus (both radii are assumed to be sharply 
defined) ; otherwise it has a phase characteristic of pure 
Coulomb scattering. This model established a “quarter- 
point recipe” for evaluating the interaction distance 
Dis (loosely, the sum of the radii) from the experi 
mental curves; the data of Farwell and Wegner could be 
represented quite well by Di4=1r0A'!+ Ra, with ro= 1.35 
to 1.5X10~-" cm and R,=2.2 to 1.4K10~" cm. 


Other authors” have subsequently published data 


* This work has been supported in part by the U. S. Atomic 
Energy Commission, 

t Now at Seattle Pacific College, Seattle, Washington. 
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scattering angle is slight over the range of angles studied. Signifi 
cant differences in interaction radius are seen between Pb and Bi 
and between U® and U™*, among others. Small changes in either 
neutron or proton configuration influence the detailed structure of 
the curves of cross section versus energy, especially in the region of 


a closed neutron or proton shell, The angular and energy depend- 


ence of the structure in cross section curves is qualitatively dis 


cussed in terms of the sharp-cutoff model. A modification of this 
theory is used to estimate the cross section for an ellipsoidally 


distorted nucleus 


on angular distributions of alpha particles scattered 
elastically by these elements, and others, at several 
different energies. ‘Their data have been compared 
variously with the predictions of the sharp cutoff model, 
modifications of the sharp cutoff model which soften the 
transition from Coulomb scattering to complete absorp 
tion, and more sophisticated treatments such as the 
optical model. Further discussion of such interpretations 
will be given below in Sec. V. 

The present series of experiments has extended over a 
period of several years. A number of questions raised by 
the earlier experiments have been answered, and a wide 
range of elements has been covered. Particular attention 
has been given to the following areas: 

1. Technical changes" have resulted in great im- 
provement in ease, accuracy, and consistency in taking 
data. This makes possible more accurate estimates of 
nuclear radii and clarifies some points in doubt in the 
earlier results; specifically, the rise in cross section just 
before the rapid falloff (see typical curves in Sec, IIT) has 
been found to be real and to vary markedly from one 
nuclide to another, 

2. A continuous range of laboratory angles from 18 
to 162° has been made available. Most of the early data 
were taken at 60°. It was thought important to establish 
the consistency with respect to scattering angle of 
nuclear radius determinations in terms of the sharp 
cutoff model if the model were to be relied upon to 
provide useful information. A more general “crossover 
point” criterion, which reduces approximately to the 
“quarter-point recipe” for scattering at 90°, has been 
developed (Sec, IV). A high degree of consistency has 
been established for nuclear radius determinations at 
different angles in terms of this criterion: for a given 
element for scattering angles of 42° and 60°, for ex 
ample, a difference in radius of more than 1% is 
exceptional (Sec. IV). 

3. In order to investigate both general trends with Z 


discussed more 
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and A and outstanding deviations from the general 
trends, 28 elements or individual nuclides ranging from 
Al to Pu have been studied. The interaction radii 
Raq determined from the crossover-point criterion 
follow very closely a dependence upon A given by 
Rja=toA'+b, with ro= (1.414+0.042)K10~-"% cm and 
b= (2.19+0.20)K10-" cm (Sec. IV). There are ex- 
ceptional cases, some of which are apparently correlated 
with nuclear shell closures. Trends in the cross-section 
curve structures are seen, and the effects of slight 
changes in nucleonic configuration are very noticeable 
in a few cases, especially near shell closures (Sec. V). 

4. The sharp-cutoff model has been found to provide 
a qualitative understanding of the fine structure of the 
CTOSS SECLION US energy Curves of the present experiments 
as well as of the angular distributions taken at fixed 
energy (Sec. V). 


Il. APPARATUS AND EXPERIMENTAL PROCEDURE 


The main features of the experimental procedure have 
been described in a previous paper.’ 44-Mev alpha 
particles from the University of Washington 60-inch 
cyclotron were incident upon the target system, Thin 
copper degrader foils reduced the energy of the incident 
beam in finite steps covering a range of from 44 to 
12 Mev. A two-unit proportional-counter telescope 
mounted on a scattering port detected the scattered 
particles; at each energy the differential range spectrum 
of the scattered particles was measured by this ap 
paratus. The number of scattered particles observed 
was normalized to the charge collected by a Faraday 
cup behind the target. 

Major changes!' were made in the location of the 
scattering area and in the proportional-counter telescope. 

Uncertainty in scattering angle caused by the fringing 
field of the cyclotron magnet, a troublesome feature of 
the earlier experiments, was eliminated by relocation of 
the scattering apparatus. A double-focusing uniform- 
field magnetic wedge focused the beam on the target 
assembly, which was mounted about 20 feet from the 
cyclotron in the center of the duct which carried the 
external beam. The scattering port built for use in the 
new location consisted of a truncated cylindrical turret 
mounted on a ball-bearing-supported vacuum seal in the 
beam duct. The turret was capped with a circular plate, 
also on a ball-bearing-supported vacuum seal, The 
sliding vacuum seals made it possible to change the 
scattering angle while the beam duct was under vacuum. 
The angle of truncation of the cylindrical turret was 
such that the solid angle presented to the proportional- 
counter telescope by the target remained constant at 
all angles of observation. A continuous range of scatter- 
ing angles from 18° to 162° was available. 

The degrader system was similar to the one used by 
Farwell and Wegner. At a particular scattering angle, 
the energy of the beam incident upon the target was 
selected by the copper-foil degrader system. Scattered 
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particles passed through a beryllium-copper window, a 
foil-wheel absorber unit, and a short air space, and into 
the detector unit of the proportional-counter telescope. 

The detector unit consisted of two thin proportional 
counters sharing a common envelope. A mixture of 4% 
CO, and 96% A filled the counters to an absolute pres- 
sure of 60 cm of Hg. Each counter was composed of 19 
counter units in parallel. These counter units, similar to 
those described by Eisberg and Wegner,'? consisted of 
hexagonal arrays of grounded 2-mil wolfram cathode 
wires centered around anode wires of the same dimen- 
sions and material. The anodes were operated at a 
potential of 1200 v. The counters proved extremely 
stable over a period of as much as one year of inter- 
mittent operation. 

Signals from each of the two counters were amplified 
by shielded preamplifiers at the scattering area and 
linear amplifiers in a remote counting room. The linear 
amplifier outputs were fed into single-channel differen- 
tial discriminator circuits ; output pulses from the latter 
were fed into a coincidence circuit and scaler. The 
differential discriminator bias levels in the two channels 
were set to accept only pulses representing alpha 
particles whose specific ionization had reached a maxi- 
mum in the second counter; thus a coincidence was 
recorded only when an alpha particle stopped in the 
second counter. Discrimination against protons was 
complete. The counter system was not sensitive to the 
high neutron and x-ray fluxes in the cyclotron room. 

For a given scattering angle and degrader configura- 
tion, an abbreviated differential range curve taken with 
this apparatus yielded (a) the range of the elastically 
scattered alphas, which could be readily converted to 
energy, and (b) the relative counting rate, which could 
be converted to relative cross section, In an experi- 
mental run, the scattering angle was held fixed while 
the energy was varied in steps of about 1 Mev. 

The full width at half-maximum of the elastic peak at 
43.5 Mev was measured to be 1.6% in energy in a 
typical case. This represents substantial improvement 
in resolution over the earlier work. 

Counting rates were normalized against integrated 
beam current. Current from the Faraday cup was 
allowed to charge a “fast’”’ polystyrene capacitor of 
known value; the potential across the capacitor was 
measured with a quadrant electrometer. Electrometer 
readings were reproducible to within 1%. Two perma- 
nent magnets, producing a field of approximately 400 
gauss when placed on either side of the copper Faraday 
cup, were used to prevent secondary electrons from 
escaping from the cup. It was found that with the 
magnets in place detectable secondary-emission leakage 
from the cup was absent in a region of from — 300 v to 
+300 v cup voltage. The potential allowed to build up 
on the cup during a count did not normally exceed 2.5 v. 


3R.M 
(1954). 


Eisberg and H. FE. Wegner, Rev. Sci. Instr. 25, 1129 
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Whenever available, self-supporting metal foil targets 
were used. Thin films of Sb and Bi metal were evapo- 
rated onto polystyrene sheets which were subsequently 
dissolved away, leaving self-supporting films of Sb and 
Bi. The rare earth materials, however, were available 


only in oxide and oxalate forms. These compounds 


were suspended in polystyrene films using a technique 
suggested by Wall and Irvine."’ U (separated isotopes 
U*> and U**), Np, and Pu targets were available as thin 
oxide films on aluminum foil.’ Separated Pb isotopes 
were prepared as oxide (Pb**,Pb”*) and chromate 


(Pb”’) compounds in a plastic film. 
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Fic. 1. Cross section versus energy for elastic scattering of alpha 
particles from ;gAu'*’ at laboratory angles of 42°, 60°, 75", and 90 
Cross sections are plotted in arbitrary units; each experimental 
curve is normalized to a “Coulomb curve” representing the 1//? 
dependence of cross section upon energy (at fixed angle) given by 
the Rutherford formula. Alpha-particle energy means laboratory 
energy after scattering. In this and succeeding similar figures, the 
relative vertical positions of the curves displayed are chosen 
purely for convenience in plotting and thus have no numerical 
significance 


'9N.S. Wall and J. W Rev. Sci. Instr. 24, 1146 
(1953 

4 We are indebted to Dr. Jane Hall of the Los Alamos Scientific 
Laboratory and Mr. K. EF. Englund of the Hanford Operations 
Office of the U.S. Atomic Energy Commission for supplying these 


materials 
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Ill. DATA 


The energy dependence of alpha-particle elasti 
scattering cross sections for Ni, Cu, Zn, Ag, Sn, Sb, Ba, 
La, Ce, Pr, Sm, Eu, Tb, Er, Lu, Ta, Pt, Au, Pb, Bi, Th, 
U, Np, and Pu was studied. A “background run’’ on 
elastic scattering from 0.001-inch aluminum foil was 
also made, since some of the targets were on aluminum 
backings. We now present the data for the individual 
runs on all targets observed to date. Curves for Au and 
Pb are given first, since the wide range of angles at 
which data were taken for these elements provides a 
good picture of the trends observed for the heavy 
elements. Following this, we data for other 
elements in order of atomic number and in groups which 


present 


are convenient or especially illustrative 

mAu’?, gPb.—Figure 1 shows the experimental 
results for 7yAu'®? for several different scattering angles. 
These curves are typical of the results found for nearly 
all heavy elements. For the larger scattering angles, the 
effects of the nuclear forces are felt at lower energies, 
as would be expected in view of the closer penetration 
of the alpha to the nucleus. At high energies the 
approximately exponential decrease of cross section 1s 
more rapid at the larger scattering angles. At the smaller 
scattering angles, a brief rise in cross section relative to 
the Coulomb (Rutherford) cross section precedes the 
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lic. 2. Cross section versus energy for elastic 
particles from g2P?b (natural isotopic mixture 
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Fic. 3. Cross section versus energy for elastic scattering of 
alpha particles from ,;Al”’ at 60° (lab). 


downward break ; this “rise,” as we shall term it in the 
following discussion, is discernible in Au at 60° and is 
quite pronounced at 42°. All cross sections follow the 
Coulomb dependence well at low energies, affording an 
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Fic. 4. Cross section versus energy for elastic scattering of alpha 
particles from gNi, »Cu, and Zn at 33° (lab). 
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easy means of normalization. (The relative vertical 
positions of the curves of Fig. 1 and succeeding figures 
are chosen purely for convenience in plotting. Energies 
shown are for the alpha particles after scattering.) 

A similar set of curves for gPb (natural isotopic 
mixture) is shown in Fig. 2. The rise is more pronounced 
here, and additional structure may be suggested ; as will 
be seen below, these features are anomalously large 
in s2Pb™*. 
A comparison of the Au and Pb curves shows that, for 
a given angle, the energy of downward departure from 
Coulomb is higher for Pb than for Au; this is, of course, 
a consequence of the fact that the nuclear charge has 
increased by a larger factor than has the nuclear radius. 

isAl*?.—The energy dependence of the elastic scatter- 
ing from ,;Al*? was measured at 60° (Fig. 3). An 
oscillatory structure is observed, with peaks at 18 and 
31 Mev and a minimum at 25 Mev. The average cross 
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Fic. 5. Cross section versus energy for elastic scattering of 
alpha particles from soSn at 33° (lab) 


section drops by approximately a factor of three in the 
observed range of 16 to 37 Mev. No radius determina- 
tion (Sec. IV) was attempted on Al, since the region of 
Coulomb scattering was not accessible. 

Elements above Al: general.—Choice of angles of 
observation for the groups of elements listed below was 
made in accordance with two requirements. First, the 
angle must be small enough to provide a Coulomb 
scattering region of sufficient extent (in energy) to 
allow ready recognition and accurate normalization. 
Second, the angle must be large enough to give a region 
of rapid falloff in cross section to two-tenths Coulomb or 
less in order to make accurate estimate of the interaction 
radius possible (Sec. IV). The laboratory angles used 
were “33°” (actually 32° 54’) for the lightest elements, 
“42°” (actually 41° 34’) and “60°” (60° 00’) for inter- 
mediate elements, and 60° for the heaviest elements. 

In comparing curves of cross section vs energy for 
the various elements, one notes a suggestion of oscil- 
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latory behavior in the lightest elements; sharp differ- 
ences between certain neighboring elements or isotopes, 
especially with respect to height and extent of the rise; 
and other less prominent differences. A more detailed 
discussion of the differences in curve structure and their 
significance will be given in Sec. V; we remark here 
only that a large rise is probably associated with the 
especially sharply defined nuclear boundary which one 
might expect for singly or doubly “‘magic’’ nuclei such as 
Sn (Z=50) and Pb™ (Z=50, N=126). 

In the following list, mass numbers are given only for 
those target materials consisting entirely or almost 
entirely of a single isotope. 
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Fic. 6. Cross section versus energy for elastic scattering of alpha 
particles from qsRh™, 47Ag, goSn, and »:Sb at 42° (lab). 


wNi, »2Cu, »Zn.—A transition between the expo- 
nential falloff observed for the heavy elements and the 
oscillatory pattern seen with aluminum is noticeable in 
the curves for Ni, 2Cu, and goZn at 33° (Fig. 4). A 
nearly exponential behavior is observed in the 20-Mev 
region, but indications of a weak oscillatory behavior 
are present from approximately 25 to 35 Mev. Above 
35 Mev a rise in the cross section is observed for Cu and 
Zn, indicating a possible oscillatory behavior similar to 
that of Al for energies beyond the reach of the experi- 
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l'1G. 7, Cross section versus energy for elastic scattering of alpha 
particles from «sRh'™, q7Ag, and so0Sn at 60° (lab) 


ment. For a few elements heavier than Zn, slight 
departures above the exponential falloff are also notice 
able at the highest energies. 

asRh'™, 47Ag, soSn, 5:5Sb.—Curves are shown for Sn at 
33° (Fig. 5); Rh, Ag, Sn, and Sb at 42° (Fig. 6); and 
Rh, Ag, and Sn at 60° (Fig. 7). Changes in the general 
curve features with scattering angle can be seen once 
more by comparing the data for Sn at 33°, 42°, and 60° 
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Fic, 8. Cross section versus energy for elastic scattering of alpha 
particles from sBa, s7La™, wCe, and oPr'" at 42° (lab) 
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lic. 9. Cross section versus energy for elastic scattering of alpha 
particles from Sm, osu, 6s Tb'™, and Er at 42° (lab) 


At 33° the experimental cross section at the peak of the 
rise is 30% above the Coulomb cross section; smaller 
increases are noted at the larger angles. Above 36 Mev, 
a slowly increasing upward deviation from the initial 


exponential falloff is observed in the 33° curve; at the 
larger angles, this feature is much weaker or absent. 

We observe a large difference between Rh (no rise) 
and Sn (largest rise) at both 42° and 60°. 
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Fic, 10. Cross section versus energy for elastic scattering of 

4 £ 
alpha particles from ;,Lu'”, ,Ta'™, and »Pt at 42° (lab). For 
yAu'” see Fig. 1 
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s6Ba, 57La™, ggCe, sPr'.—This is a series of targets 
progressing by steps of one in Z while N for all principal 
isotopes remains fixed at 82. Curves are given for 42° 
only (Fig. 8). 

25m, esEu, 6s Tb'™, ogEr.—42° (Fig. 9). 

nLu!”®, 73Ta'*, 2Pt.—42° (Fig. 10); 60° (Fig. 11; Lu 
not studied). 

7Au*?,—Refer to Fig. 1. 

g2Pb™, g2Pb”’, g2Pb™*, 5,Bi%.—Exceptionally large 
differences between these nuclides at both 42° (Fig. 12) 
and 60° (Fig. 13) are seen. We postpone discussion to 
Secs. IV and V. 

ooTh™, 90%, 5U%8 9,Np7, 94Pu, 60° (Fig. 14). 
A distinction between the two uranium isotopes can be 
seen in the energy at which the cross section drops 
below the Coulomb curve: for U* this break occurs at 
an energy approximately 3 Mev lower than for U™®. 
Further, U“® has a small rise while U™%* has none 
(Sec. V). 


IV. THEORY AND RESULTS": NUCLEAR RADII 


A. Sharp-Cutoff Model 


The present results are interpreted in terms of the 
sharp-cutoff model,’ which has been surprisingly success- 
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Fic, 11, Cross section versus energy for elastic scattering of 
alpha particles from ;;Ta'* and »Pt at 60° (lab). For ;,Au'®’ see 
Fig. 1 


'® Partial results have been reported from time to time: Kerlee, 
Blair, and Farwell, Phys. Rev. 99, 1652 (A) (1955); G. W. Farwell, 
Bull. Am. Phys. Soc. Ser. II, 1, 245 (1956); Progress Report, 
Cyclotron Research, University of Washington, 1956 (un 
published); see also reference 11; Farwell, Kerlee, Rickey, and 
Robison, Physica 22, 1127 (1956). 
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ful in explaining many of the features of elastic scatter- 
ing of alpha particles and other charged nuclear 
particles when the classical parameter n=ZZ'e?/hv 
is much larger than unity.?~’* In brief, the main as- 
sumption of the model is that the strong absorption by 
the nucleus is represented by the following boundary 
condition on m, the coefficient of the outgoing I/th 


partial wave!”:!5; 


n=0 if Isl’, 


1 
I>l, () 


m=exp(2io,) if 


where go; is the readily calculated phase shift for pure 
Coulomb scattering and fl’ is that angular momentum 
for which the particle can classically just overcome the 
potential barrier and penetrate to the interior of the 
nucleus. In the specific case of a nucleus described by 
an attractive absorbing well with a sharply defined 
radius R,, hl’ is accordingly that angular momentum 
for which the classical Coulomb turning point is equal 
to the sharp-cutoff radius, R= R,+R,: 


E=ZZ'2/R+W (U4+1)/2mR?. (2) 


The model has the virtues that it is relatively easy to 
compute the theoretical cross sections and that there is 
but one free parameter, namely, /’ or equivalently R. 
Thus to the extent to which the model reproduces the 
experimental behavior it furnishes an operationally 
defined ‘‘radius” for each nucleus investigated. 
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Fic. 12. Cross section versus energy for elastic scattering of 
alpha particles from g2Pb™®, 2? b™”’, «2.Pb™*, and yg Bi™ at 42° (lab 
(See also Fig. 2.) 


‘6H. L. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956 

'7 A. Akhieser and I. Pomeranchuk, J. Phys. (U.S.S.R.) 9, 471 
(1945). 

‘6 FE. Clementel and A. Coen, Nuovo cimento 10, 988 (1953) 
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Fic. 13. Cross section versus energy for elastic scattering of 
alpha particles from y2.Pb™®, ..Pb™®’, yoPb™*, and 3Bi® at 60° (lab) 
(See also Fig. 2.) 


To indicate the suitability of the model, computed 
cross sections are compared with present experiments in 
Figs. 15and 16, The experimental curves for cross section 
vs energy for alphas scattered at 60° by Pb”? and by 
Pb” are indicated by solid lines, while the theoretical 
values of cross sections are given by the dots for three 
different values of R. (The scatter of experimental 
points about the solid curve can be seen in Fig. 13.) It 
is clear from Eqs. (1) and (2) that for a given R only a 
discrete number of energies correspond to integral 
values of I’, and the theoretical points are computed for 
just these energies. The computational labors were 
greatly eased through use of the University of Washing 
ton IBM 604 electronic calculator, which, indeed, made 
it unnecessary to use the rough graphical interpolation 
methods of reference 3 in order to obtain plots of o vs E. 

The calculated cross sections exhibit the following 
features: (a) The general trend of the points shows a 
definite break below the pure Coulomb curve, the 
location of the break depending critically on the as 
sumed radius; the average slope in the region encom 
passing approximately half a decade below Coulomb 
matches the experimental slope rather well for most 
elements examined. (b) Before the break there is a very 
pronounced rise above the pure Coulomb curve. Such a 
rise is observed for the majority of nuclei examined 
experimentally, and we believe it is intimately related 
to the The 


condition of the nuclear surface.’ (c) 


' Because of the variation in the rise with target material, we 
do not believe it is correct to place too much emphasis on the 
quality of the fit in the region of the rise in determining the best-fit 
radii 
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Fic. 14. Cross section versus energy for elastic scatter ng of 


alpha particles from 9¢Th™, 9,U*, yg0™*, ysNp™’, and ysPu™® at 
60° (lab) 


computed points tend to level off after they have fallen 
about a decade below Coulomb ; this failure of the model 
to match the continuing downward experimental curves 
is attributable to the assumed sharp transition in the 
amplitudes of the outgoing partial waves. (d) The 
nature of the scatter of the points for integral /’ suggests 
that a sensible interpolation to nonintegral values of 
I’ would produce a smooth curve displaying rapid oscil- 
lations about the general trend, which we shall term 
“diffraction oscillations.” Indeed, corresponding oscilla- 
tions in the angular distribution are found when the 
model is used to calculate the elastic cross section as a 
function of angle for fixed I’ and E.*~® Such oscillations 
have not been seen in the present experiments except for 
targets of rather low Z, but the corresponding oscilla- 
tions have been observed in angular distributions.*:*-" 
We believe that the reason these diffraction oscillations 
are not apparent in the present experiments is not that 
they are masked by lack of experimental resolution; 
rather, it is that almost any realistic improvement in 
the boundary conditions suffices to damp them out for 
the range of the parameters » and @ applicable to our 
experiments, Contrary to the implication of reference 3, 
we now believe that the computed oscillations will be 
present under certain conditions. We postpone further 


discussion of the reasons for these statements as well as 
additional comments on the fine structure until Sec. V. 
In what follows on the determination of sharp-cutoff 
radii from present experiments, we assume that it is 
reasonable to damp out the diffraction oscillations and 
consider the average behavior of oc. 

Returning to Figs. 15 and 16, we see that for Pb”? the 
calculated points for R=10.47X10~" cm straddle the 
experimental curve. In the case of Pb”*, the radius 
R=10.67X10-" cm gives the best general fit to experi- 
ment in the range down to ~} pure Coulomb, although 
the points seem to lie slightly below the experimental! 
curve. On the other hand, the calculated points for 
R=10.47X10-* cm fall slightly above the experimental 
curve, while those for R=10.27K10-" cm lie con- 
siderably above experiment. Since the computations 
are for @ (center-of-mass angle) = 60° while the experi- 
ment is performed at ¢=60° 58’, a small correction in 
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Fic. 15. Cross section versus energy for elastic scattering of 
alpha particles from y2Pb®’. The solid curves represent the experi 
mental data for laboratory scattering angle = 60° ; the dots give the 
cross’sections computed with the sharp-cutoff model for center-of 
mass angle = 60°, for three values of cutoff radius: 10.67, 10.47, and 
10.27 X 10-" cm. 
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radii is necessary. After correction we find that the 
radii giving the best general fit at ¢=60° 58’ are 
(10.4+0.2)X10~-% cm for Pb”? and (10.5+0.2)«10~-" 
cm for Pb™*; the indicated errors are reflections of our 
visual uncertainty in assessing the best fits. 

In principle we can find R for each target by deter- 
mining in similar fashion the radius giving the best 
over-all fit in the region just below the break. In practice, 
such a procedure is quite time-consuming, so that it is 
advantageous to have a simpler method of radius 
determination. One such procedure is the one-quarter- 
point recipe,* whose merits and defects will be reviewed 
below in Sec. 1. This prescription is not accurate 
enough for analysis of the present data and has been 
replaced by the closely related crossover-point recipe 
discussed in Sec. 2. 


1. One-Quarler-Point Recipe 


When G=a/o,, the ratio of cross section to Coulomb 
cross section as calculated in the sharp-cutoff model, is 
plotted versus l’/n at ¢= 90° for various values of n, it is 
observed that all the curves joining the computed points 
cross at approximately G=} for hl’=hn cot(90°/2), the 
classical angular momentum corresponding to scattering 
angle 90°. (See Fig. 1 of reference 3.) This leads to the 
simple prescription that R equals Dj,4, the ‘classical 
distance of closest approach, evaluated at the energy 
for which G=}. One has a simple picture supporting the 
recipe: the Coulomb wave packet is centered about the 
classical trajectory so that, if the sum of the nuclear 
and alpha radii equals the classical distance of closest 
approach and if the nucleus is assumed opaque for 
alpha particles, then only half the amplitude of the 
packet remains; the scattered intensity is thus one 
quarter of that observed for pure Coulomb scattering. 

The one-quarter-point recipe has the virtues of 
simplicity in application, since it is independent of the 
parameter , as well as simplicity in understanding. It 
is not accurate enough, however, to be used in precise 
determinations of the sharp-cutoff radii for the following 
reasons: (a) Close inspection shows that the curves of G 
vs n for the case ¢= 90° do not cross precisely at l/=nbut 
rather at /’=0.94n, with a corresponding value of 
G=0.316. Where l/=n, G ranges from ~™).277 for 
n=7 to ~0.264 for n=10.” (b) Even when I’ does 
equal n cot(¢/2), the corresponding R as given by 
Eq. (2) is slightly larger than D by an amount 
(X/2) cos(@/2). This is a consequence of the usual shift 
of half a unit in angular momentum between the 
classical and quantum mechanical angular momenta. 
(c) When $#90° there is the additional complication 


* Figure 1 of reference 3 is slightly in error since the curves were 
drawn only through the points leven’. The correct procedure at 
90° is to pass the curves through the points (leven’ +4) as has been 
done by Wall, Rees, and Ford in Fig. 9 of reference 4; that this is 
correct is indicated by the fact that the location of the “crossover” 
is then the same as that obtained by interpolating results at 
neighboring angles 
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Fic. 16. Cross section versus energy for elastic scattering of 
alpha particles from g,Pb™*. The solid curves represent the experi 
mental data for laboratory scattering angle= 60°; the dots give 
the cross sections computed with the sharp-cutoff model for 


center-of-mass angle = 60° for two values of cutoff radius: 10.67 


and 10.47” 10°" em 


that values of G for a given n cannot be joined by a 
smoothly decreasing curve. (See Fig. 3 of reference 3.) 
In the expectation that the rapid oscillations are damped 
out the oscillating curve is replaced by an average curve 
which bisects the envelope curves. Again it is found that 
such smoothed plots of G vs /'/n for various n do not 
haveacommon value, 0.25, at /'=ncot(@/2) but, instead, 
slightly higher values. Thus the radii determined from 
such smoothed plots will be larger than those given by 
the one-quarter-point recipe 


2. Crossover-Point Recipe 


Although the averaged plots of the computed G vs 
’/n do not cross where I’ corresponds to the classical 
angular momentum, it is observed that they do form a 
small pencil at some smaller value of /’/n. Plots of 
average G have been constructed for 10 angles between 
33° and 110°. m was varied from 5 to 12 in integral 
steps; in all cases there was a definite region of cross 
over. Figure 17 displays such a plot for @= 42° 40.5’ 
The fact that a common value of the ratio of the cross 
sections does exist is the basis of the “crossover-point”’ 


recipe. 
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Fic. 19. R/D,, as a function of center-of-mass 
angle @ for n= 10, 8, and 6 


methods used in constructing these plots; such an 
error leads to an uncertainty of order +0.3% in R. 
If the crossover recipe with its enormous time-saving 
eo ae advantages is to be considered a trustworthy pro- 
s4 36 38-40 = cedure, it should yield the same value of sharp-cutoff 
t'/n 
hic. 17. The ratio, /o,G, averaged over rapid oscillations 
plotted as a function of /'/n for several values of nm when the 


center-of-mass angle is 42° 40.5’. Crossover occurs at G=0.388 
l'/n= 2.36 


The ratio of cross sec tions at crossover is a slowly 
varying function of scattering angle, as may be seen 
from Fig. 18, The quantity R/D,,, the ratio of cutoff 
radius to classical distance of closest approach for the 
angle and energy at which crossover occurs, also varies 
slowly with angle. Plots of R/D,, for typical n values 
are given in Fig. 19 

The crossover-point recipe is then: (a) Find the 
energy at which the experimental G for a given angle 
equals the crossover ratio as given by Fig. 18. (b) 
Compute D,, for this angle and energy. (c) Determine 
R by using Fig. 19 to find the correct ratio R/D,,; this 
latter ratio depends to a small extent upon m, which 
must be evaluated at the crossover energy. 

There is an uncertainty conservatively estimated to 
be of order +0.015 in (/'/n),, due to the graphical 
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Fic, 20, Cross section versus energy for elastic scattering of 
alpha particles from g2Pb™’ at center-of-mass angle = 42° 18’. The 
solid curves represent the experimental data, while the dots give 
the cross sections computed with the sharp-cutoff model for three 

at crossover as a function of center-of-mass angle @ values of cutoff radius: 10.67, 10.47, and 10.27 10~" cm 
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radius as that obtained from the best over-all fit below 
the break. The best-fit radius for Pb’ at 60° was given 
in a previous paragraph as (10.4+0.2) 107" cm; this 
is in good agreement with the value 10.49+0.07 (we 
use the same unit, 10~' cm, hereafter) given below in 
Table I for the radius determined from the crossover- 
point recipe. For Pb”*, the corresponding figures are 
10.5+0.2 (best-fit radius) and 10.47+0.04 (crossover 
radius). 

We have also computed G vs E for scattering at 42° 
from the Pb isotopes. Figure 20 (Pb*’) indicates a best 
match to the experimental curve, with regard to both 
slope and amplitude, for R=10.47, This is to be com- 
pared with the crossover radius of 10,46+0.04 (‘Table I). 
Figure 21 (Pb**) presents the case of poorest agree- 
ment: the best-fit radius (10,27) is 0.2 below the cross- 
over radius (10.48+0.03). In this instance, where the 
nucleus is doubly magic, the experimental initial rise 
is higher and broader than that computed, and the 
observed slope following the break is distinctly larger 
than predicted. Since in a determination of best over-all 
fit all points following the break region are weighted 
equally, the best-fit radius is then slightly smaller than 
the crossover radius. 

From these comparisons as well as from others not 
discussed here, we estimate the uncertainty in R due 
to application of the crossover criterion rather than 
best fit calculations to be approximately +0.110~" 


cm; in exceptional cases where the initial rise is ab- 
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Fic. 21. Cross section versus energy for elastic scattering of alpha 
particles from s2,P?b”* at center-of-mass angle=42° 18’, The solid 
curves represent the experimental data, while the dots give the 
cross sections computed with the sharp-cutoff model for two 
values of cutoff radius: 10.47 and 10.27 * 10™" cm 
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normally large, the uncertainty may be as much as 
+().2K 10-" cm. 
B. Interaction Radii 


Raa for elastic 
scattering of alpha particles from a given nucleus as the 


We detine the “interaction radius” 


sharp-cutoff radius determined by application of the 
crossover-point criterion to the experimental data, 


1. Experimental Results 


Table | the results obtained in the 


present experiments. 


summarizes 


? 


2. Errors 


The errors given in Table I are standard deviations 
corresponding to what we shall call internal experi 


mental errors, viz., those due to the uncertainties in 


determination of /,, from the experimental data. They 
are essentially curve-fitting errors, both in the Coulomb 
region where normalization is made and in the higher 
energy region beyond the break. ‘They are usually +1% 
(about 0.1% 10~" cm) or less, although in a few cases 
they are larger. ‘The small errors are a consequence of 
the fact that it is usually possible to locate E,, with 
high precision. For example, for Au at 60° (Fig. 1) the 
Coulomb region is very well defined, and the slope in 


rasie I. Interaction radii Raa for elastic 
scattering of alpha particles 


Target® Interaction radius 


Z kiement i \ $4 42 


Ni 7.66+0.14 
Cu ‘ 7.4140.09 
Zn 7.36+0.10 
Rh 5! 8.73+0.08 
Ag 8.88+-0.08 
Sn 2340.20 9.19+0.06 
Sb 9 2340.05 
Ba 9.47+0.05 
La 82 9 4440.05 
(Ce 9 67 +0.07 
Pr 2 9 5640.06 
Sm 9.67 +0.07 
Ku 9.90 -+0.07 
Ib 5 “ 9.98 40.05 

t 

+ 

t 

t 

t 

+ 

4 

t 

t 


0.08 
0.09 
0.11 


her 10.07 +0.08 

Lu 175 9.99 +0.05 

Ta 181 10.00+0.04 10.26 

Pt 10.3340.08 1043 

10.3740.04 1042 

10.45+0.04 1045 

Pb = 207 10.4640.04 1049 

Pb 208 104840.03 10.47 
209 ) 10.6640.07 10.60 
232 ‘ 11.02 
235 4. 10.90 
238 r 11.404 
237 Ad 10.85 
2359 ‘ 10.89 


Au 197 
Pb 200 


V are listed only for those targets con 
el fa ngle tope 
Radii are expressed in units of 10 “om, Error 
derived from estimated “internal” error in finding Ke f 


data (see text 
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sharp-cutoff model, is plotted against 
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Raa, the interaction radius for elastic scattering of alpha particles as determined from the crossover criterion of the 
14. The value of Raa for each target is a weighted average of the values given in Table I for 


different angles. Only internal experimental errors are shown. The solid line represents the least squares straight-line solution 


Raa (1.414414-2.19)* 10°" em 


the region of F, (31.7 Mev) is large: in an interval of 
0.3 Mev (~1% in energy), o/o, drops from 0.364 to 
0.337. Since R«1/EK,,, correspondingly high precision 
in R is achieved, 

In estimating the absolute accuracy of the results, 
Internal 


other sources of error must be considered. 


theoretical errors—those associated with possible dis- 
crepancy between best-fit and crossover radii and those 
due to the graphical methods employed in Figs. 18 and 
19--have already been estimated to be about +1% 
(0.1X%10°" cm) in most cases. These errors vary from 
target to target. External experimental errors, however, 
affect all results in almost identical fashion. They consist 
of errors in scattering angle (less than 0.5°), errors in 
target and window thickness corrections, and errors in 
energy determinations from range data. We estimate the 
external experimental errors at +1.5%. The combined 
uncertainties in of the individual 
interaction radii +29, (standard 


absolute values 


are then about 


deviation), although the internal consistency of the 
numerical results is considerably better than this. 


3. Consistency with Respect to Angle 


Inspection of the data of Table I reveals a high 
degree of consistency of interaction radii with respect 
to angle—an important consideration in evaluating the 
usefulness of the sharp-cutoff model. Radii determined 
for the same element or nuclide from data taken at 
different angles agree within less than 0.1 10~% cm in 
eight out of ten cases where comparisons can be made. 
Agreement within the assigned internal experimental 
errors is found for all cases except Ta, which shows a 
discrepancy of 0.26X10-" cm between the results for 
42° and 60°. 

In order to test the consistency over a wider range of 
angles, the cross section of Au was studied at 75° and 
90° (Fig. 1). The interaction radii for Au at 42°, 60°, 
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75°, and 90° are 10.37+0.04, 10.42+0.05, 10.57+0.08, 
and 10.65+0.09, respectively (units of 10" cm). Thus 
a small but distinguishable trend toward larger cross- 
over radii with increasing angle, or alternatively with 
decreasing crossover energy, is indicated. A similar 
trend is found when the observed angular distributions 
are analyzed with the sharp-cutoff model.*”! 

These trends can be qualitatively understood when 
the nuclear surface is not considered to be perfectly 
sharp but, rather, is represented by an exponentially 
decreasing attractive potential. It is then found that 
the sharp-cutoff radii, as determined by the crossover 
recipe, increase somewhat with increasing angle, a 
point which we develop elsewhere.” In view of the 
uncertainty in some of the assumptions in this analysis, 
however, and the observation™ that the nuclear poten- 
tial itself appears energy dependent, we refrain from 
attempting to correct the crossover radii here obtained 
for such an angular dependence. In the next section we 
assess the possible effect of such a trend upon the A! 
dependence of the observed interaction radii. 


4. Dependence upon A 


The weighted average of the measurements given in 
Table I for each target was taken to obtain a best value 
of Raq for that target. The resulting interaction radii 
are plotted against A‘ in Fig. 22. Only internal experi- 
mental errors were considered in assigning errors to 
the plotted points. 

A least squares solution of the form Raq ryA'+b 
was fitted to the data given in Table I. The solution 
yielded ro= 1.414+0.036 and b=2.19+0.20, (Units are 
10- cm; errors are standard deviations from internal 
errors.) This least squares solution is also shown in 
Fig. 22 as the straight line 


Raa= (1.4144 '+ 2.19) K10-" cm. (3) 


If there should be an appreciable angular dependence 
of the crossover radii, the stated values of ro and b 
would be influenced, since the radii of the lighter nuclei 
are measured at smaller angles than are those of the 
heavier nuclei. On the basis of the small and somewhat 
uncertain trend observed experimentally (see also 
Table I for elements other than Au), we estimate that it 
might be necessary to lower rp by as much as 0.03 XK 10-" 
cm and to raise b by 0.2K 10~" cm. 

The most striking feature of the over-all results is the 
close adherence of the interaction radii to the A+ 
dependence. The average deviation from Eq. (3) is 
0.75%; out of twenty-eight cases, one deviation is 3% 
(U%*), seven are between 1% and 2%, and twenty are 
less than 1%. 

Deviations (AR4,) from Eq. (3) are plotted against A 


J. S. Blair (to be published). 
2G. Igo and R. Thaler, Phys. Rev. 106, 126 (1957) 
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Fic. 23. AR aa, the departure of the observed interaction radius 
from the least squares curve Raa= (1.414A!+2.19)X 10°" em, is 
plotted against A 


in Fig. 23. No general trends are established; a few 
points should be noted, however: 


(a) Closed shell effects at Z= 28, Z=50, and N= 82 
are apparently not significant with respect to radius. 

(b) The large intrinsic equilibrium quadrupole de 
formations characteristic of the rare earth region might 
be expected to result in large interaction radii. Eu, Tb, 
and Er do indeed appear large, but Lu and Ta, which 
have very large measured quadrupole moments, appear 
small. Thus no correlation between radius and quad- 
rupole deformation seems possible in this region. 

(c) We feel that the radii for the Pb isotopes are 
significantly low (about 1%). As can be seen by refer 
ence to Table I, a number of measurements at two 
different angles gave highly consistent results. (For the 
case where best-fit and crossover radii disagree, Pb”* at 
42°, the best-fit radius is still lower than the crossover 
radius.) No difference between isotopes is seen, although 
the doubly magic Pb” might be expected to be smallest. 

(d) The addition of a single proton to g:Pb”* to make 
ssBi™ results in an increase in radius which is appreci 
ably larger than the internal errors. 

(e) Five targets heavier than Bi were studied. 9,U™°®, 
osNp”’, and gPu™” radii fall slightly below the least 
squares curve of Eq. (3). g¢Th™ may be significantly 
high. 9,U%, with ARsa= +0.35X10- cm(3.1%,), ex 
hibits the greatest departure of all targets observed. 
Alpha-decay radius determinations” also indicate that 
Th™ and U™* have large radii, at least when compared 
with their even-even neighbors. 


The large U¥*-U™* difference is of particular interest 
since proton configurations are, presumably, identical 
for the two isotopes. As a check on the results obtained 
for crossover radii, sharp-cutoff cross-section calcula 
tions were carried out in detail (Fig. 24). It is seen that 
the experimental curve for U™* 
break, 


is straddled, below the 


by calculated cross sections for R=11.46 


#7. Perlman and F. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157 
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Fic, 24, Cross section versus energy for elastic scattering of 
alpha particles from uranium. The two upper solid curves repre 
sent the experimental scattering from U™* for laboratory angle 

60°; the dots are the computed cross sections for R= 11.46 and 
11.26% 10°" cm for center-of-mass angle = 60°. The lowest solid 
curve represents the experimental scattering from U™® for labora 
tory angle=60°, while the dots are computed cross sections for 
R= 11.0610" cm for center-of-mass angle = 60° 


(10-" cm) and R= 11.26; if we make the center-of-mass 
correction discussed earlier, the best-fit radius is con- 
sistent with the crossover radius 11.30+-0.06. In con- 
trast to this it will be observed that the experimental 
curve for U™® lies close to the calculated points for 
R=11.06; with the same correction, the best-fit radius 
is in fact compatible with the crossover radius 
10.90+-0.05. Thus there is little doubt that differences 
in neutron configuration result in a significantly larger 
radius for U™*, 

The over-all results for interaction radii present a 
picture having a high degree of internal consistency. To 
compare our results with other nuclear radius deter- 
minations, we should include external errors in the 


calculations. We then find 


(1.414+-0.042) kK 10-" cm, 
b= (2.19+0.20) K 10-" cm. 


R Aa roA ' + b > 


(3’) 
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5. Comparison with Other Results 


Measurements of nuclear radii depend, of course, not 
only upon the phenomena under observation but upon 
the theoretical ,models in terms of which they are 
interpreted, Almost without exception, methods de- 
pendent upon interactions involving specifically nuclear 
forces have given values for ro ranging from 1.3 to 
1.5X10-" cm, whereas those for which only electro- 
magnetic interactions are important have given values 
between 1.0 and 1.2 10~" cm. The first group” includes 
studies of high-energy neutron scattering, alpha decay, 
and charged particle reactions. In the second group” are 
studies of mirror nuclei, isotope shift in line spectra, 
u-mesic x-rays, and high-energy electron scattering. 

If we consider the differences in measurements and 
models, the large interaction radii obtained from the 
present experiments are not inconsistent with either the 
charge distributions resulting from the electromagnetic 
measurements or the mean radii obtained from optical 
model analysis of alpha scattering (which are also 
smaller than the present interaction radii). 

From the nuclear potential point of view, the explana- 
tion is that the interaction radius is essentially equiva- 
lent to the location of the top of the /’th potential 
barrier ; it can be shown that a relatively weak attrac- 
tive nuclear potential (1-5 Mev) is sufficient to change 
the sign of the slope of the barrier, so that the barrier 
summit is located at a distance considerably greater 
than the usual mean radius. This argument is discussed 
quantitatively elsewhere.” 

The interaction radii may be understood in terms of 
the existing nuclear charge distributions”*~*’ if the inter- 
action between alpha and nuclear matter is sufficiently 
strong to cause a moderate interaction with the nuclear 
fringe. While the mean electromagnetic radii are small, 
(1.07+0.02)A*X 10~" cm, the surface thickness (during 
which the charge density falls from 0.9 to 0.1 times the 
central value) is about 2.4X10~-"% cm. The charge 
distributions thus have a tail which extends consider- 
ably beyond the mean radius; for example, the mean 
radius for Au is about 6.4X10~-" cm, yet at a radial 
distance of 8.0X10~" cm the charge density is still 
about 5% of the central value if a Fermi or modified 
Gaussian distribution is assumed.”® Further, electron 
scattering experiments also indicate an appreciable size 
for the alpha particle; the “rms radius” is 1.6x10-" 
cm.”’ If in addition one includes a very modest nuclear 
force range, the present interaction radii then seem 
plausible without any special assumption that the 
nuclear distribution is larger than the proton distribu- 
tion. In fact, the present experiments give indications of 


* For a more complete discussion see, for example, R. Hof- 
stadter, Revs. Modern Phys. 28, 214 (1956) 

28 Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 
(1956) 

2 Fregeau, Helm, and Hofstadter, Physica 22, 1195 (1956). 

27R, W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956). 
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TABLE IT. Comparison of effective radii* from (a,a), (a,a’), and (a,p) reactions and interaction radii Raa 
from extrapolation of elastic scattering results to low A. 


Excitation of 
residual nucleus 
Target (Mev) 
Li® , 31.! 2.19 
Li® 31 4.5 
Be’ q 48 0 
Be’ : 48 2.43 
Be® 4d 2.43 
B 4.9-8.1 0 
CB 48 4.43 
C2 f 31; 4.43 
C2 ‘ Shes 7.65 
Cc ” 41 0 


Energy of incident 


Reaction alpha (Mev 


Ce , 31 0 


Ne” 18 

Ne” 18 

Mg* 48 a 

Mg™ 42 a 
31.5 - 

7.0, 8.1 0 

1.46 


Mg* a, a’ 
p*! a, p 
A® a, a’ 18 


® Probable errors are not given here. Where stated in original references, they range from 


Interaction radius 
Raa (Eq. (3 
(10°48 en 


Effective radius 


Type of analysis (1074 em Reference 


ABM?” 
ABM 
Diffraction 
ABM 
ABM 
ABM 
ABM 
ABM 
ABM 
ABM stripping 
ABM-knockout 
ABM-stripping 6 

{\ABM-knockout 6.6 
Diffraction 5.8 35 
ABM 6.65 35 
ABM 6.6 33 
ABM 6.54 6 
ABM 6.4 29 
ABM 6.9 6.63 32 
ABM 7.12 7.03 35 


4.76 29 
4.76 29 
5.13 430 
40 

$1 

5.24 $2 
43 43 
29 

29 

$4 


_— 
ono 


ue 


AaAnnaununwnd wn 
coumwN 
~ 


— 7 
wn 


44 


t0.2 to 40.5 X107"4 cm or more. They are especially large for 


the lightest elements and for very low incident alpha energy in the heaviest elements 


» See reference 28 


sensitivity to slight changes in either neutron or proton 
configuration, as we have seen in the Pb-Bi comparison 
above and as we shall note further below (Sec. V). Our 
large intercept distance b is probably in large part due 
to the extent of the alpha particle itself. 

There is an increasing body of evidence for large 
interaction radii for alpha-particle reactions in light 
elements. Interpretation of inelastic alpha-scattering 
experiments has been made in terms of direct-surface- 
interaction theories such as that of Austern ef al,” 
In these interpretations, the observed differential cross 
sections are expressed as functions of scattering angle in 
terms of appropriate spherical Bessel functions j,(QR) ; 
Q is the momentum transfer and R is an effective radius 
for the particular process. Similar analyses have been 
made of the observed angular distributions of protons 
from (a,p) reactions in elements ranging from Li to P. 
Although there is perhaps little reason to expect even 
approximate agreement between interaction radii cal 
culated by extrapolation of Eq. (3) and the effective 
radii found for (a,a’) and (a@,p) reactions in these light 
elements, the agreement is remarkably close. (Li® is an 
exception.) Table Il summarizes the available data.” ** 

28 Austern, Butler, and McManus, Phys. Rev 
hereafter referred to as ABM 

*H. J. Watters, Phys. Rev. 103, 1763 (1956) 

®R. G. Summers-Gill, University of California 
Laboratory Report UCRL-3388, 1956 (unpublished). 

31 G, W. Farwell and D. D. Kerlee, Bull. Am. Phys. Soc. Ser. II, 
1, 20 (1956); J. S. Blair and E. M. Henley, Bull. Am. Phys. So 
Ser. II, 1, 20 (1956); Progress Report, Cyclotron Research, 
University of Washington, 1956 (unpublished). 

#P. yon Herrmann and G. F. Pieper, Phys. Rev 
(1957). 

FJ. Vaughn, University of California Radiation Laboratory 
Report UCRL-3174, 1955 (unpublished), 

4 R. Sherr and M. Rickey, Bull. Am. Phys. So 


(1957); M. Rickey (private communication). 
46 Seidlitz, Bleuler, and Tendam, Bull. Am. Phys. Soc. Ser. II, 1, 


92, 350 (1953); 


Radiation 


105, 1556 


Ser. II, 2, 29 


Probable errors are not listed, since they are not stated 
in most of the original references; where they are stated, 
they range from +0.2 to +0.5X10-" cm. The un 
certainties are especially large for the lightest elements 
and for very low incident alpha energy in the heaviest 
elements. 

Agreement of the present data with interaction radii 
determined by sharp-cutoff analysis of angular dis 
tributions of elastically scattered alpha particles is 
good; this will be discussed elsewhere.”! 


V. THEORY AND RESULTS: FINE STRUCTURE 


We have seen (Sec. II1) that the experimental curves 
of cross section vs energy are characterized br 
features which are distinct from the general trend of 
Coulomb dependence at low energy and exponential 
falloff at high energy. First, structure is sometimes 
apparent in the energy region just before the downward 
break, usually taking the form of a single region in 
which the cross section is appreciably above Coulomb 
(We ”") Second, 
diffraction-like oscillations are evident at high energies 


two 


have termed this feature the “rise 
in some of the curves for the lightest elements among 
those studied. In the discussion which follows, we shall 
refer to the rise and the diffraction 
“fine structure,” 


oscillations as 


A. Fine Structure and the Sharp-Cutoff Model 


In Sec. IV we showed that both 
diffraction oscillations appear in the results of the 
sharp-cutoff calculations. We shall now attempt to 


the rise and the 


29 (1956); L. Seidlitz, Nuclear Physics Progress N 


(Purdue Research Foundation), U.S.A.E.C. Keport 
(1956) (unpublished) 
PC. Gugelot and M. Rickey, Phys. Rev 


Report No. 6 


COO-174 


101, 1613 (1956 
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Fic, 25. Real part of the amplitude of the /th outgoing partial 
wave for pure Coulomb scattering as a function of / for the case 
n= 10 and center-of-mass angle @= 60° 


provide more insight on how such fine structure arises as 
a consequence of the model assumed. In later para- 
graphs (Sec. VC) we shall see how the structure is 
likely to be altered in more sophisticated calculations. 

In Fig. 25 a typical plot is shown of the real part of 
the amplitude of the /th outgoing partial wave for pure 
Coulomb scattering; the particular case n=10 and 
= 60° is illustrated. (The argument which follows can 
be made as easily with the imaginary as with the real 
part of the amplitude as long as the sum over all 
partial waves is not close to zero.) Inspection indicates 
several noteworthy features of this*graph: (a) There is 
a large range in / over which the amplitudes are all of 
n cot(d/2), which is 
the classical angular momentum divided by h, lies 
roughly at the center of this group. Thus in a sense this 
range of / defines the extent of the “wave packet” in 
l-space, centered on the classical value of angular 
momentum which comprises the chief contribution to 
the pure Coulomb scattering at this angle. (b) Before 
the coherent positive region there is a smaller negative 
coherent portion. (c) Superimposed on the general 
pattern are fluctuations, which occur in this case with a 
periodicity Al~3. (d) As one proceeds beyond the 
central coherent region the amplitude oscillates around 
zero with increasing magnitude. 

Let us now examine the scattering predicted by the 
sharp-cutoff model as a function of R with the aid of 
this diagram and Fig. 3 of reference 3. The scattering 
amplitude in this model is simply the amplitude for 
pure Coulomb scattering minus the contributions of all 
partial waves up through the critical angular momen 
tum defined by Eq. (2). If R is such that all waves are 
absorbed up to /’ <6, there is little change from the pure 
Coulomb cross section since the amplitudes of the 
absorbed partial waves are small and oscillate in sign. 
If l’~10, the cross section rises, since we have cut out 
the coherent contribution to the amplitude which is 
opposite in sign to the main contribution. Since the 
main “wave packet” is always preceded by a small 
coherent contribution of opposite sign, the sharp-cutoff 
model yields an initial rise. As /’ increases from ~10 to 
25, the cross section rapidly drops below the pure 


the same sign. The parameter /,; 
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Coulomb value; this is because we are eliminating the 
partial waves which are the chief contributors to pure 
Coulomb scattering. For R so large that /’>25, the 
cross section oscillates around an average value 
~(1/10)o,; the behavior reflects the fact the central 
“wave packet” has been subtracted and only the rapid 
oscillations at the wings of the “wave packet” remain. 
The diffraction oscillations observed over the entire 
range of / have the periodicity of the fluctuations in the 
partial amplitudes for pure Coulomb scattering. 

In translating these features into a prediction of cross 
section vs energy, R is fixed while m and the correspond- 
ing /’ for the given R are varied. The initial rise and the 
diffraction oscillations survive this procedure. The 
extent to which each is present depends in a predictable 
way upon scattering angle and nuclear charge. Because 
of the, sharp-cutoff assumption, both features are 
intimately related to the nature of the nuclear surface ; 
one might expect surface diffuseness or large departures 
from sphericity to suppress them strongly. These points 
will be discussed more fully below (Sec. VC). 


B. The Rise: Experimental 


The variation of fine structure from one element or 
nuclide to another manifests itself most sharply in the 
rise. A semiquantitative study of the rise was made 
through an “area” parameter S defined by 


Et /g—<¢, 
S= ( Jae. 
J BK, E 


(o—a.)/a, is the fractional excess of the experimental 
cross section over the Coulomb cross section, and E, 
and EK» are the energies which define the extent of 
the rise. 

Plots of S against A are shown in Fig. 26 (42°) and 
Fig. 27 (60°). The error shown for each point corre- 
sponds to the extreme range considered possible for 
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Fic. 26, The parameter S, a measure of the area of the rise in the 
experimental curve above the Coulomb curve, is plotted against 
A for the 42° data. 
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Fic. 27. The area parameter S is plotted 
against A for the 60° data. 


normalization of the experimental curve to the Coulomb 
curve at low energy; this range is sufficient for large 
uncertainties in S in many cases. A similar plot of 
S (60°) against the neutron number JN is given in 
Fig. 28. These three plots represent an attempt to 
systematize differences and trends which are actually 
more readily recognized in a qualitative way by refer- 
ence to the cross section curves (Figs. 1-14). 

No estimate of S was made for Ni, Cu, and Zn, since 
for these elements only a short portion of the Coulomb 
region was accessible. 

The largest rise in the Rh-Ag-Sn-Sb sequence is at Sn 
(Z=50), coinciding with a closed proton shell. Since a 
natural Sn target was used, averages over the six 
principal isotopes are represented in the measurements. 
It would be desirable to investigate separated isotopes 
of Sn, since it is possible that even greater differences in 
structure might be observed with single isotopes. The 
rise is suppressed completely in Rh; in this respect Rh 
resembles only U™* among all other targets investigated. 

The Ba-La-Ce-Pr series is especially interesting since 
these targets have the same (magic) neutron number, 
82. We thus observe surface differences which may be 
attributed solely to proton configuration. The observed 
trend of increasing rise with increasing Z in this region 
at 42° does not correspond to the trend in quadrupole 
moments observed or anticipated on the basis of the 
shell model.*” A similar but less well-defined trend is 
observed at 60°. 

In the region Sm to Ta, a general correlation between 
radius (Fig. 23) and rise (Fig. 26) is noted, with large 
rise being associated with small radius. Tb is an 
exception. 

The separated isotopes of Pb show outstanding 
differences in the curve shapes (Figs. 12, 13, 26-28). 
The largest rise at both 42° and 60° is observed for Pb™*, 
At 42° the singly magic (Z=82) Pb”* and Pb”? exhibit 
smaller rises which are, however, slightly larger than 
that observed for the nearby element Au. At 60° a 
definite trend is observed for the Pb isotopes: the rise 
increases as NV goes from 124 to 125 to the closure at 
126. The very large rise at Pb”* probably indicates an 
especially well-defined nuclear boundary for this doubly 

37 Way, Kundu, McGinnis, and van Lieshout, Annual Review of 


Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
p. 146. 
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magic isotope. s;Bi®, with its single additional proton, 
is very much like Pb™*, though we have seen that it has 
a larger sharp-cutoff radius. 

i. Th, U%*, Np’, Pu, and U™* were studied at 60° 
only. In the order listed, they form a series of nuclides 
increasing in neutron number consecutively by steps of 
one. The general trend of S with N (Fig. 28) shows a 
maximum rise for Np™’ (NV = 144), with smaller values 
at lower and higher neutron numbers. U™® has a 
moderate rise while U™* has zero rise. 

A correlation between interaction radius and rise is 
observed in this region, with large rise (Fig. 28) again 
corresponding to small radius (Fig. 23). The large 
differences in U™*® and U™* with respect to both rise and 
interaction radius support the conjecture that the 
neutron configuration strongly influences the nature of 
the nuclear surface 


C. Discussion 


Let us first briefly summarize the experimental 
information concerning the initial rise and diffraction 
oscillations. (a) In the present experiments an initial 
rise above Coulomb is observed for most elements 
investigated; the height and area fluctuate as one 
moves through the periodic table, with maxima ob 
served at the closing of a nuclear shell; there is some 
indication that the rise slowly increases with Z. The rise 
decreases with increasing scattering angle. The rise is 
absent in scattering from Rh and U™*, Angular dis 
tributions** of alphas elastically scattered from heavy 
elements display a similar rise; measurements with the 
five targets Ag, Ta, Au, Pb, and Th indicate that the 
rise increases with increasing Z at constant EZ. (b) The 
diffraction oscillations are not observed in the energy 
dependence of the scattering cross sections for the heavy 
nuclei. They appear for light nuclei (Al, Zn, Cu) and 
may be present for some intermediate nuclei (for 
example Rh and Ag) in the region well below Coulomb 
Such oscillations are more prominently displayed in 
angular distributions; they are apparent, even in the 
region of the break, when 48-Mev alphas are scattered 
from the heavy but magic nucleus, Pb (reference 6), 
and are markedly present for Ag and lighter nuclei, 
generally increasing in amplitude as Z decreases at 
increases at fixed Z (references 
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Fic, 28. The area parameter S is plotted against neutron number 
N for the 60° data on monoisotopic targets 
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1. Effects of Improved Boundary Conditions 


We have seen in detail in Sec. VA above how both 
the initial rise and the diffraction oscillations appear as 
consequences of the sharp-cutoff calculations. Some of 
the features described will be maintained in more 
sophisticated computations which allow for appreciable 
nuclear absorption such as those based on the Feshbach- 
Weisskopf boundary condition**” and the complex 
nuclear potential.” ® It has been previously pointed 
out® that the Feshbach-Weisskopf boundary condition 
leads to the asymptotic values n,-->0 for €l’ and 
nc—exp(2io,) for >I’: what features of the sharp-cutoff 
calculation are maintained will be a function of how 
wide in / space is the transition region between these two 
limiting values of the outgoing amplitude. In particular, 
it is anticipated that as long as n is large (so that the 
contribution of each partial wave is small compared to 
the total Coulomb amplitude), the general trend of the 
cross section will be unchanged from the sharp-cutoff 
prediction in the region just below the break; the 
width of the pure Coulomb “wave packet” is so great 
that it is not critical whether the transition is sharp or 
smoothed over many /, On the other hand, the magnitude 
of the diffraction oscillations and initial rise should 
depend more subtly on the penetration depth and sur 
face taper; the spacing of the diffraction oscillations, 
however, should not depend essentially on such details 
since that reflects the periodicity of the amplitudes for 
pure Coulomb scattering. Further, there should be a 
considerable difference in the magnitudes of the cross 
sections computed with sharp-cutoff and improved 
boundary condition models when the transition region 
lies beyond the main contribution to the Coulomb 
amplitude.“ 

Machine computations with the optical model now 
being undertaken bear out the remarks of the previous 
paragraph.” In particular, Cheston and Glassgold® 
find that for an optical calculation which gives a good 
fit for the 22-Mev alpha angular distribution from Ag, 
the transition from pure absorption to pure Coulomb 


“ H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949) 

* N. Oda and K. Harada, Progr. Theoret. Phys. (Japan) 15, 545 
(1956) 

“C.B.O. Mohr and B. A 
A69, 365 (1956) 

“ W. B. Cheston and A. E. Glassgold, Bull. Am. Phys. Soc. Ser 
II, 1, 339 (1956 

“Tyo, Thaler, and Hill, Bull. Am 
(1956) 

“WwW. B. 
(1957) 

“Tt is relevant here to comment on the fuzzy modification of the 
sharp-cutoff model proposed by Wall, Rees, and Ford‘ and by 
Ellis and Schechter* in discussing angular distributions. The 
transition region is explicitly introduced through a weight factor, 
W,, which multiplies the pure Coulomb amplitude and varies from 
0 to 1 over a range of / near l’. The fact that these recipes prove 
incapable of completely damping out the fine structure should not 
be interpreted as an argument against the existence of a transition 
region; the weight factor is in general a complex number and it 
does not follow that the real linear weight factors used by these 
authors necessarily simulate an optical-model calculation. 


Robson, Proc. Phys. Soc. (London) 


Phys. Soc II, 1, 384 


Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
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scattering occurs in a band of width A/~4. Further, 
the band is centered about /’=10 or 11, which is the 
cutoff angular momentum giving the best fit of the 
sharp-cutoff angular model to the data. We present a 
detailed discussion of the connection between the 
optical-model parameters and the sharp-cutoff radius 
elsewhere.”! 

The question now naturally arises: Is it possible to 
make any further general statements about the fine 
structure without performing computations based on 
some more detailed models? We believe that some 
additional comments within the framework of the 
sharp-cutoff model are pertinent concerning (a) damp- 
ing of fine structure as a function of m and angle, and 
(b) effects due to ellipsoidal distortions of the nuclear 
surface. 


2. Further Details of Sharp-Culoff Results 


(a) Damping of fine structure versus n and angle.— 
Consider the typical graphs in Fig. 29 of the computed 
ratio G=a/o, versus t’ for several values of m at fixed 
angle (@=33°). One notes that: (1) The spacing, Al, 
of the rapid oscillations is roughly independent of 
and I’; at this angle Al~5, (2) The magnitude of the 
oscillations at corresponding portions of the pattern 
slowly decreases as the classical parameter m increases. 
(This reflects the fact that the relative contribution of 
an individual partial wave decreases as the total 
Coulomb amplitude becomes larger.) (3) The oscilla- 
tions are relatively more important when the ratio G is 
small. (4) The initial rise is somewhat higher for larger 
n and the “width” of the rise, 6/, is roughly linear in n; 
at 33°, l~(3/4)n. 

It is convenient to relate the spacing Al to a distance, 
namely, the difference in the classical turning points 
between the /’th and (/’+-A/)th partial waves, which we 
term AR. From Eq. (2) we obtain 


R= Dygo{h+4[14+ (U/n)?+ (’/n) (1/n) J}, (4) 


ZZ'é/E. From this we find 


Dx l’ n 
AR ( )| A 
2n 7 ([1+(l'/n)* }! 


which for large (l'/n) becomes 


AR=XAIl. (6) 


where D go 


We shall be guided by the intuitive notion that when 
AR is small compared to some distance characteristic 
of the surface fuzziness, the oscillations are easily 
damped ; when AR is large, we assume the converse. In 
similar fashion one can introduce a thickness, 6R, 
corresponding to 6/. 

Let us now examine the implications of these ob- 
servations for scattering from two nuclei of different 
charge, Z;>Z2, at the same value of G. In the region 
just past the break, it is a good approximation to relate 
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Fic, 29. Computed o/a, versus l’ for n= 12, 8, and 5 at center-of 
mass angle @ = 33°. The dots are the computed values which are 
then joined by the interpolated solid curve. The envelopes of these 
curves are also indicated by solid lines 


the energies at the same value of G, FE, and Eo, to the 
charge through 


(R1/R2)= (Dis, 1/ D180, 2), 
so that 
(E,/E2)=(Z1/Z2)1. (8) 
Thus 
(n,/n2)=(Z;/Z2)! (9) 
and 


(AR,/AR)=(Z2/Z,)'. (10) 


It is consequently easier to damp the rapid oscillations 
of nucleus 1 at the same value of G because (1) with 
n\>n» the magnitude of oscillations is smaller and (2) 
the same thickness of surface fuzziness will produce 
greater damping in 1 than in 2. 

On the other hand, if surface conditions are compar- 
able, the initial rise should be more pronounced for the 
nucleus with larger charge; this is because the maximum 
of the mean height is somewhat larger for greater n, and 
the ratio of effective thicknesses associated with the 
width of the rise varies as 


(6R,/6R2)=(Z)/Z2)'. (11) 


Let us next consider the computed G versus I’ for 
fixed n(n=10) at several angles, as illustrated in Fig. 30. 
It is seen that: (1) the spacing, Al, decreases markedly 
as ¢ increases: Al~5, 3, and 1.8 at ¢= 33°, 60°, and 95°, 
respectively ; (2) the width of the rise, 6/, is also a strong 
function of angle: 6/-~7.5, 4, and 2 at 33°, 60°, and 95°, 


respectively ; (3) the magnitude of the oscillations and 
the height of the rise do not appreciably change with 


angle. 

Statement (2) explains why the rise is more pro- 
nounced for the same element as the angle is decreased : 
the increase in 6R due to the smaller angle overcomes 
the decrease resulting from the slightly smaller value of 
n and wavelength at the new (higher) energy of the rise. 

Consideration of Figs. 29 and 30 also makes it 
possible to understand qualitatively the observation of 
Igo, Wegner, and Eisberg that the diffraction structure 
in angular distributions from the same target is more 


SCATTERING OF a 
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Fic. 30. Computed o/o, versus I’ for center-of-mass angles 
= 33°, 60°, and 95° when n=10. The dots are the computed 
values which are then joined by the interpolated solid curve. The 
envelopes of these curves are also indicated by solid lines 


pronounced as the energy is increased; this feature is 
illustrated in Figs. 13 and 14 of reference 10, For higher 
energy at the same value of G, the magnitude of the 
oscillations is greater for the smaller and AR is larger 
at the smaller angle in spite of the diminished wave 
length. The same argument indicates why Ellis and 
Schechter® find oscillations in the angular distributions 
of 48-Mev alphas scattered from Pb and Ag, while the 
oscillations either are absent or occur in the region well 
below Coulomb in the present and previous experiments 
at fixed angle.’ It is for this reason that we feel justified 
in averaging over the diffraction oscillations in the 
process of obtaining the crossover radii. 

Further, the fact that the rise at fixed energy generally 
increases with Z (references 4-6) is understandable 
since the mean maximum height increases with nm, and 
bln, at fixed angle; as Z increases, the rise actually 
moves backward in angle but the shift is not enough to 
cause 6R to decrease. 

(b) Damping effect of ellipsoidal deformation.—The 
effects of one damping mechanism—namely, ellipsoidal 
distortion of the nuclear surface—can be quantitatively 
estimated with the sharp-cutoff model, A_ detailed 
discussion of scattering from distorted nuclei will be 
presented elsewhere”; only some summary comments 
are made here, 

Using the impulse approximation, justified when the 
nuclear collision time is short compared to the period 
for nuclear rotation, and neglecting effects due to the 
electric quadrupole moment (a nontrivial assumption), 
Drozdov” has derived expressions for cross sections 
into the various nuclear rotational states in terms of 
the scattering amplitudes from stationary ellipsoidal 
nuclei suitably averaged over possible orientations. In 
particular, the “elastic” cross section summed over all 
final rotational states and averaged over initial states is 

7. S. Blair and F. G 
336 (1956 

*S. 1. Drozdov, J. Exptl. Theoret. Phys. U.S 
(1955) [translation: Soviet Phys. JETP 1, 588 


Major, Bull. Am. Ph oc, Ser. IT, 1 


KR. 28, 734, 736 
91 (1955) } 
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Fic. 31, Computed o/o, versus energy for alpha particles 
scattered from U** at center-of-mass angle ¢= 60°, summed over 
nuclear rotational states for Ro= 11,2610" cm and e=0, 0.10, 
and 0.20. The sharp-cutoff radius R is assumed to have the form 
R= Ro{1+-«P2(cosd) |, where 6 is the angle between the principal 
axis of the nucleus and the axis of symmetry for a classical 
Coulomb trajectory 


simply the average over all orientations of the cross 
section for a classically oriented nucleus. 

The sharp-cutoff model is particularly amenable to 
the above treatment when the nuclear orientation 6 
and the deformation ¢ are assumed to besimply related to 
the only nuclear parameter in the model, the cutoff 
radius R, by R= Rol 14+-«P2(cosd) |, where 6 is the angle 
between the principal axis of the nucleus and the axis 
of symmetry for a classical Coulomb trajectory. 

The ratio of “elastic” to Coulomb cross section for 
U™* at 60° is plotted versus E in Fig. 31 for three values 
of «: e=0, 0.10, and 0,20. The transition rate to the 
first excited state of U** by Coulomb excitation” yields 
e~0,26. An ellipticity of 0.10 appears ample to damp 
the rapid oscillations, and one as large as 0.20 suffices to 
remove the initial rise (as is indeed observed) and to 
displace the pattern toward higher energies. 

It is tempting to regard such distortions as the prime 
cause for damping of the initial rise, but the following 
observations make it likely that it is only one of several 
contributing mechanisms: (1) The measured ellipticity 
of Th is roughly the same as that of U™*, yet the rise in 
Th and other neighbors of U™* is appreciable. (2) The 
initial rises in rare earth elements do not correlate well 
with known ellipticities. A calculation similar to that 
carried out for U has been performed for ‘Ta; the com- 
puted damping is larger than that observed.** (3) The 


Temmer, Annual Review of 
Stanford, 1956), Vol. 6, 


‘1N, P. Heydenburg and G. M 
Nuclear Science (Annual Reviews, Inc., 
p. 77, Fig. 10 

** The favorable rotational level structure of Ta [F. Boehm and 
P. Marmier, Phys. Rev. 103, 342 (1956) ] and the fairly large rise 
observed for Ta at 42° suggested a test of the sensitivity of the 
experimental results to the admission of alphas scattered with 
excitation of Ta to low-lying levels. Under normal operating condi- 
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striking variations in the rise observed near a closed 
shell suggest that the role of the surface nucleons is at 
least as important as that of the collective surface dis- 
tortion in determining the extent of the rise. 


VI. CONCLUSIONS 


The sharp-cutoff analysis of the energy dependence 
of alpha-particle elastic scattering cross sections gives a 
remarkably consistent picture of alpha-nucleus inter- 
action radii for a very wide range of elements. Qualita- 
tive features of experimental curves of both cross 
section versus energy and cross section versus angle can 
be accounted for in terms of the sharp-cutoff model. The 
present experiments exhibit a high degree of sensitivity 
to the properties of the nuclear surface, and indicate 
that both proton and neutron configurations have an 
important influence upon the interaction of an alpha 
particle with the fringes of the nuclear matter. There is 
no clear correlation between quadrupole deformations 
and the experimental results, although such deforma- 
tions are undoubtedly responsible for some damping of 
the fine structure of the curves. A number of regions of 
the periodic table would be worth further exploration, 
particularly those near closed shells where the effects of 
changes in neutron or proton configuration might be 
especially large and subject to nearly independent 
investigation. 


Vil. ACKNOWLEDGMENTS 


It is a pleasure to thank the following individuals and 
groups for their special assistance in making this work 
possible: Professor Ted Morgan and the University of 
Washington Cyclotron staff for many days of stable 
cyclotron operation; Mr. Paul Robison for his skillful 
help in preparing self-supporting target foils and for 
his assistance with the computations; Mr. Gail Shook 
and Mr. John Hopkins for valuable help in construction 
of the proportional-counter telescope; the Machine 
Accounting Office of the University of Washington for 
use of the IBM 604 electronic calculator, and Dr. D. 
Newton of the International Business Machine Corpor- 
ation for his aid in preparing the code; Mr. F. G. Major 
and Mr. P. Stevens, who assisted with the computa- 
tions; Dr. G. Igo, Dr. D. Hill, Dr. W. B. Cheston, and 
Dr. A. E. Glassgold for stimulating discussion and cor- 
respondence and for making available their results prior 
to publication. 
tions, the 0.136-Mev (first excited) state was partially excluded 
and higher states were effectively ruled out. The energy acceptance 
band of the detector was approximately doubled so that the 
0.136-Mev state was admitted almost completely and the next 
two levels (0.303 and 0.482 Mev) were admitted to a considerable 
degree. No discernible change in the shape or location of the 
experimental curve resulted 
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Cross Sections for the S**(n,p)P* and the S*(n,a)Si* Reactions* 


L. ALLEN, Jr., W. A. BicGers, R. J. Prestwoop, AND R. K. Situ 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received May 17, 1957) 


The cross section for S*(n,p)P* has been measured for incident neutron energies up to 15 Mev. The data 
at high energies differ from previously published measurements. The cross section for S*(n,a)Si" also has 
been measured for incident neutron energies up to 14.1 Mev. 


1. INTRODUCTION 


N many instances sulfur has proved to be a valuable 

“threshold detector” for the measurement of con- 
tinuous neutron spectra. The production of P® by neu- 
trons incident on elemental sulfur is relatively efficient 
for neutrons of energies greater than 3 Mev and the 
resultant activity is convenient to measure. P® decays 
with a beta of end-point energy equal to 1.712 Mev! and 
a half-life of 14.3 days.? No appreciable number of 
y rays has been observed to accompany the beta 
emission.2 The S®(n,p)P® cross section has _ been 
measured for neutron energies up to about 6 Mev‘ and 
at 14.3 Mev.® The shape of the cross section is primarily 
determined by the proton Coulomb barrier penetration 
factor, although recent measurements’ have shown the 
existence of pronounced resonance structure for neutron 
energies between 2.0 and 4.0 Mev. When using sulfur as 
a threshold detector it has usually been the practice to 
calibrate the counting system by irradiating a sulfur 
sample with a known flux of 14.1-Mev neutrons pro- 
duced by the T(d,n)He* reaction. Recently it has been 
noticed at this laboratory that the results of sulfur 
activation measurements of a degraded fission-neutron 
spectrum did not agree with measurements of the same 
neutron spectrum made by nuclear emulsion techniques. 
The experiment described herein was undertaken in 
order to discover the source of the discrepancy and to 
extend the earlier measurements somewhat. 


2. EXPERIMENTAL METHOD 
A. Neutron Sources 


Neutrons with energies from 1.59 to 9.56 Mev were 
obtained from the large Los Alamos Van de Graaff 
accelerator. The reaction T(p,n)He* was used to pro- 
duce neutrons with energies less than 6.0 Mev, while the 
D (d,n)He’ reaction was used to produce neutrons with 
energies from 6.0 to 9.56 Mev. The bombarding beam 
was magnetically analyzed, collimated, and traversed a 


* This document is based on research performed under the 
auspices of the U. S. Atomic Energy Commission. 

! Pohm, Waddell, and Jensen, Phys. Rev. 101, 1315 (1956) 

2.N. B. Cacciapuoti, Nuovo cimento 15, 213 (1938). 

4 Kurie, Richardson, and Paxton, Phys. Rev. 49, 368 (1936). 

4E. D. Klema and A. O. Hanson, Phys. Rev. 73, 106 (1948). 


§ Liischer, Ricamo, Scherrer, and Ziinti, Helv. Phys. Acta 23, 
561 (1950). 
* FE. B. Paul and R. L. Clark, Can. J. Phys. 31, 267 (1953). 
7P. Huber and T. Hiirlman, Helv. Phys. Acta 28, 33 (1955). 


0.0001-in. Ni foil before striking a cylindrical gas target, 
3 cm in length. The spread in neutron energy was deter- 
mined by losses in the Ni foil and the target gas. The 
sulfur sample was placed 5 cm from the end of the gas 
target and was fastened to the face of the neutron 
monitor. ‘The neutron monitor consisted of an ionization 
chamber whose inside face was painted with an even, 
weighed, film of U** in the form of UsO,. The output 
of the ionization chamber was amplified and fed to a 
scaler and a 100-channel pulse analyzer and thus 
measured the number of fissions occurring during a run, 
From the measured U™* fission cross section® and the 
measured number of fissions occurring it was thus pos- 
sible to determine the flux of neutrons which passed 
through the U** film. This flux monitor was a modi 
fication of the chamber used in the measurements® of 
a,(U™*) and contained the same U™* film, thus elimi 
nating uncertainties in the knowledge of the U** film 
For determination of the flux at the sulfur sample, 
certain corrections were necessary. These corrections 
(1) the difference in the distance 


138 


took into account 
from the neutron source to the sulfur and to the U 
(2) counting losses of the neutron monitor due to 
absorption of fission fragments in the finite thickness of 
Us04 where the forward momentum imparted to the 
fission fragments by the incident neutron was con 
sidered, (3) scattering losses in the sulfur and the wall 
of the ionization chamber, (4) background neutrons 
produced by the bombarding beam, as measured by a 
run with the gas target evacuated, and (5) neutrons 
produced® by the reaction of D(dnp)D. After all 
corrections have been made, the value of the neutron 
flux through the sulfur is believed to be accurate in 
absolute value to +7%, and internally consistent 
to +5%. 

Neutrons with energies near 14 Mev were obtained 
from the Los Alamos Cockcroft-Walton 
using the T'(dn)He* reaction. The beam of 350-kev 
deuterons was magnetically analyzed and collimated 
before striking a thick Zr-T target. The neutron flux 
was monitored by counting a known fraction of the 


acc elerator, 


alpha particles generated from the T(d,n)He* reaction. 
Data were obtained for the various energies in a single 


* Smith, Henkel, and Nobles, Bull. Am. Phys. Soc. Ser. I, 2, 196 
(1957) 

*Cranberg, Armstrong, and Henkel, Phys 
(1956). 
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run with sulfur samples exposed at the appropriate 
angles with respect to the incident beam and at a dis- 
tance of 21.1 cm from the target. In addition to the run 
to determine energy dependence, several runs were made 
at the 90° position, where the neutron energy is 14.1 
Mev, and at various source to sample distances. The 
absolute value of the neutron flux at the sulfur is be- 
lieved accurate to +5% and internally consistent 
to +4%. 


B. Relative Cross-Section Measurements 


The sulfur samples were prepared by pressing 
2.00+0.01 grams of sublimed, elemental sulfur (at 
12 000 psi) into a disk 1 inch in diameter and 45 inch 
thick. After irradiation, the samples were counted in an 
insertion-type methane-flow proportional counter. The 
P* activity was followed for about one half-life, and 
selected samples were followed for several half-lives. 
Kach counting rate determination was corrected for 
background and converted to initial counting rate Ao 
by using the known half-life; the deviation of the 
individual A o’s from the average for a given sample 


lasie I. Summary of $”(n,p)P™ cross-section data 


En 
Average AEn 
neutron kenergy ony 
energy spread* (normalized 


Mev Mev (10°27 cm? 


on.p 
absolute 
(10°? cm* 


0.11 0.0.6*'” 
0.10 0.5 
0.10 7 0.7 
0.10 2 1.5 
0.09 7 6.0 
1 
2 


T(pn)He® 


0.08 1 s 
0.07 2 15 
0.06 $02 20 
0.06 263 18 
0.06 250 17 
0.05 248 17 
0.05 404 20 


0.16 $31 21 
O15 336 21 
0.13 $22 20 
0.11 346 22 
0.11 $24 

0.10 351 22 
0.09 $51 25 
0.09 376 


D(dn)He* 


(0.28 285 
O25 291 
0.14 274 
0.12 2066 
0.025 257 
0.04 248 
0.16 231 
0.26 225 
0.29 220 
0.40 214 
0.45 213 
0.47 214 


J 


I (dn)He* 


—e NN ww ee ] 


14.83 
14.93 
14.95 


* Energy spread is given as the half-width at half-area height of the vield 
vs energy curve 

» Por illustration this sample was irradiated with 1.26 * 10" neutrons/cm? 
and had Ao #850410 counts/min from which a background of 6042 
counts/min has been subtracted 
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served as a measure of the reproducibility of the 
counting system. When counting rates were sufficiently 
high to obtain 1% statistical error, 49 was observed to 
remain constant to within +3% over a period of several! 
half-lives. The average A o’s were corrected for variations 
in the weights of the samples; since the samples were 
thick for the beta being counted, this weight correction 
was less than 0.5%. Samples were counted on both 
front and back surfaces (the difference was ~3%) and 
the average of the two was correlated with the neutron 
flux at the center of the sample. The relative cross 
sections were then obtained by dividing the corrected 
A by the corrected value of the neutron flux. 


C. Absolute Cross-Section Measurements 


Four of the samples which had been irradiated at the 
Van de Graaff accelerator were counted as described 
above for about two weeks and then were radio- 
chemically analyzed to determine the absolute amount 
of P® contained in the sample immediately after irradi- 
ation. The absolute cross section was then computed 
using the value of neutron flux determined as described 
above. Similar determinations were made for several 
sulfur samples which had been irradiated in separate 
runs by 14.1-Mev neutrons. The radiochemical pro- 
cedure was as follows: 

The irradiated sulfur samples were dissolved in fum- 
ing HNOs in the presence of standardized (NH4)s2HPO, 
carrier solution. The sulfur and radioactive phosphorus 
were oxidized to sulfate and phosphate, respectively. 
The phosphorus was precipitated as MgNH,PO,-6H,0. 
The precipitate was dissolved and reprecipitated and 
mounted in a standard manner for counting.” The 
geometry was obtained by 47-counting “weightless” 
samples of high specific activity P® and then mounting 
various macro samples made up from the calibrated 
active P® and the standardized phosphate carrier 


solution. 


3. RESULTS 


The relative cross sections for S”(n,p)P* were 
normalized to the absolute cross sections as determined 
for five values of the neutron energy. The values at 
14.1 Mev are based on six relative determinations 
obtained from four separate runs and on eight absolute 
determinations based on two separate runs; the re- 
sulting increase in reliability was considered in the 
normalization. The normalized values and the absolute 
determinations are tabulated in Table I and displayed 
in Fig. 1 along with results of previous measurements. 
The errors shown represent the probable absolute error 
in the cross section. A measure of internal consistency is 


© “Collected radiochemical procedures,” compiled by J. 
Kleinberg, Los Alamos Scientific Laboratory Report LA-1721 
(unpublished ) 
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Fic. 1. Cross sections for the reactions, S*(n,p)P® and S®(n,a)Si", 


ersus neutron energy. Total probable errors 


are displayed. The open triangles are approximations to the neutron energy resolution curve such that the full width 
at half-maximum corresponds to that same quantity on the actual resolution curve. The solid curve has been drawn 
through the high-resolution points of reference 7. The broken lines merely connect the experimental! points in a reason 


able manner 


is obtained from the probable error of the normalization 
constant based on eight comparisons of relative and 
absolute values; this error is + 2%. 


4. DISCUSSION 


The S*(n,p)P® cross section as measured here is seen 
to be in general agreement with previous work, except 
that the value near 14 Mev is considerably lower than 
that measured before.’ When the value measured here 
is applied to the calibration of sulfur threshold de- 
tectors, then the sulfur activation measurements of 
continuous spectra are brought into agreement with 
other methods of measurement. There is some evidence 
for resonance structure above 4.0 Mev although the 
present measurements do not resolve the details. The 
decreasing value of the cross section near 14 Mev is 
attributed to competition with the (n,d) and (n,np) 
processes. 


5. CROSS SECTION FOR S*(n,q@)Si® 


In the course of the above measurements, early 
counting data revealed the presence of a shorter period 
activity which was attributed to Si. The half-life of 
this activity was observed to be 2.5+0.2 hours, in 
agreement with the more accurate observation of 2.59 


hours. Since the energy of the beta (1.5 Mev)" is only 
slightly lower than that from P*®, the absolute P® 
measurements were used to calibrate the counter and a 
determination was made of the (n,@) cross section for 
the less abundant isotope S“. The isotopic abundances 
were taken to be: S”, 95%; S®, 4.18%. The quantity, 
Ao, for the Si" activity was determined by analyzing 
the composite decay curve, The appropriate correction 
for decay during irradiation was made 

i 


TABLE II. Summary of S“(n,a)Si® cross-section data 


Energy Spreads are as given in Table I 
g } ; 


En 
(Mev 


Newson Phys Rev 51, 623 (1937 
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These data are shown in Table II and Fig. 1. Evidence 
of partially resolved resonance structure is seen. The 
value at 14.1 Mev agrees well with an earlier measure- 
ment® where the cross section for S*(n,a)Si™ 
determined to be 1404-30 mb at 14.3 Mev. 


was 
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Proton groups emitted from a thin CaO target under 7-Mev deuteron bombardment were studied with 
a magnetic spectrograph. Their angular distributions were analyzed in terms of stripping theory to determine 
the orbital angular momenta and relative reduced widths for neutrons captured to form levels in Ca“ up 
to 4,2-Mev excitation, Capture gamma rays measured elsewhere can be fitted to a scheme comprised of 


levels strongly excited in the (d,p) reaction. Evidence 


is found for single-particle fy/2, pao, and pi/2 states, 


but the expected fs/2 level does not appear. Relative cross sections and reduced widths for (d,p) reactions 


forming states in Ca“ and Ca® are also tabulated 


HIS paper is the third of a series reporting 
measurements of the angular distributions of 
proton groups produced by (d,p) reactions on calcium 
isotopes. The previous two papers'* have been concerned 
with the reactions Ca®(d,p)Ca® and Ca“(d,p)Ca**. The 
present publication presents results on the Ca®(d,p)Ca" 
reaction and summarizes the relative intensities of the 
groups observed in each of the three reactions. 

The present experiment supplements the work of 
Holt and Marsham,’ who used the 8-Mev deuteron 
beam of the Liverpool cyclotron to study the angular 
distribution of protons emitted from a calcium target. 
The energy resolution of the Liverpool work was con- 
siderably lower than that of the work done by Braams,‘ 
whose experiment showed that certain of the proton 
groups observed by Holt and Marsham were composite 
and that a large number of low-intensity groups had 
been missed. In view of the importance of understanding 
the level structure of Ca“, it appeared worth while to 
repeat the angular-distribution measurements using the 
high-resolution equipment available at this laboratory. 
In addition, the presence of groups from Ca® in the 
Ca“ target used earlier' required a run on Ca® to 
separate the effects of superimposed groups, as well as 
to check on the assignment of weak groups to impurities, 
As in the earlier reports from this laboratory on the 
calcium isotopes, the experiment described herein uses 


* This work was es er in part by the joint program of the 


Office of Naval Research and the U.S. Atomic Energy Commission. 
t Now at Yale University, New Haven, Connecticut 
' Bockelman, Braams, Browne, Buechner, Sharp, and Sperduto, 
Phys. Rev. 107, 176 (1957). 
*W. C. Cobb and D. B. Guthe, Phys. Rev. 107, 181 (1957). 
+J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A46, 565 (1953). 
“C, M. Braams, Phys. Rev. 103, 1310 (1956). 


the results of Braams for identification of the proton 
groups and accepts his measurement of the energies of 
the excited states. 

The previous communications of this series have 
outlined the experimental arrangements, with particular 
reference to the use of the broad-range magnetic spectro- 
graph in measuring an angular distribution. The 
spectrograph itself and its use as a momentum analyzer 
have been described in detail.» Momentum analyses 
were obtained by deflecting the charged particles in a 
uniform magnetic field. The particles were detected ‘in 
nuclear emulsions placed in the focal surface of the 
spectrograph, and plots were made of the number of 
particles against position on the plate. Polonium alpha 
particles afford a calibration of plate position against 
radius of curvature. Two such momentum plots are 
shown in Fig. 1. To simplify the plate counting, the 
emulsions were covered with sufficient aluminum foil 
to stop all particles heavier than protons. 

The targets were prepared by Braams by vacuum 
evaporation of calcium metal onto Formvar backed 
with gold foil. The incident deuteron energy was 7.010 
Mev. The proton groups, identified by numbers in 
Fig. 1, correspond to calcium levels identified by 
Braams,* and their energies are consistent with the 
measured Q values. A very intense peak produced by 
protons forming the ground state of C* blocks out a 
portion of the spectrum. The obscured regions are 
graphed as a function of angle in Fig. 2. The unmarked 
peak to the right of group 7 in Fig. 1 is produced by 
the formation of the 1.902-Mev Ca‘ level in the 


* Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956); 
and C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 
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Fic. 1. Momentum analyses of protons emitted from a thin CaO target under deuteron bombardment 
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laboratory angles. The numbered proton groups correspond to Ca levels reported in reference 4. 


Ca“(d,p)Ca* reaction.® For this group, the intensity 
observed relative to Ca" and the angular distribution 
are consistent with the measured values and with the 
2.1% abundance of Ca“ in natural calcium. The 
1.432-Mev level in Ca*® is seen as a weak peak to the 
right of group 3. Groups corresponding to other levels 
in Ca* are too low in intensity to be observed in Fig. 1. 
A number of other weak peaks is caused by impurities. 
Although the data were not sufficient to permit their 
identification in most cases, the fact that the observed 
intensity for the Ca” targets was about the same as 
that seen with targets enriched in Ca® and Ca“ pre- 
pared in the same way guarantees that these peaks 
cannot be associated with the formation of Ca“, Ca®, 
or ea”. 

Angular distributions were obtained by summing at 
each angle the counts under the appropriate peak. The 
sums were normalized to the same deuteron bombard- 
ment as measured by a current integrator. Frequent 
repetition of standardizing runs demonstrated that the 
target did not change during the runs. Since the work 
of Braams* had shown the presence of closely spaced 
groups, the slits of the deuteron energy-defining magnet 
were narrowed to limit the energy spread to 10 kev, 
and the spectrograph apercure was narrowed to a half- 
angle of 2 degrees in order to guarantee that the groups 
would be well resolved. Figure 1 shows that this was 
accomplished except in the case of the closely spaced 
pair (18) and (19) which are separated by 18 kev at a 
proton energy of 8.8 Mev. The relatively high resolution 
used resulted in a low counting rate, necessitating 
longer runs; consequently, it was decided to investigate 


*C. M. Braams, Ph.D. thesis, Utrecht, 1956 (unpublished). 


only angles of 60 degrees and less, where the previous 
calcium measurements appeared most instructive. In 
addition, a run was taken at 130 degrees, and, for the 
ground and first two excited states, it was possible to 
obtain data at intermediate angles from the measure 
ment! on the Ca® target which contained 35% Ca”. 
The results of these measurements are shown in 
Figs. 3 and 4. The observed yields of the individual 
groups from an arbitrary target was plotted as a 
function of laboratory angle. Actually, several targets 
were used, but the results were normalized so that 
Figs. 3 and 4 portray the relative intensity of the 
various groups without correction for the variation of 
solid angle with position in the focal surface. ‘The data 
obtained from measurement with the Ca target for 
levels 0, 1, and 2 are indicated by triangles. The errors 
shown are the sum of the standard statistical error 
derived from the number of tracks observed in the peak 
and an estimated error in a background correction 
applied where appropriate. Also shown are stripping 
curves calculated with the aid of the tables prepared 


} 

4.00 

Fic, 2. Range of excitation 

in Ca“ obscured by the intense 

proton group corresponding to 

the ground state of C™ as a 
function of aboratory angle. 
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Fic, 3. Angular distributions in the laboratory system for 
proton groups corresponding to formation of Ca“ in the ground 
and excited states. Vertical bars indicate the standard statistical] 
error, The stripping curves are computed for an interaction radius 
of 6.0%10™" cm 


by Enge and Graue,’ which are based on the theory as 
presented by Friedman and Tobocman.* The computed 
curves are sensitive to the value of the interaction 
radius employed. For the present work a radius of 
6.0X10-" cm was used, although it appears that a 
better fit may be obtained for the ground state by 
using a larger radius. The difficulties of applying a single 
r to all excited states are discussed in greater detail in 
reference 1, where it is pointed out that the lack of any 
attempt to account for the influence of Coulomb forces 
may be at the root of the trouble. The radius of 6.0 
X10-" cm used here appears to be the best compromise 
value for all three calcium angular distributions. In 
spite of the ambiguity in this parameter, it is felt that 
the values of orbital angular momentum of the captured 
neutron /, can be assigned with confidence except for 
the Ca" levels at 2.014, 3.619, 3.736, and 3.950 Mev. 
As shown in Fig. 3 for the 2.014-Mev level, the experi- 


mental points lie between the theoretical curves for 


l, =2 and |, =3. Likewise, for the levels at 3.619, 3.736, 
and 3.950 Mev, the /, =1 curves drawn in Fig. 4 reach 
their peak at 15 degrees, but the experimental points 
show a maximum at 20 degrees. Curves for /,=2 for 
these levels, not shown here, reach a maximum at 
about 30 degrees. Since inclusion of Coulomb effects 
appears to move the theoretical maxima to larger 
angles, a preference is here expressed for the smaller 

7H. Enge and A. Graue, Universitetet i Arbok, 
Naturvitenskapelig Rekke, Nr. 13 (1955 

*F. L. Friedman and W. L 


(1953) 
*W. L. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 


Bergen, 


Tobocman, Phys. Rev. 92, 93 
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of the two /, values which bracket the experimental 
points in these doubtful cases. Further evidence in 
support of this preference is cited later. 

The intensities of the individual proton groups rela- 
tive to the ground-state group, all measured at the 
angle of maximum yield, are given in Table I, column 4. 
The value listed is obtained from Figs. 3 and 4 after 
correction for an experimentally determined variation 
of solid angle with position on the plate.’ The values 
of the orbital angular momentum quantum number of 
the captured neutron /, are also listed for those levels 
that display a stripping-type angular distribution. In 
column 7 are given the relative reduced widths, as 
deduced from the stripping calculations. In these 
calculations, it was assumed that the reaction proceeded 
entirely by stripping, even though the theory used 
cannot account for the relatively large isotropic compo- 
nents observed in certain of the distributions; an ex- 
ample is the case of the ground-state group. It should 
be emphasized that these reduced widths are sensitive 
to the radius used (6.0X10-" cm) and also that they 
may be misleading because of the failure to include the 
effect of Coulomb forces. For /,>0, the experiment 
does not distinguish between the two possible spin 
values. Therefore, a reduced width is cited for each 
spin, except for the ground and first excited states, 
which are presumed to have spins 7/2 and 3/2. The 
parity of the levels is even or odd as /, is even or odd. 

The variation in proton yield with angle, measured 
for the ground state and the first, third, and twenty- 
first excited states, is in excellent agreement with Holt 
and Marsham’s results.* These authors obtain values 
of 1.0, 6.0, 2.6, and 1.6 for the relative maximum cross 
sections for production of the proton groups corre- 
sponding to these four levels. The present values given 
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Fic. 4. Laboratory system angular distributions of proton 
groups corresponding to formation of Ca" in excited states. 
Vertical bars indicate the standard statistical error. The stripping 
curves are calculated using an interaction radius of 6.0 10~" cm. 





Ca**¢té,57Cae™ 


in Table I differ by factors as large as 2. In view of the 
difference in deuteron energy, the variation may not 
indicate a disagreement. For the four levels, the /, 
values selected by Holt and Marsham agree with 
Table I, except for level 21 at 3.950 Mev. As stated 
above, failure of the theory to account for Coulomb 
forces is here deemed reason to prefer /,=1, although 
the Liverpool group assigned /,=2 to their experi- 
mental angular distribution which appears identical 
with that in Fig. 4. Their assignment was based in part 
on an assumption that protons from a nearby C* group 
known to show an /,,=1 distribution may have contrib- 
uted to the observed angular distribution. Clearly this 
has not occurred in the present experiment. Since the 
other proton groups measured in the present experiment 
were not resolved by Holt and Marsham, no further 
comparison is possible. It should be noted that the 
/,,= 2 assignments?’ to the 4.76-Mev and 5.72-Mev levels 
may be questioned, especially in view of the Coulomb 
effect. 

In terms of the shell model, the ground state of Ca 


TABLE I. Relative yields and reduced widths for 
Ca®(d,p)Ca" reaction 


Relative 
reduced 
width 


Relative 
yield at 
maximum 


Excitation® Angle of 
energy maximum 
(Mev) yield 


40° ( 
ie 5 
35 1 


Level* 


1.0 

k 1.4 
1 f 0.056 
: 0.084 
0.098 

0.13 

0.47 

0.94 


0 0 
1 1.947 
2 2.014 


1.8 


0.029 
0.041 
0.27 at 10° 
0.063 
0.14 


0.44 


0.030 
0.060 
0.031 
0.10 
0.021 
0.33 at 10 
0.030 
0.030 
0).47 


0.57 


0.090 
0.18 
0.20 
0.30 


3.619 


0.056 
0.11 
0.12 
0.18 
3.837 0.054 at 10 
3.854 
3.921 
3.950 


<74° 


0.022 


20 3.00 


0.051 
0.014 
0.032 
0.070 


3.982 
4.023 
4.101 
4.194 


22 
23 
24 


25 


* See reference 4 
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is predicted to be formed by a single neutron in an f7/2 
orbit about a doubly magic core. Because of the ex 
treme stability of the Ca® core (the first excited state 
is at 3.35 Mev), one might expect to find among the 
low excited states of Ca“ levels formed by the pro 
motion of the extra neutron to the fs/2, Paya, and py,» 
orbits. The positive identification of such levels would 
give a direct measure of the magnitude of the spin-orbit 
splitting for this nucleus. 

The work of Braams‘ and the present experiment 
offer considerable insight into the level structure of 
Ca“, when examined together with the information 


available on gamma rays emitted after thermal neutron 
capture by Ca®. The experiments of Kinsey ef al.’ on 
the high-energy radiation and of Braid" on the low 
energy spectrum are consistent with, but less detailed 


than, the measurements of the Russian group at the 
Academy of Sciences, Moscow.” These workers have 
obtained energy and intensity measurements at good 
resolution over the gamma-ray energy range from 250 
kev to 8.5 Mev. As pointed out by Lane and Wilkinson," 
stripping may be expected to excite the same levels as 
does neutron capture, both processes favoring strongly 
those levels that are predominantly “single particle” 
in nature. In examining the angular distributions shown 
in Figs. 3 and 4, it is evident that all of the groups that 
do not show a strong stripping-type maximum are 
relatively low in yield. It appears that these groups 
may be associated with levels which are not “single 
particle” in nature. Of the ten groups that may be 
construed to display a stripping-type maximum, the 
four most intense show maxima in excess of 4000 in 
the arbitrary scales of Figs. 3 and 4. Holt and Marsham 
find evidence for /,=2 groups of comparable intensity 
that correspond to levels at 4.76-Mev and 5.72-Mev 
excitation, a region not reached in the present experi 
ment. 

Using these six states, plus the two /, 
2, the scheme of 


0 levels and 
the 2.014-level, presumed to be 1, 
states shown in Fig. 5 is obtained. The decay scheme 
differs in certain details from that proposed by the 
Russian workers." It is interesting to note that, of the 
eighteen gamma rays that may be attributed to neutron 
capture by Ca®,” seventeen may be fitted to this level 
scheme. (The other gamma ray has an energy of 1.844 
+0.015 Mev.) This assignment corroborates the pre 
diction of Lane and Wilkinson and leads to the interpre 
tation that the lig 
single-particle components. 

The spins shown are consistent with the rough relative 


levels shown in 5 have large 


probabilities expected in the emission of electromagneti 
radiation, although M1 transitions cannot occur in the 


Bartholomew, and Walker, Phys. Rev. 85, 1012 


Kinsey 
(1952 

''T. H. Braid, Phys. Rev 

2 Adyasevitch, Groshev, Demidov, 
Energy 3, 325 (1956) [translated from Soviet J 
I, No. 2 (1956 

4 A.M. Lane and D. H. Wilkinson 


102, 1109 (1956 
and Lutsenko, J 


Atomic 


Nuclear 


Ienerg 


Rev. 97, 1199 (1955 
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Fic. 5. Tentative 
scheme of certain 
Ca* levels. The num- 
bering of the gamma 
rays is that of refer- 
ence 12. Excitation 
energies reported in 
references 3 and 4 
are shown, as well as 
values of the orbital 
angular momentum 
number derived from 
the present experi 
ment and the work 
of reference 3. The 
spins shown appear 
to be consistent with 
the assignments of 
the gamma-ray tran- 
sitions but may not 
be unique. The other 
levels measured in 
the present experi- 
ment but not drawn 
in the figure are 
listed in Table I. 





























model of a neutron moving in a velocity-independent 
central potential.“ It should be emphasized that the 
spin values shown in Fig. 5 cannot be claimed to be 
unique on the basis of the evidence presently available. 
In particular, if further studies indicate that the 4.76- 
and 5.72-Mev levels are formed by p rather than by d 
neutrons, assignments of 3/2~ and 1/2-, respectively, 
would appear to be satisfactory. 

The most intense neutron-capture gamma rays are 
those labeled 2, 9, 14, and 15 in Fig. 5. While the 
experimental information does not permit a unique 
assignment in all cases, it seems clear that gamma rays 
2 and 15 belong in the places assigned. This is consistent 
with an f7/2 configuration for the ground state of Ca® 
and a ps2 configuration for the first excited state, as 
has been suggested previously.* Gamma ray 9 is best 
accounted for as an initial transition to the 3.950-Mev 
level; the lack of a transition from this level to the 
ground state suggests spin 1/2. If gamma ray 14 is 
correctly located, the scheme suggests that the 3.950- 
Mev level rather than the 2.469-Mev level previously 
suggested’ is the pi/2 single-particle level. However, 
gamma ray 14 has an energy of 2.004-+-0.010 Mev, and 
so energywise it may be a transition from the second 
excited state to ground. To make this placement con- 
sistent would require an interpretation of the angular 
distribution for the 2.014-Mev level as /,=3 forming 
an fs). state, in which case the 2.469-Mev level might 
be given spin 3/2> to account for the reasonably strong 
gamma rays 20 and 21. The Russian group points out 
that such an assignment is rendered unlikely by the 
lack of a transition from the 2.469-Mev level to the 
ground state. The discussion could be continued; 


unfortunately, energy and intensity measurements 


4S. A. Moskowski, in Bela- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), pp. 390 and 392. 
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alone do not allow construction of a unique level 
scheme. 

Further light on the question of whether the 2.469- 
Mev or the 3.950-Mev level is the first single-particle 
Piy2 State may be gained by noting that the reduced 
widths of the levels involved (Nos. 3 and 21) are nearly 
equal. However, as the doublet splitting increases, the 
reduced widths may be expected to change. An approxi- 
mate calculation using square-well wave functions 
indicates that for two p levels bound by energies 
corresponding to levels 1 and 21, the reduced width 
of the upper level should be almost four times that of 
the lower. Table 1 shows that the observed reduced 
width of level 21 is smaller than that of level 1. On the 
other hand, for the 1.947~-2.469 Mev pair, the relative 
reduced width of the upper level should be twice that 


Tas ie II. Cross sections and reduced widths for Ca®(d,p)Ca® 
reaction relative to Ca®(d,p)Ca“ ground-state reaction. 


Relative 
reduced 
width 


Excitation*® Relative» 
energy a at 
(Mev) maximum 


0.72 
0.080 
0.16 
0.057 
0.085 
0.10 
0.14 
1.10 
1.40 
2.80 
0.14 
0.29 
0.08 
0.17 
0.09 
0.18 
0.09 
0.17 
0.20 
0.30 


0 0.69 
0.593 0.25 


0.991 0.097 


0.69 at 10° 
5.20 


0.58 
0.42 
0.42 
0.44 


*C. M, Braams, Phys. Rev. 105, 1023 (1957). 
b See reference 1. 


observed for level 3 relative to level 1. From an extreme 
single-particle point of view, evidently neither level 3 
nor level 21 supply a completely satisfactory p12 level. 
Lane!’ has suggested that the single-particle picture 
should not be taken literally at an excitation of several 
Mev; both levels 3 and 21 may share the properties of 
a single-particle p,/2 state. 

The calculations of French and Raz!* on the level 
schemes of the calcium isotopes have made use of the 
relative intensities measured for the three Ca(d,p) 
reactions, This measurement was possible because Ca 
groups were seen on all three targets. Using the observed 
intensities and the abundances for the calcium isotopes 
in the separate targets as given by Oak Ridge, the 
relative cross sections were obtained. For convenience 


‘6 A.M. Lane (private communication). 
'* J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956) 
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TaBLe ITT. Cross sections and reduced widths for Ca“(d,p)Ca“ 
reaction relative to Ca®(d,p)Ca" ground-state reaction at 40°. 


Relative 
reduced 
width 


0.39 
0.20 
0.40 
0.96 
1.90 
0.17 
0.33 
1.0 
0.16 
0.32 
0.35 
0.53 
0.075 
0.15 
0.16 
0.24 
0.32 
0.64 
0.70 
1.0 


Relative 
@ at 
maximum 


Excitation* 
energy 
(Mev) 


0 0.39 
1.432 0.78 
1.902 4.50 
2.249 0.74 


0.61 at 10° 
0.83 


2.394 
2.844 


® See reference 6. 
» See reference 2. 


in reference, results from the previous work! have been 
presented in Tables II and III. The cross sections at 
the angle of maximum yield relative to the maximum 
cross section for formation of the ground state of Ca 
are given in columns 3. Also listed are reduced widths 


(relative to that for formation of the Ca“ ground state) 
appropriate to the /, and J indicated. The significance 
of a comparison has been pointed out in the afore- 
mentioned work.!* At the risk of some repetition, it is 
interesting to point out the following similarities in the 
data for the three nuclei. The ground-state angular 
distributions are consistent with the model of a f7/2 
neutron outside a core with zero spin. Further support 
for the picture is adduced from the fact that the cross 
sections for formation of the ground states of Ca", Ca, 
and Ca* are in the ratio of 1: (0.694-0.05) : (0.3924-0.03) ; 
the model predicts 1:0.75:0.50. This was first pointed 
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out by Endt and Braams'’ who cite 90-degree measure 
ments in the same ratio (but with larger errors) as the 
40-degree values given here. (Since the spins are the 
same and the Q values for the three reactions differ by 
less than an Mev, the reduced-width ratios are equal 
within 5% to the cross-section ratios.) 

At 1.947 Mev in Ca“, 2.048 Mev in Ca®, and 1.902 
Mev in Ca* is a strong /,=1 level which is probably 
the expected 3/2 level. Positive parity levels indicating 
breakup of the core exist below 2.7 Mev for all three 
nuclei. The 2.014-Mev level in Ca“ and the 0.991-Mev 
level in Ca® show the same angular distribution and 
relatively low yield. Although the difficulties in using 
the simple stripping theory with no account taken of 
Coulomb forces cast some uncertainty on the assign- 
ment of /,=2, this choice is corroborated by beta 
decay evidence in the Ca® case.'*” Raz™ suggests that 
these levels may be formed by promoting a d3,/2 core 
neutron to the f7/2 orbit. On the other hand, these 
levels appear to be the only candidates for an expected 
fsj2 single-particle classification. However, according 
to Table I, an fs/2 assignment for level 2 of Ca is 
unsatisfactory because the reduced width compared to 
the ground state is too small by a factor of 10. The 
weight of the evidence appears to be against an /,=3 
assignment. 

The authors wish to express their sincere appreciation 
of the careful plate scanning by W. A. Tripp and the 
Misses Estelle Freedman and Sylvia Darrow. Bent 
Elbek and Elizabeth Bockelman helped obtain some of 
the data, and Salvatore Buccino assisted with calcula- 
tions. Numerous discussions with C. M. Braams and 
B. J. Raz were very helpful. Thanks are given to Mary 
White for her help in preparing the manuscript. 


17 P, M. Endt and C, M. Braams, Physica 21, 839 (1955) 

'*T. Lindqvist and A. C. G. Mitchell, Phys. Rev, 95, 444 
(1954). 

 Benczer-Koller, Schwartzschild, and Wu, Bull. Am 
Soc. Ser. II, 2, 23 (1957). 
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Proton-Nucleus Scattering at 17 Mev*+ 


A. E. Grasscoipt anp P. J. KeLiocc 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received May 17, 1957) 


Previous studies of proton-nucleus scattering have been extended to 17 Mev. As at 10 Mey, it is difficult 
to obtain unique sets of parameters because of the similar effects of the real part of the potential V and the 
interaction radius RK, on the one hand, and the imaginary part of the potential W and the diffuseness pa 
rameter a, on the other. If the best half-way radius for each element is expressed as R=roA!X10~" cm, 
ro decreases from ro=1.29 for light and medium elements to ro=1.22 for heavy elements. Values for the 
diffuseness parameter near a=0.5X10°-" cm are used. Normalized to rg=1.30 the average value of the 


optical model potential at this energy is 


(504-18) Mev. Values of the reaction cross section are given. An 


analysis of proton-carbon scattering from 14 to 20 Mev is presented. It is also shown that proton-nucleus 
scattering at this energy is insensitive to the precise details of the potential in the central and surface regions. 
In addition the scattering is independent of the shape of the nuclear charge density for energies up to 100 Mev. 


INTRODUCTION 


N intensive analysis,’ based on the optical model, 

has recently been presented of angular distribu- 
tions’ of 10-Mev protons elastically scattered from 
nuclei. The present paper extends such studies to the 
measurements by Dayton and Schrank* of proton- 
nucleus scattering at 17 Mev. The energy variation of 
proton-carbon scattering, observed by Peelle,‘ is also 
discussed, 

A fair measure of success was achieved in under 
standing Hintz’s 10-Mev data. An important feature 
of that analysis was that neither the radius R nor the 
strength V of the interaction be determined 
uniquely, but only the combination V R*. Of course this 
invariance under VR? is only approximate so that un- 
reasonably small or unreasonably large radii were not 
allowed. On the other hand, the theorem may be exactly 
true at zero energy, since it holds for 1-3-Mev neutrons® 
but begins to break down for 17 Mev protons. In 


could 


any case, it was possible to fit the 10-Mev scattering 


quite well with a value of | V|ro’~89 Mev-(10~-" cm)’, 


values near 0.5X10~" cm for the diffuseness, and ab- 


sorptions in the range from W 7 to —9 Mev.® In 


most cases it was possible to use a radius parameter of 
ro= 1.20, with V~—62 Mev. 

The data of Dayton and Schrank have been the 
subject of detailed investigation with the optical model 
by Saxon and associates at the University of Cali 

* Supported in part by the U. S. Atomic Energy Commission 

t A preliminary report of this work was presented at the 1957 
New York meeting of the American Physical Society [P. J 
Kellogg and A. E. Glassgold, Bull. Am. Phys. Soc. Ser. II, 2, 71 
(1957) | 

} Now at Physics 
Berkeley 4, California 

! Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev 
106, 1207 (1957) 

*N. Hintz, Phys. Rev. 106, 1201 (1957) 

41. FE. Dayton and G. Schrank, Phys. Rev 

*R. W. Peelle, Phys. Rev. 105, 1311 (1957 

* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954 

® The terminology for the optical-mode] parameters is the same 
as used in reference 1. Energies will be in Mev and lengths in 
10° em. The formula, R=roA!X10~" cm, is used for the inter 
action radius 


Department, University of California 


101, 1358 (1956 


fornia at Los Angeles (U.C.L.A.).’ These authors also 
note an “ambiguity” between V and R but consider 
the best over-all fits to be obtained with ro=1.33. In 
this paper, a quantitative criterion is used to determine 
the best radius. From a set of solutions for a range 
of radii (each solution having been obtained by least- 
squares analysis) the best radius is chosen as that giving 
the minimum deviation from the observed cross sec- 
tions. Although it is usually possible to find reasonable 
fits for ro= 1.33, the best fit always occurs for a radius 
parameter smaller than ro9>= 1.33. These best solutions 
range from ro9= 1.29 for light elements to ro=1.22 for 
gold. 

The angular distributions of 17-Mev protons elas- 
tically scattered from nuclei are more complicated than 
for 10-Mev protons. There is usually an additional 
oscillation and the amplitudes of all the oscillations are 
larger. Furthermore, the average value of the ratio of 
the cross section to the Rutherford cross section either 
increases (light elements) or decreases (heavy elements) 
more rapidly with angle than for 10-Mev protons. As a 
result, the agreement of the optical-model calculations 
reported here is somewhat inferior to that previously 
achieved at 10 Mev.' As at 10 Mev, it is impossible to 
fit the large-angle scattering from light elements. This 
difficulty, as well as others, now appears for some 
heavier elements. For example, although several accept- 
able fits were easily found for copper at 10 Mev, at 17 
Mev this case is particularly hard to analyze, and it is 
impossible to get agreement for large scattering angles. 
On the other hand, the scattering from gold agrees ex- 
tremely well with the optical model and for this case 
the most thorough investigation of the interaction 
radius is carried out. 

A brief summary of developments in procedure is 
given in Sec. II. The analysis of some of the 17-Mev 
data of Dayton and Schrank’ is given in Sec. III, and 
Sec. IV is devoted to a study of the energy variation of 

7 R. W. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 507 


(1956); Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 
793 (1957) 
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proton-carbon scattering, as measured by Peelle.‘ The 
basic analysis is done with the Woods-Saxon potential,’ 
previously used at 10 Mev.' In Sec. V modifications of 
this potential are considered. These are a ‘‘wine-bottle” 
shape emphasizing the nuclear surface, a Gaussian 
instead of an exponential “tail,” and the Hill-Ford 
potential with a smooth charge density.* 


PROCEDURE 


The calculations are carried out with the optical- 
model scattering program previously described.!* The 
machine time required has been significantly reduced 
by using larger integration intervals'® which, however, 
are consistent with the desired accuracy. In addition the 
least-squares analysis has also been improved in many 
details." 

For most of this work, the Woods-Saxon potential’ 
was used. The complex potential is written as a form 

, 


r—k , 
f(r) |-+exn/ )| 
a 


times the complex number (V+iW); R is the half-way 
radius, a is the diffuseness parameter, while V and W 
are called the strengths of the real and imaginary parts 
of the nuclear potential, respectively. In addition, the 
Woods-Saxon potential contains an electrostatic term, 
taken to be the potential of a uniform spherical charge 
distribution of radius R. As discussed in Sec. V, this 
approximation is valid for energies at least as high as 
100 Mev. 

To begin the analysis at this energy, a number of 
calculations were carried out to determine the effect 
of each of the above parameters on the cross section, or 
rather on the ratio of the cross section to Rutherford 
scattering. Regularities similar to those discovered at 
10 Mev! hold at this energy but with some differences. 
Although increasing V or R shifts the diffraction pattern 
towards smaller angles, keeping V R® constant no longer 
determines the positions of maxima and minima, except 
for the lightest element under study, carbon. Never- 
theless, changes in V and R are still related, but at 17 
Mev the radius is slightly more effective in determining 
the positions of maxima and minima than the real part 
of the potential. Thus a power larger than the second 
must be used. It is difficult to determine or define this 
power with any precision since it depends on the par- 
ticular element and the range of optical-model pa- 


factor, 


(1) 


*D. L. Hilland K, W. Ford, Phys. Rev. 94, 1617 (1954). 

® The authors are indebted to Remington Rand Univac for the 
use of their Univac Scientific Computer (E.R.A. 1103) in St. Paul, 
Minnesota. 

It is also unnecessary to use a smaller interval near the 
nuclear surface. It is usually possible to get cross sections accurate 
at all angles to 1% with an integration interval equal to } except 
near the origin. 

"S$. B. Schuldt, M.A. thesis, University of Minnesota, 1957 
(unpublished). 
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rameters under consideration. In any case, the param- 
eter essential for positioning maxima or minima is 
somewhere between VR? and VR°. 

When the calculated maxima and minima have been 
lined up with the data, the remaining parameters are 
varied to give the oscillations the proper amplitudes. 
The changes caused by a and W are most important 
for this purpose. The effects of increasing these param- 
eters are somewhat similar, as was the case at 10 Mev. 
For 17-Mev protons there is a reduction in the average 
value of o(@)/or(@), which increases with increasing 
angle, in addition to a simple damping of the diffraction 
pattern. Furthermore, although the majority of minima 
are made shallower by increases in a and W, there are 
minima which behave anomalously in this respect. It 
is worth noting that most sets of parameters give too 
large an amplitude to the oscillations of the diffraction 
pattern, and the usual problem is to find that rather 
restricted set of parameters which does not make most 
of the minima too deep. 

The above statements are, of course, extremely 
qualitative and not very susceptible to generalization. 
They depend greatly on the particular element and 
parameters involved. Fortunately, the analysis re 
ported here does not depend on a detailed knowledge 
of these variations for all the cases studied. Instead a 
systematic least-squares analysis of the data is carried 
out. This procedure is described briefly in the 10-Mev 
paper' and more fully by Schuldt." In practice, the 
method varies three of the optical-model parameters'* 
(or three independent combinations of them) to mini- 
mize the mean-square relative deviation, 


1 f0(0;)—ox,(O) 7 
Pu— 7. (2) 
N im Tex (9;) 


where @(6;) is the calculated optical-model cross se 
tion at 6; As previously remarked, this procedure 
allows a systematic investigation of the optical-model 
parameters to be made and, in addition, a quantitative 
definition of best fit. 


III. ANALYSIS OF 17-MEV PROTON- 
NUCLEUS SCATTERING 


A. Aluminum 


Two values of the radius parameter were considered 
in studying the scattering from aluminum. The best 
fits for ro= 1.20 and ro= 1.29 are given in Fig. 1 and the 
pertinent parameters summarized in Table I. The very 
deep and narrow minimum at 40° is a good example of 
the detail that can be reproduced with the present 


"Tt has also been established that a three-way least-squares 
analysis is sufficient for studying the Saxon potential. G. W 
Erickson has discovered that, for potentials of the form (V+iW) 
X f(r), the scattering amplitude F is an analytic function of the 
complex variable V+iW, so that d//OW= —i(dF/aV). [Uni 
versity of Minnesota Linear Accelerator Progress Report, 1956 
1957 (unpublished). ] 
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Fic. 1, Best solutions for 17-Mev proton-aluminum scattering. 
The optical model is quite successful for scattering angles less 
than 110°. For larger scattering angles, however, there is pro 
nounced disagreement of a type which is characteristic of light 
elements at this energy. 


version of the optical model, provided the scattering 
angle is not too large. In finding these two particular 
fits the experimental points beyond @y=125° were 
excluded from the least-squares analysis, and the agree- 
ment in this region is very poor. All attempts to improve 
the agreement at such large scattering angles failed. 

A significantly better fit is achieved with the larger 
radius parameter, ro= 1.29. It is interesting that the 
solutions give the same reaction cross section. The 


TasLe I. Summary of 17-Mev analysis. The best fits for par 
ticular values of the radius parameter ro are listed for each element 
studied. In addition to the optical-model parameters, the reaction 
cross section a, (in barns), the rms deviation A for the angular 
distribution, and the cutoff angle 6y in the least-squares analysis, 
are given. The best fit is that having the smallest value of A. 


Ele. En 


ment ergy re 


= 
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a 2 o 4 


0.12 
0.13 
().22 
0.17 
0.28 
0.22 
0.24 
0.18 
0.14 
0.108 
0.070 
0.068 
0.107 
0.134 


0.40 
0.40 
0.80 


0.46 
0.43 


& 17.4 24 
Cc 17.4 28 
17.6 20 0.57 
17.6 29 OAS 0.80 
17.3 20 0.54 7 0.98 
17.3 29 «+O.51 j 1.11 
17.3 33 (0.54 . 3 1.14 
17.1 10 0.57 0.95 
17.1 20 0.56 1.06 
17.0 1.13 0.60 —-72 3.0 0.83 
17.0 20 0.55 - 0.8, 
17.0 1.23 0.55 - 9.93 
17.0 1.33 0.54 1.13 
17.0 142 0.52 1.28 
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quality of the best fit is about the same as the 10-Mev 
result for aluminum, where agreement could also only 
be obtained for scattering angles less than 110°. The 
main discrepancy is that at 10 Mev it was essential to 
use an extremely small and anomalous diffuseness, 
a~.2. 


B. Copper 


A great deal of difficulty was encountered in under- 
standing the data for copper. First of all, the experi- 
mental points beyond 135° present the same difficulties 
as the large-angle scattering from aluminum. After it 
was determined that there was no hope for this part 
of the data, it was eliminated from consideration. 

A thorough investigation of the optical-model param- 
eter space was made to understand the problems which 
still remained. As long as V and R are constrained to 
position properly the maxima and minima, it is possible 
to restrict the discussion to the a, W plane. Along and 
near the line given roughly by W=—4.9+-30a, the 
calculated values of the minimum at 110° are too deep 
by a factor of 1000. There are also parallel regions on 
each side of this line for which the second minimum has 
approximately the observed depth. The least-squares 


TaBLe II. Two types of solutions possible for copper. The 
second set of parameters with small a and large W is discarded 
because of its large deviation A from the experimental values. 


re V a 


1.20 ~57.8 0.539 
1.20 58.4 0.391 


a 
0.43 


a = 9.77 
~12.4 


analysis can then converge to two isolated points in the 
a, W plane. The parameters for these two solutions are 
given in Table II for the particular choice of ro= 1.20. 
The solution with large W and small a is too shallow 
at the first minimum at 67° by a factor of two, whereas 
the other solution with smaller W and larger a is too 
deep by a factor of two. The latter solution actually 
has a significantly smaller standard deviation, and is 
included in Table I as the best fit for copper for a radius 
of ro= 1.20." 

This choice of the best fit is reasonable if one con- 
siders the many ways in which a diffraction minimum 
can be filled in. There are, to begin with, the finite 
energy and angle resolution of the apparatus. For 
copper inelastic scattering presents no problem, but a 
mixture of isotopes was used for the target foil. The 
minima for the two isotopes occur at slightly different 
angles and the minimum in the average cross section is 
shallower than for either isotope. This effect was in- 
vestigated by actually calculating the scattering for 
the two isotopes and performing the proper average. 
With reference to the second minimum at 112°, it was 


’ The values of the parameters for this solution are also more 
reasonable for this solution, i.e., close to those obtained for the 
other elements. 
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concluded that the scattering at this minimum for either 
isotope cannot be deeper than the observed value for 
the mixture by more than a factor of 1.5 if the agree- 
ment with experiment is to be preserved. 

Two other values of the interaction radius were also 
studied using the normal solution chosen above for 
which a~0.5 and W~~—8. The best parameters for the 
three radii are given in Table I and the angular dis- 
tributions are compared with experiment in Fig. 2. 
The parabola obtained by plotting A against ro has a 
minimum close to ro= 1.29. This determination of the 
interaction radius for copper is not very precise since 
the minimum deviation is rather large (roughly 20%) 
and the deviation changes rather slowly with radius. 


lic. 2. Best solu 
tions for 17-Mev pro 
ton-copper scatter 
ing for three values 
of the interaction 
radius. The other 
optical-model pa 
rameters for these 
calculations are given 
in Table I. The best 
radius is quite close 
to ro=1.29. Beyond 
125° the optical 
model calculations 
disagree with experi 
ment in a manner 
typical of lighter 
elements 











In other words, the three solutions do not differ very 
much on the average. Of course they all disagree with 
experiment at very large scattering angles. The inter- 
action radius determined for copper at 10 Mev by the 
same method is ro= 1.26. 


C. Silver 


In studying the scattering from silver the rare situa- 
tion was encountered in which the first two minima in 
the experimental diffraction pattern were always deeper 
than calculated. Nevertheless the over-all agreement 
with experiment is fairly good. (See Fig. 3.) Two radii 
were considered, and ro= 1.20 is superior to ro= 1.10." 


4 Significant corrections were made for these data by Dayton 
and Schrank (reference 3) because of the large inelastic scattering 
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Fic. 3. Best solu .* 
tion for 17-Mev pro- 
ton-silver scattering 
The rather large 
value for W is the 
result of trying to get 
agreement with the 
osberved depths of 
the diffraction mini 
ma 
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D. Gold 


The most significant determination of an interaction 
radius at 17 Mev is possible for gold since it is for this 
element that the optical model is most successful. The 
full angular range of the experiment from 25° to 172° 
can be treated. Although the measured values include 
some inelastic scattering from low-lying states, this 
effect is estimated by Dayton and Schrank* to be only 
about 3% at back angles. 

Best fits have been obtained for five radii: ro= 1.13, 
1.20, 1.23, 1.33, and 1.42. The angular distributions are 
compared with experiment in Fig. 4 and the parameters 
given in Table I. The rms relative deviations are plotted 
in Fig. 5 as a function of the radius parameter ro. The 
minimum value of A, i.e., the best fit, occurs for ro= 1.22. 
The sensitivity of this determination is not very great 
since one must change ro by 0.13 to increase A by a 
factor of two. 








Fic, 4. Best solutions for 17-Mey proton-gold scattering. The 
optical-model parameters for each radius are given in Table I 


to low-lying states, particularly beyond 80°. The minima at 90° 
and 140” have been fitted with a large absorption, probably at the 
expense of the main forward minimum at 50°. If the two minima 
at back angles are actually much deeper, then agreement with al] 
three might have been obtained with a smaller absorption 
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Fic. 5. Determi 
nation of the inter 
action radius for gold 
The rms relative de 
viation A is plotted 
as a function of ro 
for each of the five 
solutions given in 
Fig. 4 and Table I 
The curve through 
these five points has 
a minimum at fo 
=1.22. This deter 
mination is not very 
sensitive since 
must be changed by 
0.13 or 10% to in 
A by a factor 
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The value of n for the function VR” which these five 
2.5. The accuracy with 


solutions have in common is 
which this power is determined is only about 20%. 


E. Reaction Cross Sections 


It has been emphasized previously'** that measure- 
ments of reaction cross sections would provide addi- 
tional checks on the optical model and possibly help 
determine the interaction radius. The seventh column of 
Table I gives the reaction cross sections for the ele- 
ments discussed in this paper. Solutions for at least 
two radii are given in each case. For aluminum and 
carbon the two best fits have the same reaction cross 
section, but differences do occur for higher atomic 
numbers.'® For gold, a 10% change in radius means 
almost a 20% change in reaction cross section, which 
includes, of course, the combined effects of changes in 
all the parameters. 

Measurements of reaction cross sections may not 
be very helpful in distinguishing equivalent sets of 
optical-model parameters. For the most favorable case 
at 17 Mev, gold, the radius is already known to better 
than 10% from the above analysis of the elastic- 
scattering angular distribution. To be useful in this 
connection, the reaction cross sections would have to 
be known to about 10%. On the other hand, less ac- 
curate values will be valuable in establishing the con- 
sistency of the optical-model parameters obtained from 
the elastic scattering. 


Fic. 6. Variation of the 
total reaction cross section di 
vided by wk? as a function of 
radius, A resonance effect is 
observed in the neighborhood 
of aluminum, In dividing a, by 
wk?, the same value of ro was 
not used in all cases. The 
calculations were made using 
the best sets of parameters 
given in Table I 
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16 This increase in sensitivity has been explained by Hintz 


(reference 2) as a barrier effect 
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The partial reaction cross sections, T,=0,‘”)/ 
(2L+-1)rx*, for each orbital angular momentum are 
summarized in Table III. Figure 6 shows the variation 
with interaction radius of the reaction cross section 
divided by the “geometric”’ value rR’. There is a well 
defined resonance in the neighborhood of aluminum. 
Size resonances are, of course, characteristic of the 
complex-potential model® and have been observed for 
high-energy as well as low-energy neutrons.'*.!” 


IV. ENERGY VARIATION OF PROTON-CARBON 
SCATTERING WITH THE SAXON POTENTIAL 


In this section an analysis is presented of Peelle’s 
measurements of the elastic scattering of protons from 
carbon in the energy range from 14 to 20 Mev.‘ Un- 
fortunately it is impossible to understand the large- 
angle scattering so that some of the most interesting 
features have to be ignored. Specifically, Peelle ob- 
served a marked variation with energy of the depth of 
the second minimum near 150°. It would be interesting 


ras_e IIT, Reaction cross sections for the best sets of optical 
model parameters at 17 Mev. The first seven columns give the 
partial reaction cross sections for each orbital angular mo- 
mentum divided by the maximum possible value, i.e., 7, =0,‘/)/ 
(2L-+1)rX*. The last column gives the total reaction cross section 
divided by the geometric value. This ratio has a maximum in the 
neighborhood of aluminum. The sets of parameters used in 
calculating these cross sections are the ones in Table I having 
the minimum deviation A from experiment. Thus the radius 
parameter ro is not the same for all of the elements. 


Element To Ti 2 Ts Ts Ts Ts 


0.02 
0.85 
0.58 
0.81 
0.46 


C #673 
Al 0.83 
Cu 0.90 
Ag 0.96 
Au 0.85 


0.58 
0.85 
O.85 
0.94 
0.54 


0.06 
0.13 
0.08 


0.01 
0.01 
0.02 


to determine whether this variation can be reproduced 
without large variations in the optical-model param- 
eters. However, only the first maximum and minimum 
and part of the second maximum can be fitted. Only at 
one energy, 18.4 Mev, does the optical-model calcula- 
tion begin to resemble the scattering beyond 125°. 
The analysis was carried out for four energies, 14.0, 
17.4, 18.4, and 19.4 Mev. The data beyond 125° were 
ignored after it was determined that nothing could be 
done with them. The results for ro= 1.24 are plotted as 
solid curves in Fig. 7. The dash curves given with the 
fits at 14 and 1.94 Mev are calculations made at these 
energies with the parameters found at 17.4 Mev. Ap- 
parently only slight changes in the parameters are 
needed, to the extent that the data can be fitted at all. 
This is borne out by the parameters listed in the first 
four rows of Table IV. The optical-model parameters, 
other than the radius which has the same value ro= 1.24, 


'® A. E. Taylor and E. Wood, Phil. Mag. 44, 95 (1953). 
‘TE. Lampi, University of Minnesota Linear Accelerator Prog 
ress Report, 1956-1957 (unpublished) 
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do not vary monotonically with energy. In fact they 
show either a peak or a dip at 17.4 Mev. This behavior 
also occurs for a somewhat larger radius parameter, 
ro9= 1.29, as summarized in the fifth and sixth rows of 
Table IV for 17.4 and 19.4 Mev. The largest effect is 
the small diffuseness obtained at 17.4 Mev. The last 
line of Table IV gives the result of a calculation in 
which this parameter was kept constant at a=0.50 
and only V and W were varied. The value of V is 
restored to a more reasonable value but W is depressed 
even further. For comparison with the fit obtained 
without this constraint, this calculation is plotted as 
the dash curve in Fig. 7. 

The above analysis indicates a slight anomaly in the 
optical-model parameters for carbon at 17 Mev. It is 








Fic. 7. Analysis of the energy variation of proton-carbon 
scattering between 14 and 20 Mev. The solid curves at each energy 
are the best fits with a fixed radius parameter, ro = 1.24. The 
dash curves at 14 and 19.4 Mev were made using the parameters 
obtained in the 17-Mev analysis. They indicate that very little 
energy variation is required to get the limited agreement possible 
for this element. The most important changes observed by Peelle* 
have to do with the second minimum, but in this region the 
optical model is completely unsuccessful. The least-squares analy 
sis yields parameters which have maxima or minima near 17.4. 
The dash curve at 17.4 Mev was obtained from a least squares 
analysis which kept a as well as ro fixed. The main anomaly in 
the optical-model parameters at 17.4 Mev is the depression in 
the absorption to W= —5.9 Mev. The parameters for all these 
calculations are given in Table IT. 


Mev 


TABLE IV. Optical-model parameters for proton-carbon scatter 
ing from 14 to 20 Mev. The first four rows give the best fits at 
four energies obtained for a fixed value of ro= 1.24. Equivalent 
solutions at 17.4 and 19.4 Mev are also given fora radius parameter 
of ro= 1.28. The optical-model parameters have a minimum or a 
maximum near 17.4 Mev. The last solution at 17.4 Mev, keeping 
a as well as ro fixed, has only an anomalous value for W 


not at all clear any real 
physical change at this energy, since the very applica- 
tion of the optical model in this case, especially the 
simple one used here, is open to serious question. The 
anomaly may be described as a minimum in either W 
or a, which indicates a surface effect. A model with a 
static and central complex potential, such as the one 
used in this analysis, ignores a number of important 
surface terms which are particularly important for a 
light nucleus. Francis and Watson!'*:” have shown that 
there are corrections to the usual optical model of order 
A, where A is the number of scatterers. This correc- 
tion is proportional to the gradient of the nuclear 
density and Kisslinger”? has used such a term to ad- 
vantage in studying meson scattering from nuclei with 
the optical model. Riesenfeld and Watson*® have also 
shown that the spin-orbit coupling, expected of course 
from its important role in the shell model, most likely 
appears as a surface term, Le., proportional to the 
derivative of the central potential. Finally, the velocity 
dependence of the nuclear potential”. has its biggest 
effect at the nuclear surface where the incident particle 
undergoes its greatest change in velocity. 

The fact that the large-angle scattering is not at all 
reproduced by the optical model should lessen any 
surprise in finding an anomaly in the optical-model 
parameters at 17.4 Mev. The same explanation may 
well serve for both difficulties. The anomaly in the 
optical-model parameters may be roughly summar 
ized as a minimum in the absorption. This could be 
due to a local variation in the level density in N", the 
appropriate compound nucleus. Recently Greenlees 
el al.* have suggested such an explanation for the dif 
ference in the energy variation of proton scattering 
between aluminum and magnesium in the neighbor 
hood of 10 Mev. Unfortunately little is known about 


whether this corresponds to 


'®K. M. Watson, Phys. Rev. 89, 575 (1953). 

‘9 N.C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953) 

» |. S. Kisslinger, Phys. Rev. 98, 761 (1955). 

7 W. B. Riesenfeld and K. M. Watson, Phys. Rev 
(1956) 

2 M.H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 

* Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). 

* Greenlees, Kuo, and Petravié (private communication 
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Fic. 8. Best solu 
tion for 14-Mev pro 
ton-carbon scatter 
ing using the Gaus 
sian modification of 
the Saxon potential 
of Eq. (3). Com- 
parison with the first 
panel of Fig. 7 shows 
that no improve 
ment has been 
achieved, This is an 
indication of the in 
sensitivity of the 
scattering at this 
energy to the details 
of the diffuse nuclear 
surface. 


7 "GAUSSIAN POTENTIAL” 
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the levels in N™, the compound nucleus in this case, at 
the appropriate excitation energy. 


V. FORM-FACTOR STUDIES 


Modifications of the Saxon potential have been in- 
vestigated for the following reasons. First of all, there 
is the possibility for improvement in the large-angle 
scattering from light elements. Next, the validity of 
using a uniform charge density with a sharp edge has 
to be better established, particularly for wavelengths 
comparable to the surface thickness of the nucleus. 
Finally, it is important to relate the parameters for 
equivalent models, i.e., potentials which give the same 
scattering but have different shapes. In this way some 
idea of the general features of the interaction may be 
obtained, in contrast to parameters for specific models. 

The first modification of Eq. (1) is a Gaussian tail 
which preserves the uniform behavior at the center of 


r . R¢ i 
fa [1-+exp( )| (3) 
bs ag 


the nucleus: 


Applied to Peelle’s 14-Mev carbon data,‘ very little 
improvement is obtained with this form factor, as is 
shown by a comparison of Fig. 8 with the first panel of 
Fig. 7. The main difference is in the large diffuseness 
parameter dg which is needed to give the Gaussian 
shape roughly the same surface thickness as the Saxon 


form factor. 
The next modification of the Saxon potential, 


1+(r/R,)? r—R, I 
fy = ; t { exp( )| ’ (4) 
1+)8 dw 


is one which either raises (b <0) or depresses (6>0) the 
central region, i.e., a wine-bottle potential. In its appli- 
cation to light elements, it is not intended to represent 
the effect of the Coulomb repulsion on the proton dis- 
tribution, discussed, for example, by Feenberg.” Rather 
the parameter b is chosen so that a peaking is obtained 


% £. Feenberg, Phys. Rev. 59, 593 (1941). 
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at the nuclear surface.*.*” This should give an indication 
of the dependence of the scattering on the local condi- 
tions in the nuclear surface. As discussed in the previous 
section, this is the region where the present simple 
optical model will most likely fail. 

In studying the effects of the wine-bottle modification 
for 14-Mev protons scattered from carbon, the starting 
point is the best fit with the Saxon potential illustrated 
in Fig. 7. Keeping V and R,, fixed, the parameter £ is 
chosen so as not to alter the positions of maxima and 
minima. This choice is practically independent of the 
peaking parameter 6, and for this case, 8=1. The 
effect of a fairly large b is illustrated in Fig. 9. The 
parameters b=8=1 are such that f,, goes from a value 
of 4 to roughly one and then back to 4 again as r ranges 
from r=0 to r=R,,. In attempting to improve the fit 
with Peelle’s data, least-squares analyses were carried 
out varying a, W, and b, which are the parameters most 
intimately related to the nuclear surface. Values of } 
were obtained in the range from —0.09 to +0.08 de- 
pending on how the various angles were weighted. The 
smallness, together with the uncertainty in the sign of 
b, implies that no improvement can be obtained by 
using a central elevation or depression in the potential. 

The last form factor considered is the one used by 
Hill and Ford*** in their studies of the electromagnetic 
size of nuclei”: 


1 
fag} 
1—} exp(—Ru/an) 


1—} exp[(r— Ry); an |, r<Ry 7 
(5) 
, / 

} expL—(r—Ru)/an], r>Ru. 
Unlike the function in Eq. (1), the electrostatic po- 
tential for a charge density of this shape (but with 
different parameters Ry’, ay’) can be written in closed 
form.® Thus this form factor was used to investigate 
the validity of using a sharp charge density of the same 
radius as the nuclear interaction potential, which is the 
assumption made in the Saxon potential and the modi- 
fications just introduced. 

Calculations were carried out in which ay,’ (the 
diffuseness of the nuclear charge density) was changed 
from a finite value to one close to zero, and in which 
Ry’ (the radius of the nuclear charge density) was 
made 10% smaller than Ry (the radius of the nuclear 
potential), There were no appreciable changes over the 
entire range from 10 to 100 Mev.” Therefore the de- 

*6 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 
(1950). 

27, W. S. Emmerich and H. J. Amster, Bull. Am. Phys. Soc. Ser. 
I, 2, 71 (1957). 

*°K. W. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25. 

*® The authors wish to thank David Sowle for coding this form- 
factor subroutine. 

* Using a uniform charge density of radius R,, Woods and 
Saxon (reference 7) previously showed that the scattering was 
insensitive to small differences between R and R,. 





PROTON-NUCLEUS 


tails of the nuclear charge distribution are not important 
for proton-nucleus scattering at these energies. The 
only distribution of importance is that for the nuclear 
interaction. 

Although both the Saxon and Hill form factors are 
practically constant in the nuclear interior and have 
exponential tails outside the nucleus, their behavior in 
the surface region does differ. For example, if all the 
other parameters except the diffusenesses are the same, 
the two slopes at the half-way radius are — (4as)~' and 
—(2ay)™ for the Saxon and Hill potentials, respec- 
tively. Therefore it is important to determine whether 
the two form factors are equivalent, i.e., given the 
Saxon potential characterized by the parameters 
(Vs,Ws,Rs,as), does there exist a set of parameters for 
the Hill potential (Vz,Wy,Ru,au) which gives the same 
scattering. If the answer is negative, then the new 
feature in the Hill potential must be investigated to 
determine whether it gives better or worse agreement 
with experiment. 

By a modification of the least-squares procedure* it 
was established that, for energies up to 30 Mev,” 
equivalence could be obtained by simply adjusting the 
diffuseness parameters, i.e, Vu=Vs, Wun=Ws, Ru 
=Rg, but ay=1.25as. This is practically the same 
result obtained from the analysis of high-energy elec- 
tron scattering with these two form factors.**” The 
prescription a,=1.25as does not make the slopes of 
the form factors equal at the common half-way radius, 
but rather some average of the slope taken over the 
surface region. It has become customary in electron 


100;—- - — 
14 MEV 
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Fic. 9. Effect of the wine-bottle modification to the Saxon 
potential on proton-carbon scattering at 14 Mev. The solid curve 
is the best fit for ro>= 1.20 using the Saxon potential. The dash 
curve for the wine-bottle potential was calculated using a value 
of 8 in Eq. (4) which kept the positions of maxima and minima 
fixed. The value used for b in Eq. (4) is such that an increase by 
a factor of two over the central] value is obtained for the nuclear 
form factor, A least-squares analysis of the 14-Mev carbon data 
led to the conclusion that best agreement is obtained with essen 
tially no elevation or depression of the form factors in the central 
region. 


® The calculation for the Saxon potential is treated as “experi- 
mental data’”’ and the parameters for the Hill potential are varied 
to minimize the mean relative difference between the two angular 
distributions. 

* The situation at higher energies has not yet been investigated. 

*% Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 220 (1956) 


SCATTERING AT 17 


Mev 1379 
scattering studies™ to characterize this average by the 
surface thickness ¢, defined as the distance for the form 
factor to fall from 0.9 to 0.1 the value at the origin. 
If the Saxon and Hill form factors are to have the same 
surface thickness, then a,/ags=1.37 with (=4.40as. In 
fact the ratio ay/as=1.25, from this 
analysis and from electron scattering, implies that 
these two form factors have in common the somewhat 


determined 
28,33 


larger distance 6.5as, for which the form factors de 
crease from 0.96 to 0.04 their interior values. 


VI. SUMMARY 


The results of the preceding section show that proton- 
nucleus scattering at 17 Mev is insensitive to the details 
of the nuclear potential in the surface and central 
regions.** Furthermore the scattering is quite inde- 
pendent of the shape of the nuclear charge density, 
so that a uniform density may be used. Thus the Saxon 
potential is sufficiently general for this analysis. 

The optical-model parameters obtained in the analy- 
sis of Dayton and Schrank’s 17-Mev data® are sum- 
marized in Table I. The best set of parameters for each 
element is the one with the minimum least-squares 
deviation A. These results agree with those obtained 
by Saxon and his associates at U.C.L.A.’ in the follow- 
ing restricted sense. For a particular choice of the 
radius parameter ro, both analyses of a 17-Mev angular 
distribution yield the same optical-model parameters 
to within 1 or 2 Mev for V and W and to within 0.05 
X10~" cm for a. The one exception is aluminum where 
the U.C.L.A. group uses a much larger a and a smaller 
V than this work. The essential difference, however, is 
in the choice of a best set of optical-model parameters. 

Realizing the difficulty in determining a unique solu- 
tion to this problem, Saxon ef al. have deliberately tried 
to find a radius parameter ro in the formula R=roA! 
X10- cm which is independent of atomic number A. 
Their choice was ro=1.33, although this was only 
strongly indicated in one case, cobalt, and not possible 
for light elements. 

In the present analysis each nucleus is treated on an 
individual basis to find the set of parameters which 
minimizes the rms deviation from the experimental 
angular distribution. This point is of particular im- 
portance in the determination of the interaction radius. 
Indeed the analyses at both 10 and 17 Mev have never 
yielded a best interaction radius as large as ro= 1.33. 
The present study, in fact, finds that the best radius 
parameter is ro= 1.29 for aluminum and copper and 
ro= 1.22 for gold. The analysis for carbon and silver is 
not as complete in this respect but is in agreement with 
1.29 and 
1 oe. 


a larger parameter for light elements near ro 
a smaller parameter for heavier elements near ro 


*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

* Investigations of the nuclear charge density with 183-Mev 
electrons,” which have the same wavelength as 17-Mev protons, 
have given a very similar result. 
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This increase in the half-way radius parameter for 
the Saxon potential is of a different sort than has been 
discussed previously in the literature.**-” The radius R’ 
of the equivalent square-well, which has the same rms 
radius as Eq. (1), is 


7/ a\*} 
R’ R{1 , (= ) | 6) 
3\ R 


Thus, even if R satisfies a simple A! law, as is the case 
so far for electron scattering,” the equivalent square- 
well radius R’ will not.§ 

The energy variations of V and W are of considerable 
interest in the theory of nuclear structure. Of course it 
is somewhat premature to discuss this question until 


yAl 


the analysis, now in progress, of Hintz’s 40-Mev" and 


Strauch’s” 95-Mev experiments is completed. Thus, 
there is hardly any significance to the fact that the 
average absorption at 17 Mev is roughly the same as 
at 10 Mev,! ie., W -8 Mev. To give an average for 
V, the radius is normalized to ro>=1.30 which yields 
v 50 Mev. Both these averages are only good to 
within 10% although more precise values for each case 
are given in Table I. This value for the real part of the 


4H. Bethe, Phys. Rev. 57, 1125 (1940 

7 RK. D. Present, Phys. Rev. 60, 28 (1941) 

4 W.S. Emmerich, Phys. Rev. 98, 1148(A) (1955) 

*(. Kofoed-Hansen, Nuclear Phys. 2, 441 (1956/57) 

“1,. Rosenfeld, Nuclear Phys. 2, 450 (1956/57). 

§ Note added in proof.—Recent analyses of neutron scattering 
[H. Feshbach and V. F? Weisskopf (private communication) and 
Schrank, Beyster, Walt, and Selmi (Los Alamos Report No 
2099) } also find that ro increases with A 

““N. Hintz, Bull. Am. Phys. Soc. Ser. II, 2, 14 (1957), and 
private communication 

“K Strauch, Proceedings of the Sixth Annual Rochester Con 
ference on High-Energy Physics, 1956 (Interscience Publishers 
Inc., New York, 1956), and private communication 
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potential should be compared with —56 Mev used in 
the nuclear shell model* and —52 Mev obtained at 10 
Mev.' The average decrease in absolute value is in 
agreement with current ideas of the velocity depend- 
ence of this nuclear potential.” 

The entire analysis of this paper is based on a single- 
particle model, which is not entirely adequate to de- 
scribe the actual many-body problem. Furthermore, a 
simplified optical-model potentia] has been used which 
neglects the spin and velocity dependence of the poten- 
tial. Feshbach, Porter, and Weisskopf® have derived a 
particular correction to the single-particle model, which 
they call compound elastic scattering, and which is 
incoherent with the optical-model scattering. The diffi- 
culties at back angles for light elements do not seem to 
be due to neglect of compound elastic scattering since 
the optical-model cross section is sometimes too high. 
Furthermore, these difficulties increase with energy, 
whereas compound elastic effects are expected to de- 
crease with energy. 
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The measurement of the correlation function for 8-y transitions in oriented nuclei is proposed as a means 
of determining the validity of time-reversal invariance in the 8 interaction. Such experiments also provide a 


sensitive test of the type of Fermi interaction. The correlation function for allowed transitions 


\J =(), no) is 


presented in general form, with a discussion of the conclusions which can be drawn from such experiments 


ECENT developments! in 6 decay have raised two 

important questions about the @ interactions: do 
they possess time-reversal invariance, and is the Fermi 
interaction S, or V, or S+V ? Several experiments have 
been discussed* which could shed light on these ques- 
tions. We intend to discuss here another experiment, the 
measurement of the 6-y correlation function of oriented 
nuclei, which can in principle give clear-cut answers to 
both questions. Such experiments are a relatively simple 
generalization of the original experiments of Wu et al.,! 
in which the B and y distributions were measured 
individually but not in coincidence. 

Before presenting the general result, let us discuss a 
special case for illustration. Consider the transition 
1+(8)1*+(7)O*, assuming both Fermi and Gamow- 
Teller contributions present. The correlation function 
can be shown to be 


B)R[3(I-ky—4 | 


1 
W (p,k,J)~(A+B)Ro (4A 
2 
Luts 1 
tal) Ga 
v3\c¢ v2 
1 v 
- ( )ovac 
4v3\c¢ 


+ D)RI-p 
D)R\(3J -kp-k—J-p) 


1(—) eR: wba) 


c 


Here J,p,k are unit vectors in the directions of the 
orientation axis, the electron momentum, and the 
photon momentum, respectively. The parameters Ro, 
R,, Rz are the statistical tensors’ of the initial state, and 
are related to the populations of the nuclear levels 
a(m) by 


Ri= Dom (- 


* On leave of absence from University of Notre Dame; work 
supported in part by U. S. Atomic Energy Commission 

1 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

* Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957); 
M. E. Ebel and G. Feldman, Nuclear Phys. (to be published) ; 
R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957); _M 
Morita and R. S. Morita, Phys. Rev. 107, 139 (1957). 

*U. Fano, Phys. Rev. 90, 577 (1953); L. C. Biedenharn and 
M. E. Rose, Revs. Modern Phys. 25, 729 (1953) 


\Y—mC(JIk; m, —m)a(m). 


We have assumed that the orientation of the initial state 
is such that the system has axial symmetry about J 
Finally, the constants A---# are defined by‘ 
A=[(arrtasa)tyW(aratc.c.) || Mer|*, 
B=[(asstayy)+yW'(asy+c.c.) ]| Mel?, 
[+ (Brr-Baa)—i(aZ/p)(Bra-—c.c.) ||Mer|?, 

D=([(Bsr—Bva)M rMar* +c.c. | 

Fi(aZ/p)[ (Bsa—Bvr)M eMar* 
Bva)M pMar*—cx 

F(aZ/p)[ (Bsa—Bvr)M eMar* +c. |, 


c.c.], 


il (B57 


where the upper (lower) sign is for electrons (positrons), 

The function unknown 
parameters A -- +, which can in principle be measured 
independently by a sequence of experiments. The 8 
intensity determines A+B; the gamma anisotropy 
determines (44 — B); the electron asymmetry measures 
[ (1/V2)C+D]; the B-y coincidence asymmetries deter 
mine (V2C—D) and E individually. We are treating 
the statistical tensors Ro: + +R» 
requires a knowledge of the magnetic moments, hyper 
fine coupling, etc. Presumably by studying the tempera 
ture dependence of these effects, these statistical 


correlation contains five 


as known here, which 


tensors can be determined. 

The most interesting term is the last, proportional to 
E. It gives rise to a distribution of photon momenta 
asymmetric under reflection in the plane of J,p. Its 
presence can be detected by setting the orientation axis 
along the z direction, the electron counter in the x dire 
tion, and the photon counter in the y-z plane. The 
contribution from the last 
angle of 45 degrees between J and k, and changes sign 


term is maximum for an 


under reflection of the photon counter in the x-z plane. 
Notice that if a polarizing field is present, proper 
account of the curvature of electron orbits must be 
made in determining the J,p plane. There is, however, 
FE” term is 
proportional to statistical tensors of even rank, it will 


no need to use a polarizing field; since the ‘ 


be present for an aligned source as well as a polarized 
source, 
Considerable information can be inferred from the 


magnitude and energy dependence of these five con 

“We use the notation azy=C,C,*°+C,'C,'*, Bsy=C.C,'* 
+C,'C,*. Otherwise, the notation is identical with that of T. D 
Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 
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stants. Let us discuss the situation assuming C,=0, 
and |Mvr||Mor| #0, for simplicity. We can conclude: 


(1) if E~1, then time-reversa] invariance is violated, 
and the Fermi interaction is S; 

(2) if E~aZ/p, then there is some V present, and 
either Cg=0 or time-reversal invariance is valid; 

(3) if EZ has both 1 and aZ/p terms, then time- 
reversal invariance is violated and the Fermi interaction 
is S+V; 

(4) if £ is zero, then the Fermi interaction is S, and 
time reversal is valid. 


Note that D and E£ are the real and imaginary parts 
of the same number and therefore cannot both vanish 
for all electron energies except for the unlikely possi- 
bility of exact cancellation of Bsr—Bva and Bsa—Bvr. 


v(2v+1) | 

| B P2,(J-k) 
y4+yd | 
2v+1) 


W (p,k,J) Z| {ali - 


(et 
( 


(2J+2v+1)(2J 


4J (J +-1)(4v—1)(4v+1) 


| (J+v+1)(J—v) 
LI (I-41) (4v+1) (4v+3) 


where the sum on y is from zero to the lesser of J, L. 
Here R, vanishes for v<0 and v>2J. P,(J-k) is the 
Legendre polynomial of order v, and P,/(J-k) is its first 
derivative with respect to its argument. F,(L,J’,J) is 
the function tabulated by Biedenharn and Rose’® and 
by Ferentz and Rosenzweig.® 

’ For allowed transitions with AJ = 4 1, the coefficients 
B, D, E vanish. Since the constants A, C can be meas- 


ured by observing the electron asymmetry alone, no 


5M. Ferentz and N. Rosenzweig, Argonne Nationa] Laboratory 
Report ANL 5324, 1954 (unpublished) 
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Further conclusions about the Fermi interaction can be 
drawn from a study of the velocity dependence of D. 
Perhaps it should be pointed out that the violation of 
time-reversal invariance in this case could be due 
either to the B interaction or to the nuclear forces, or 
both. The experiment measures only a combination 
of coupling constants and nuclear matrix elements, and 
cannot distinguish between these possibilities. 

In a more general case, the correlation function has a 
more complex angular dependence, and contains further 
statistical tensors, but still depends on the 6 interaction 
through the same five parameters A---Z. By similar 
measurements the same information can be obtained. 
The general result for the correlation function for the 
allowed transition J(8)J(y)J’, assuming a pure 
transition of multiple order L, is 


4 
| (2 J (J+1) }4C—D) {p-kP2,/(J-k)—p-IP21/(I-k)) 


4 
| {(2v+1)[J (J +1) A9C+D) {p-kP2,’(I-k)—p-IPo41/(I-k)} 


; (:)e.cuu +1)} Met (I: pxkPs'(I-K)) [Pa (LI'D, 


C 
further information about the # interaction can be 
obtained from the f-y correlation function. 
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The excited states of Cr have been studied through the Mn**(p,a)Cr® reaction and by an investigation 
of inelastic proton scattering from chromium. A 6.51-Mev proton beam from an electrostatic generator 
and a high-resolution magnetic spectrograph were used. Excited states in Cr® were found at 1.433, 2.368, 
2.648, 2.767, 2.965, and 3.161 Mev. The Q-value for the ground-state transition in Mn®*(p,a)Cr® is 2.568 


+0.008 Mev. 


N the course of a current study of inelastic proton 

scattering from manganese, a number of alpha- 
particle groups were observed. The Mn**(p,a)Cr® 
reaction, from which these groups presumably arose, 
provides an important mass link in this region of the 
periodic table, and since, in addition, there are some 
questions about the level scheme of Cr as determined 
from beta- and gamma-ray studies, we have investi- 
gated these alpha-particle groups. As an additional 
check on their origin, a separate study was made on 
the level scheme of chromium. This was carried out 
through measurements on inelastic proton scattering 
from natural chromium targets. 

A 6.51-Mev proton beam from the MIT-ONR 
electrostatic accelerator was used, and the charged 
particles from the targets were analyzed with the 
broad-range spectrograph. This equipment and its use 
in studies of this sort have been described in some detail 
in earlier publications.'? 

For the studies of the (p~,a) reaction, thin manganese 
targets were prepared by evaporation of high-purity 
manganese metal from a tungsten boat onto a Formvar 
film. A mass analysis of the target, carried out by 
elastic proton-scattering measurements, showed that 
only small amounts of tungsten, chlorine, and sodium 
were present as impurities in these targets in addition 
to the usual amounts of oxygen, nitrogen, carbon, and 
hydrogen expected in the Formvar backings. None of 
these impurities gave rise to measurable alpha-particle 
groups in the present experiment. 

The alpha-particle spectrum was observed at angles 
of 90 and 130 degrees with respect to the incident 
6.51-Mev proton beam. At each angle, six alpha- 
particle groups were observed, and for each the shift in 
energy with angle was that to be expected for a (p,q) 
reaction involving a target nucleus with mass close to 
55. The Q-values, calculated on the assumption that 
the groups were from Mn**(p,a)Cr®, are listed in 
Table I. 

A large number of proton groups were also recorded 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* On leave from the National University of Mexico. 

? Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 

2C, P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 


during the exposures for the alpha-particle spectrum. 
These groups, which were associated with inelastic 
scattering from manganese, will be reported on in a 
separate publication. 

While the mass analysis of the target, carried out 
from elastic scattering, together with the energy 
variation with angle, was sufficient to show definitely 
that the observed groups arise from manganese, it is 
not possible from these measurements alone to deter 
mine that the highest energy group is associated with 
the ground-state transition in the reaction leading to 
Cr™. In order to investigate this aspect of the problem, 
a study of inelastic proton scattering from a chromium 
target was made. This enabled an independent determi 
nation of the level scheme in Cr®™, Since naturally 
occurring chromium is a mixture of several isotopes, 
it is not possible from proton-scattering experiments 
alone to determine which of the inelastically scattered 
groups from a natural chromium target correspond to 
the mass-52 isotope. However, there should be a 
correspondence between certain of the chromium levels 
as observed in proton scattering with those calculated 
from the (p,a) results. Actually, the selection of the 
appropriate groups for comparison is considérably 
simplified in the present case since natural chromium 
contains 83.9% Cr™, the remainder being 4.4% Cr”, 
9.5% Cr®, and 2.4% Cr®, 

Thin targets for the inelastic-scattering measurements 
were prepared by the evaporation of high-purity 
chromium metal onto Formvar films. The charged 
particles resulting from the bombardment of the targets 
with 6.51-Mev protons were analyzed at angles of 
observation of 50 and 90 degrees with respect to the 
beam. The spectrum observed at 90 degrees is shown 


TaBLe I. Energy levels in Cr®, 


Mn**(p.a)Cr® reaction 
mean values 
Q (Mev) 


Cr4(p,p’)Cr® reaction 
mean Values 


EK, (Mev) 


2.568+0.008 0 0 
1.1344-0.008 1.434 1.43340.005 
0.200+0.010 2.368 2.468% 4-0.005 
— 0.0814-0.010 2.649 2.648 +0.008 
—0.20140.010 2.709 2.767 40.008 
— 0.397 40.012 2.965 2.965 4+-0,008 
ree toe 3.1614-0.008 


Rk, (Mev) 
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GIBLS WA FIVH 3d GNOLOYd JO Y3GWNN in Fig. 1. In addition to a number of low-intensity 
BP 8 & z. , R ‘ groups, six intense proton peaks were found which 
resulted from inelastic scattering in chromium. On 

the assumption that these six groups arose from Cr®, 
the associated excited states in this nucleus have been 
calculated and are tabulated in Table I, where these 
numbers can be compared with the excited states in 
this nucleus obtained from the (p,a) results, assuming 
that the alpha-particle group with the Q-value 2.568 
Mev represents the ground-state transition. The excel- 
lent correspondence of the two sets of excitation energies 
shows conclusively that the proton peaks chosen on 
the basis of their intensities were identified with the 
correct isotope and that the high-energy alpha-particle 
group does give the ground-state Q-value for the 
Mn(p,a)Cr® reaction. The other low-intensity groups 
are presumably associated with the other chromium 
isotopes, but they cannot be definitely assigned until 
experiments with separated isotopes have been carried 











rv 


arget. The incident proton energy was 6.51 Mev, and the angle of observation was 90 degrees 


out, 

In Table I, an excited state in Cr® is listed at 3.161 
Mev. This figure was arrived at solely by the observa- 
tion at both angles of an intense proton group. The 
corresponding group was not observed in the (p,q) 
reaction. However, all the alpha-particle groups were 
of relatively low intensity, and it is not surprising that, 
in these experiments, the peak which would be associ- 
ated with a level in Cr” at this energy was not observed. 
As will be mentioned in subsequent paragraphs, there 
are additional reasons beyond the high intensity of the 
observed proton group for believing that there is a 
Cr®™ level at this energy. 

The Q-value measured in the present experiments for 
the Mn®(p,a)Cr reaction is 0.23 Mev lower than the 
value calculated from the atomic masses of Mn® and 
Cr® as determined by mass-spectroscopic measure- 
ments.’ However, more recent measurements on these 
masses at the University of Minnesota by C. Giese lead 
to a Q-value of 2.559+0.004 Mev.‘ This excellent 
agreement between the mass differences as determined 
from nuclear reactions and from mass-spectroscopic 
studies is gratifying, particularly in view of the rather 
wide discrepancies which have existed between the 
results of these different methods in the past. 

The excited states of Cr® have also been investigated 
by using inelastic proton scattering by Hausman et al.° 
Working with natural chromium targets, these investi- 
gators found a number of inelastically scattered proton 
groups of which three, corresponding to excitation 
energies of 1.45, 2.43, and 2.99 Mev, were assigned to 
Cr® on the basis of a comparison with the level scheme 
of Cr® as inferred from beta- and gamma-decay meas- 
urements on Mn. Other groups corresponding to 
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excited states at 2.69, 2.79, and 3.20 were also reported 
in these studies. On the basis of the present results, it 
appears that all these levels are in Cr”. It will be noted 
that the excitation energies, as determined by Hausman 
et al., are uniformly higher by from 20 to 40 kev than 
the present results. Similar discrepancies between the 
early work at the University of Pittsburgh and the 
results from this laboratory have been remarked on in 
previous publications.® 

There is an extensive literature on the beta and 
gamma radiations associated with the decay of V™ and 
Mn®, This in large part has been summarized by Way 
et al.’ These various results have generally been inter- 
preted in terms of excited states in Cr at 1.45, 2.43, 
and 3.13 Mev and an isomeric state in Mn® at 0.39 
Mev.’ States in Cr” at approximately the same ener- 
gies are also indicated in various studies’ which show 
that gamma radiations of 0.75, 0.97, and 1.44 Mev 
result from the interactions of neutrons with chromium. 

Figure 2 shows an energy-level diagram of Cr®, in 
which the level positions are those determined in the 
present work. Aside from the fact that there is no 
indication in the beta- and gamma-ray studies of the 
states at 2.648, 2.767, and 2.965 Mev, the present and 
the earlier results are in reasonable agreement if one 
identifies the states previously regarded as being at 
1.45, 2.43, and 3.13 Mev with those measured here at 
1.433, 2.368, and 3.161 Mev. The observed beta and 
gamma rays have been assigned, as shown in Fig, 2, 
on this assumption. 

There are, however, some difficulties with this decay 
scheme. If the ground state of Mn™ decays by positron 
emission to the 3.161-Mev state and if this is followed 
by a gamma-ray transition to the 2.368-Mev state, as 
shown in Fig. 2, the expected energy for this gamma 
ray is 0.7934+0.007 Mev. While a gamma ray of 
approximately this energy has been observed from the 
Mn" decay, the various measurements have clustered 
closely about the value of 0.734+-0.015 Mev, measured 
by Peacock and Deutsch."° A similar discrepancy be 
tween the present results and of those from beta decay 
involves the energy of the isomeric state in Mn®. 
Peacock and Deutsch" have measured the maximum 
positron energy from the ground state of Mn® as 
0.582+0.015 Mev, while the maximum positron energy 
from the decay of the isomeric state in Mn® has been 
measured as 2.631+0.015 Mev." Assuming, as indi 


* Browne, Zimmerman, and Buechner, Phys. Rev. 96, 725 
(1954); and Buechner, Braams, and Sperduto, Phys. Rev. 100 
1387 (1955) : 

7 Nuclear Level Schemes, A=40—A = 92, compiled by Way 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U.S. Government Printing Office, Washington, 
D. C., 1955). 

SE. Segré and A. ¢ 
(1949), 

9 M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24. 179 
(1952). ‘ 

© W. Peacock and M. Deutsch, Phys. Rev. 69, 306 (1946) 

" E. Arpman and N. Svartholm, Arkiv Fysik 10, 1 (1956) 


Helmholtz, Revs. Modern Phys. 21, 272 
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Energy-level diagram of Cr, incorporating the results 
p,p') and (p,q) studies and the beta- and gamma-ray 


Fic. 2 
of the ( 
results. The alternate mode of decay of the ground state of Mn™ 
(indicated by the dashed lines) is discussed in the text 


cated in Fig. 2, that these decays proceed to the 3.16- 
and 1.43-Mev levels of Cr”, one obtains 0.32 Mev for 
the energy of the isomeric state in Mn”, This would 
imply that the 0.392+0,008 Mev gamma ray observed” 
from Mn” does not originate from the decay of the 
isomeric state associated with the beta transition, 
These various results can be brought into agreement 
if one assumes the existence in Cr of an excited state 
at 3.10 Mev which is formed in the Mn® beta decay 


21, Osborne and M. Deutsch, Phys. Rev. 72, 467(A) (1947 
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but which is not observed in the charged-particle 
reactions. A state at this energy and the alternative 
decay scheme are shown by the dashed lines in Fig. 2. 
All the alpha groups studied in the present experiment 
were of low intensity, and a weak group associated 
with a level at 3.10 Mev might not have been observed. 
It will be recalled that no group was found corre 
sponding to the 3.16-Mev state. In the case of the 
inelastic proton scattering, if a peak associated with 
such a state at 3.10 Mev had an intensity greater than 
3% of the one corresponding to the 3.16-Mev level, 
it would have been detected in the exposures at 50 and 
9) degrees. In Fig. 1, an arrow marks the position a 
proton group would have if a state at 3.102 Mev were 
excited, The nonappearance of a group at this position 
might be explained on the basis of the high angular 
momentum required to excite Cr” from its ground 
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state, which has zero angular momentum, to the state 
formed in the beta decay which has been reported to 
have angular momentum of 6 units.” It should be 
pointed out that, while the assumption that a state 
exists at 3.10 Mev suffices to explain the discrepancy 
between the energy differences calculated from the 
charged-particle results and those observed in the 
beta-decay measurements, it does not explain why 
some evidence for the states established at 3.16, 2.97, 
2.77, and 2.65 Mev was not found in the various decay 
studies. 

The authors are indebted to Mrs. Mary Fotis for her 
very careful work in counting the tracks in the nuclear 
emulsions exposed during the present work. 


'’Huiskamp, Steenland, Miedema, Tolhoek, and Gorter, 
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Study of Geomagnetic Cutoff Energies and Temporal Variation of the 
Primary Cosmic Radiation* 


FRANK B. McDonaLp 
Department of Physics, State University of Iowa, Iowa City, Towa 
(Received May 13, 1957) 


The results of a series of 6 Skyhook balloon flights with combination Cerenkov-scintillation detectors, 
similar to ones previously described, are used to study spectral cutoffs as a function of latitude and to ob 
serve some aspects of temporal variations at high altitude of the alpha particles of the primary cosmic radia 
tion, Observed cutoff energies are found to be in strong disagreement with geomagnetic theory. In one large 


cosmic-ray decrease the very low-energy portion of the 


does not seem to be strongly affected 


I. INTRODUCTION 

‘| “HE application of emulsion,'~* Cerenkov, * and 

Cerenkov-scintillation’ techniques to the study of 
the flux and energy spectrum of primary cosmic-ray 
alpha particles has made helium the best known com- 
ponent of the primary radiation. Because of its abun- 
dance and because of its relative freedom from second 
ary effects, the helium component is an excellent one 
for the direct study of cosmic-ray temporal variations 
and geomagnetic effects at the top of the atmosphere. 
The Cerenkov-scintillation technique, which has been 
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cosmic-ray energy spectrum (300-600 Mev/nucleon) 


described in a previous article,” gives an absolute 
measurement of the primary alpha-particle intensity 
and energy spectrum. By carrying out measurements 
at a series of latitudes, the dependence of the energy 
spectrum on geomagnetic latitude can be studied. This 
technique is also well suited to the study of long-term 
temporal variations since it measures absolutely the 
intensity and energy spectrum. In addition, an elec- 
tronic device of this type is uniquely suited to study 
short term temporal variations which occur during the 
course of a balloon flight or variations associated with 
changes in geomagnetic latitude along the balloon 
trajectory. At this time six successful Skyhook flights 
have been conducted by using the Cerenkov-scintilla- 
tion method. This paper treats aspects of these flights 
dealing with temporal variations and changes due to 
varying geomagnetic latitudes of the energy spectrum 
and intensity of helium nuclei of the primary cosmic 
radiation. 
Il. EXPERIMENTAL APPARATUS 

The experimental flight apparatus is identical to 

that previously described.’ Briefly, the detector is a 
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three-element telescope (Fig. 1) containing a crystal 
scintillation counter, a Lucite Cerenkov counter, and a 
Geiger counter tray. The scintillation crystal and the 
Geiger counter tray are the defining elements of the 
telescope. For each particle which traverses these ele- 
ments, the outputs from the Cerenkov counter and the 
scintillation counter are recorded. A notation is also 
made when a telescope event is accompanied by the 
triggering of more than one counter in the tray or by 
one of the ring of guard counters. The data are recorded 
on a continuously moving film with an accurate time 
base superimposed. These data are then reduced by 
measuring for each event the pulse height from the 
scintillation counter and from the Cerenkov counter. 
These measurements are recorded on a suitable two- 
dimensional data grid. The expected variation of 
Cerenkov pulse height vs energy loss in the scintillation 
crystal as f is varied from 1 to 1/n (m is index of refrac- 
tion of the Cerenkov radiator) is shown in Fig. 2. 
For B<1/n, the theoretical Cerenkov pulse height is 
zero and the distribution will lie along the horizontal 
axis. The low-energy proton and alpha distributions 
will not overlap because of the short range of protons 
in this interval. Thus it is seen that excellent charge 
resolution should be maintained at all energies. 


Ill. NEW DETERMINATION OF ENERGY 
SPECTRUM AT 2=55° 


In I (reference 9) a determination was made of the 
alpha energy spectrum at A=55° from 285 to 883 
Mev/nucleon. Amplifier saturation prevented the lower 
limit from being extended below 285 Mev/nucleon. At 
320 Mev/nucleon the differential spectrum still ap- 
peared to be increasing toward lower energies. In an 
attempt to observe a cutoff in the spectrum at \=55° 
a Skyhook balloon flight (fight No. 8) was made on 
August 21, 1956 from Minneapolis, Minnesota. The 
time-altitude curve for this flight is included in Fig. 3. 
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The data from this flight were transferred to a 40 40 
array and studied by taking appropriate intervals of 
ionization and studying the Cerenkov distribution in 
these intervals. As in I the energy calibration is ob 
tained by studying the ionization distribution of highly 
relativistic alpha particles (as defined by large pulses 
from the Cerenkov counter) and measuring the most 
probable energy loss of alpha particles at minimum 
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ionization, (y)amin. The selected intervals of ioniza- 
tion are then defined in terms of (Zy)amin. It is neces- 
sary to know only the form of the dE/dx vs energy 
curve and not its absolute value. The uncorrected 
Cerenkov distributions for the various intervals of 
ionization are given in Fig, 4. 

These intervals of ionization have been related to the 
corresponding kinetic energy and then corrected for 
energy loss by ionization to the top of the atmosphere. 
Table [ summarizes the data and the necessary correc- 
tion. Figure 5 gives the resulting differential and integral 
energy spectrum and shows for comparison the energy 
spectrum obtained on flight ITI, July 7, 1955 also from 
Minneapolis (A=55°). In Fig. 4 it is seen that the 
Cerenkov pulse-height distribution does not go to zero 
for 8<1/n and that the alpha particles in the low- 


McDONALD 


energy region have a well-defined distribution located 
in the region of low Cerenkov output. Investigation has 
shown that this is due to fluorescence in the Lucite or 
the photomultiplier tube.’ This is not unexpected in 
view of the very large value of dE/dx for alpha particles 
of this energy. It indicates that below the Cerenkov 
threshold the detection system is acting as a double 
scintillation counter and for 8>1/n there is a small 
energy loss contribution. As in I, no use has been made 
of the theoretical dependence of Cerenkov light on £. 
It has been assumed only that the Cerenkov output 
decreases monotonically as 8 is decreased, The assump- 
tion is necessary only in the region where the Williams- 
Landau effect is large and the ionization distributions 
have a large width—i.e., E>400 Mev/nucleon. It was 
shown in I (reference 9) that this assumption was valid 
down to 320 Mev/nucleon. For 6<1/n, (320 Mev), 
there is a suggestion that the “Cerenkov pulse height” 
again increases very slowly. This can be termed the 
ionization region of the Cerenkov counter in which the 
counter now behaves as a crude ionization detector. 
Comparison of the slow-proton and slow-alpha Ceren- 
kov distributions in the region of 6<1/m show that the 
output from the Cerenkov counter does appear to vary 
in a linear manner with energy loss. However, in all 
cases, the Cerenkov counter is used only to give well- 
defined particle distributions for particles in a given 
energy-loss region and no additional use is made of this 
property. 

It is now possible to extend with confidence the 
energy spectrum observation to the lowest observable 
energies (i.e., those particles which will just traverse 
the telescope). The well-resolved alpha peaks in the low- 
energy region indicate that alpha particles are present to 
the lowest observable energy. The curves in Fig. 4 have 
not been corrected for the pulse height distribution in 
the ionization detector but this correction has been 
applied to the energy spectrum data in Table I and 
Fig. 5. Even with these corrections it is observed that 
alpha particles of all energies down to the apparatus 
and atmospheric cutoff are present. However, due to the 
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Fic. 4. The solid circles and lines give the uncorrected differential Cerenkov pulse-height data in selected ionization intervals. The 
dashed line represents the background counts in the interval. In A and C the off scale peak is due to slow protons, the second peak is the 
Williams-Landau “tail” from fast singly charged particles, and the third peak is the fast alpha peak. The ordinate represents the actual 
number of counts obtained while the balloon was above 6 g/cm? pressure altitude. Each energy interval has been corrected for ionization 


loss in the atmosphere 


width of the distribution, it is felt that the results are 
also consistent with an upper limit on the cutoff energy 
of 160 Mev/nucleon. The observed maximum of the 
differential spectrum in the region of 320 Mev/nucleon 
and its decrease at lower energy values are in excellent 
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agreement with the results reported by the Minnesota 
group’ based on a flight at Saskatoon, Canada (A= 62°)’ 
and with those of Waddington at A= 55° (Minneapolis, 
Minnesota). Waddington’s’ experiment clearly showed 
that alpha particles were present down to the lowest 
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Fic. 5. Differential and integral energy spectrum for primary alpha particles. The open circles are for flight 8, 
August 21, 1956, and the solid circles are for flight III, July 7, 1955. Amplifier saturation prevented the extension 


of the flight III data to lower energies 
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F106, 6, Trajectories of flights 5, 6, and 7. Periods A, B, 


observable energy. The data presented here fully con 
firm his results. The calculated geomagnetic cutoff at 
d= 55° is 325 Mev/nucleon. Thus there exists a clear 
contradiction between the results obtained in this 
experiment and the predictions of standard geomag- 
netic theory. It will be shown later that the occurrence 
of the maximum in the differential spectrum near the 
expected value of the geomagnetic cutoff does not 
appear to be of significance. The resolution of the 
detectors at low energies is such that the “rounding” 
of the differential spectrum could not be produced by 
the width of the distributions obtained from the 
scintillation counter, It is not known, of course, whether 
the shape of the differential spectrum is due to a geocen- 
tric modulation mechanism or whether it represents the 
actual cosmic-ray energy spectrum at large distances 
from the earth. 


IV. GEOMAGNETIC CUTOFF IN THE INTERVAL 
4=51°—55.5° N 


On March 20, 1956, a flight (flight 6) was made from 
Iowa City, Iowa (A=52°) to measure the flux of He, 
Li, Be, B, and C using the technique described in the 
previous section. The only modification was a compres- 
sion of the alpha-particle distribution by a factor of 8 
in order to study the higher Z groups. This made the 
detailed study of an energy spectrum difficult. However, 
one feature of flight 6 provided an ideal opportunity for 
the study of variations due to changing geomagnetic 
latitude during the course of a balloon flight. The 
trajectory of this flight is shown in Fig. 6 and the time- 
altitude curve is given in Fig. 3. During the period at 
altitude the balloon moved from the southern part of 
Iowa into central Michigan. The Li, Be, B, and C data 
will be published in a separate paper. The telescope 
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and C (see Fig. 7) are indicated along the trajectories. 


counting rate for alpha particles is approximately 450 
counts/hr. It should be possible to observe small values 
of dJ/d, especially if these changes are confined to a 
limited energy interval. The data were studied in the 
usual manner, by dividing them into intervals of 
ionization. Because of the scale compression, a sig- 
nificant distribution could not be obtained in the low- 
energy Cerenkov region; therefore, only the total 
numbers of counts in each ionization interval are 
tabulated. The data are divided into two 2-hour inter- 
vals which are indicated on the balloon trajectory in 
Fig. 6. The number of alpha counts per interval of 
ionization for the two periods is given in Fig. 7. Also 
included in this figure is the result of subtracting interval 
A (\=51.6° N) from B (A=52.6°). This subtraction 
gives the pulse-height distribution of the particles which 
are present in B and absent in A.When the distributions 
are subtracted, there remains a small but well-defined 
group of particles with a mean energy of 225425 
Mev/nucleon. This value is the geomagnetic cutoff 
energy at \=52.2°. The calculated value based on 
conventional geomagnetic theory is 450 Mev/nucleon. 
The flux of new particles coming in between 51.6° N 
and 52.6°N is 22+3/m*-sec-sterad at the top of the 
atmosphere. On the basis of the previously derived 
energy spectrum (Sec. III), this increase in flux corre- 
sponds to a change in cutoff energy (making the arbi- 
trary assumption of a sharp cutoff) of 200 to 250 Mev/ 
nucleon. This range of energies is in agreement with 
the pulse height distribution of Fig. 7. The presence of 
counts below the instrument cutoff indicates that there 
exist background events which cannot be corrected by 
the method used previously in flights III and VIII. 
This uncertainty is removed by the subtraction of the 
two periods. That this results in a well-defined group 
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of particles gives added confidence that the method is a 
valid one. 

Identical apparatus was flown from Minneapolis, 
Minnesota, on August 17, 1956 (flight 7). A comparison 
of the alpha ionization distributions obtained in this 
flight (the pressure altitude curves of flights 6 and 7 
were almost identical, see Fig. 3) during periods A and B 
is also shown in Fig. 7. There is a small but apparently 
finite increase between A\=52.6°N and A=53.5°N. 
The observed increase of new alpha particles shown in 
part (iii) of Fig. 7 is in agreement with the energy 
spectrum data of Sec. III. The mean kinetic energy of 
this group of particles appearing between \=52.6° and 
53.5°N is 160+15 Mev/nucleon. This value of 160 
Mev/nucleon is the geomagnetic cutoff energy at 
53.2° N. The increase in alpha-particle flux is 9+2 
particles/m?-sec-sterad. From the previous energy 
spectrum data of Sec. III this change in alpha flux 
defines an energy interval of 210 to 140 Mev/nucleon 
and is in agreement with the observed differential 
distribution of Fig. 7. The agreement between periods 
B and C in the kinetic energy interval 450-190 Mev/ 
nucleon would seem to indicate there did not exist an 
observable temporal variation in the low-energy region. 
(See Sec. V.) 

There does not appear to be appreciable overlap 
between the differential particle distributions at 
\=52.2° and at 53.2° as shown in Fig. 7. The overlap 
that does exist can be accounted for by the width of the 
ionization distribution." This would seem to indicate 
the existence of a relatively sharp cutoff in the latitude 
range 51 to 54° N. It is important to note, however, that 
there might be alpha particles at \=52.2° N below the 
mean cutoff energy of 240 Mev/nucleon since a differen- 
tial technique has been used. However, comparison with 
flight 8 (Sec. III) reveals that the number of counts in 
period A below 240 Mev/nucleon is in agreement with 
the background counting rate of flight 8 in this energy 
interval. 

One additional estimate of the alpha cutoff energy 
at A\=52.4° N can be obtained from flight V (launched 
at Iowa City, Iowa, March 13, 1956). The differential 
and integral spectrum data for this flight are discussed 
in Sec. V. The method outlined in that section gives a 
vertical alpha-particle cutoff at 52.4° of 220430 Mev/ 
nucleon. The three measured values of geomagnetic 
cutoff energies are summarized in Table II. It is seen 
that a shift in latitude coordinates of approximately 4° 
would bring the data into agreement with geomagnetic 
theory. This is identical with the shift proposed by 
Waddington and Fowler‘ to bring the 41° N (Texas) 


alpha data into agreement with alpha measurements 
over Europe. Such a shift is completely outside the 
errors involved in calculating geomagnetic coordinates 
and experimental errors in measuring cutoff energies 


4 A. G. McNish, Terrestrial Magnetism and Atmospheric Elec 
41, 37 (1936). 


CUTOFF E 


NERGIES 


RELATIVE PULSE HEIGHT IN 
IONIZATION DETECTOR 
9 WW 3 2... t 


ny . oe 
PERIOD A o #516" FLIGHT 6 
20 MARCH 1956 
PERIOD B & \=526" FLIGHT 6 
20 MARCH 1956 
PERIOD C x \°535° FLIGHT 7 
17 AUGUST 1956 4 


PERIOD B-PERIOD A 


R OF a GOUNTS/UNIT PULSE HEIGHT 


NUMS8) 


APPARATUS AND 
ATMOSPHERIC CUT-OFF 
ee) ee aad 
43 247 186 52 132 12 
o@ KINETIC ENERGY IN MEV/NUC 
AT ZERO ATMOSPHERIC DEPTH 








Fic, 7. Part (i) gives the total number of counts per unit 
ionization interval in the low-energy alpha region. There exists a 
smal] but appreciable fraction (25%) of background counts which 
can be removed by comparing different latitude intervals. This is 
done in parts (ii) and (iii) and gives the number and energy dis 
tribution of new particles coming in between the two mean 
latitudes 


and would seem to imply the existence of some perturb 
ing mechanism in the vicinity of the earth. 


V. SOME OBSERVATIONS ON TEMPORAL 
VARIATIONS AT HIGH ALTITUDES 


The flights to be discussed can be divided into three 
intervals of time centering around July 7, 1955, March 
13 and 20, 1956, and August 17 and 21, 1956 (see 
Fig. 3). Flight V launched from Iowa City, Iowa on 
March 13, 1956, is of greatest interest. This flight pro- 
ceeded along a due east trajectory with an average 
velocity of 110 miles/hour. However, it will be shown 
later that there was not an appreciable change in 
geomagnetic latitude. The alpha differential and integral 
energy spectra derived from this flight are shown in 
Fig. 8 along with a comparison spectrum from flight II 
(A=55°, July 7, 1955). The method of analysis is 
similar to that described in Sec. III. The most striking 





FRANK B. 





—~— T + r r 
oT DAY WS © 7 DAY 1996 
MINNEAPOLIS, MINN, MINNEAPOLIS, MINN. 
© 13 MARCH 1966 13 MARCH 1956 
1OWA CITY, OWA OWA CITY, OWA 


| 

















‘00 300 


MINETIC ENERGY MEV/NUC KINETIC ENERGY MEV/NUC 


Fic. 8. Differential and integral alpha energy spectrum for 
flight V (March 13, 1956) and flight IIT (July 7, 1955). The 
absence of points below 270 Mev/nucleon is due to amplifier 
saturation 


feature of the integral spectrum is the large decrease in 
the total flux. The errors shown in Fig. 8 are for abso- 
lute measurements; relative errors are approximately 
0.6 of the indicated errors. For energies greater than 
700 Mev/nucleon there is a 364+12% change in the 
flux of alpha particles. However, the differential spec- 
trum of this flight which covers only the energy sensi- 
tive region of the detector, is only slightly below the 
differential spectrum obtained from flight III (July 7, 
1955, Minneapolis) and there is good agreement at the 
low-energy end of the spectrum. The small change in 
the low-energy region means that the 33% change in 
alpha flux occurred primarily with particles having 
kinetic 
result is in disagreement with an extrapolation of 


energy greater than 800 Mev/nucleon. This 


neutron monitor results to low energy since these 


detectors generally show a greater percentage change at 
high latitudes than at low latitudes. However, owing to 
atmospheric absorption, sea level neutron measure- 
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ments cannot give information on the behavior of 
primary cosmic radiation in the energy region below 1 
Bev/nucleon and so the energy dependence observed 
at high altitudes is not necessarily in disagreement witt 
the neutron results. Nevertheless, since they provide a 
continuous record, neutron monitors remain a most 
valuable technique in the study of time variations. 
The neutron history” of the period centering around 
March 13 and 20, 1956 flights V and VI) is given in 
Fig. 9 where the average hourly counting rate at the 
University of New Hampshire’s Mt. Washington 
Station, for the period February 1 to April 10 has been 
plotted. These flights occurred 21 and 28 days after the 
extremely large solar flare event of February 23, which 
would be far off scale on this plot and immediately 
followed what could be characterized as a large Forbush 
decrease. The proton counting rate is 25% below the 
\=55° rate. However, one expects a change of ap- 
proximately 10% in the total counting rate” between 
\=52° and 55°; thus, there appears to be only a 15% 
change in the singly charged particle counting rate. 
It was not necessary to correct for latitude effects in 
the alpha-counting rate since all energies considered 
were well above the geomagnetic cutoffs described in 
Sec. IV. It thus appears that the percentage decrease in 
the alpha flux was greater than the change in proton 
flux by approximately a factor of two. However, the 
latitude dependence of the proton flux is based on data 
obtained with thin-wall Geiger counter telescopes and 
must be regarded as tentative until the Cerenkov- 
scintillation apparatus or a detector of comparable 
thickness can be flown at this geographical position on 
a normal day. The good agreement of d//dE at both 
latitudes 52 and 55° (flights V and VIII) in the vicinity 
of the maximum of the differential spectrum would 
indicate that the position of the maximum at 320 


TABLE IT. Summary of measurements of geomagnetic cutoff energies 


Geographic coordinates 
of end points of 
and date selected periods* 

VI 41°30’ N-90°43’ W 

March 20, 1956 42°36’ N-88°09' W 


Flight No 


51° N-52°16’ N 
42°36’ N 
43°43’ N 


0 W 
00 W 


88 
87 


40' W 
°43'W 


Vil 
August 17, 1956 


92 . ' r 
97 54° N-53° N 


53 


W 


7 51°40’ N 
5°30’ W 


I 8 
7 53°05’ N 


Vv 
March 13, 1956 


* See Fig. 6 
» See reference 11 


2 J. A. Lockwood (private communication) 
4 John Winkler and K. A. Anderson (private communication). 


Geomagnetic latitude 
defined by periods 


§2°16’ N-53°30’ 


Shift in coordi 
nates necessary 

to bring 

Calculated mean measured 
cutoff energy cutoff energies 
between selected into agreement 

periods in with caleu 
Mev/nucleon lated energies 


Mean 
geomagnetic 
latitude defined 
between two 
selected periods 


Measured cutoff 
energy between 
selected periods 
in Mev/nucleon 


1-B 
52°16’ N 455 Mev 
N B-C 


53°10’ N 400 Mev 


220+30 
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Fic. 9. University of New Hampshire Mt. Washington neutron monitor counting rate for periods February 1, 
1956 to April 15, 1956. Also indicated on this figure is the neutron counting rate for July 7, 1955 (flight IIT) and 
August 21, 1956 (flight 8). The large event of February 23, 1956 would be far off scale on this plot. 


Mev/nucleon at \=55° is not related to the calcu- 
lated geomagnetic cutoff value of 325 Mev/nucleon at 
that latitude. 

The absence of data below 278 Mev/nucleon in 
Fig. 8 is due to amplifier saturation in the ionization 
channel which prevents any direct measurement of a 
cutoff in the spectrum at this latitude. During flight 
preparation it was felt that since the theoretical cutoff 
at this latitude was greater than 425 Mev/nucleon, the 
saturation point of 280 Mev/nucleon would provide an 
ample margin of safety. Since it now appears that the 
low-energy portion of the spectrum was not strongly 
affected by the decrease, an estimate of the cutoff can 
be obtained by comparing the total number of counts 
in flight V due to events with energy loss greater than 
alpha particles of kinetic energy 280 Mev/nucleon 
(i.e., E<280 Mev) with the energy spectrum obtained 
in flight 8 (see Sec. III) if an appropriate background 
correction is included, This procedure leads to a value 
for the vertical cutoff of alpha particles at 52.4° of 
220+ 25 Mev/nucleon. 

The He, Be, B, and C flights of March 20, 1956, and 
August 17, 1956, also provide information regarding 
changes in the alpha differential spectrum. These data 
indicate on March 20 the flux of alpha particles with 


energy >700 Mev/nucleon was 18-+-9% lower than on 
August 17. However, the data given in Fig. 7 indicate 
no appreciable difference in the low-energy region ex- 
cept in the vicinity of 160 Mev/nucleon and this is 
attributed to latitude variations. The University of 
New Hampshire’s Mt. Washington neutron record 
indicated that the neutron level on March 20 was 8% 
below that of August 17. 

The low-energy differential points in Fig. 8 have a 
probable error of +12% and the observed flux change 
is 334+10%. The data indicate that the low-energy 
particles are not affected more strongly than the higher 
energy particles (Z>800 Mev/nucleon) by the mecha- 
nism leading to the cosmic-ray decrease of March 13-20. 
Indeed the data suggest there was a large diminution of 
the intensity of particles with energies greater than 800 
Mev/nucleon and that particles with energies less than 
450 Mev/nucleon were not strongly affected. However, 
the accuracy of the experiment is such that one cannot 
definitely conclude that there was no decrease in the 
low-energy portion of the spectrum. It is important to 
realize that what is referred to here as the high-energy 
portion of the spectrum means only £>800 Mev/ 
nucleon. 

It is felt that the conclusions reached in the previous 
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TasLe IIT, Comparison of a flux and neutron monitor counting rate at Mt. Washington, New Hampshire, 
and Sacramento Peak, New Mexico. 


», of a's/m*-sec-sterad 


No. of a's/m*-sec-sterad 


No. of a's/m?*-sec-sterad 


in interval 280-450 


Neutron counting 
rate (counts/hr) at 
Sacramento Peak, 
New Mexico. No. of 
counts/hr averaged 
over period of flight 


Neutron counting 
rate (counts/hr) at 
Mt. Washington, 
New Hampshire. 
No. of counts/hr/64, 
averaged over 
period of flight. 


with 2 >700 Mev/nucleon 


Flight No 
and date 


Ill 


July 7, 1955 203-416 305425 


V 
March 13, 1956 1424-14 (36412%) 


Vill 


August 17, 1956 176415 (12412%) 


* See reference 18 
» See reference 14 


discussion put a very strong constraint on the type of 
modulation mechanism existing in the period March 13 
to March 20, 1956. At the present time we have not 
reached any conclusions regarding the nature of this 
mechanism. The energy dependence of the observed 
temporal variations would not appear to be in agree- 
ment with the recent geocentric mechanism proposed 
by Parker." However, it might be possible to explain 
this type of variation on the basis of a cavity model 
such as proposed by Meyer, Parker, and Simpson,'® 
Morrison,’ and Davis."” A cavity would tend to provide 
a storage mechanism which is more efficient for low- 
energy primaries. 

The average levels of sea level neutron intensity on 
July 7, 1955 and August 21, 1956 are also included in 
Fig. 9 and the corresponding alpha fluxes and neutron 
counting rate levels are shown in Table III. There 
appears to be roughly a 3% change in alpha flux for 
each 1° change in the sea level neutron counting scale. 

The flight of March 13, 1956, is also of interest for 
the study of short-term temporal variations. Figure 10 
gives a plot of counting rate vs time for protons, por- 
tions of the alpha differential spectrum, and neutron 
data from Climax and Mt. Washington. While the 
balloon is moving East in an approximate great-circle 
trajectory and constant geomagnetic latitude, the form 
of the proton curve eliminates any large change due to 
small changes in geomagnetic latitude. The data show 
a 174+4% increase in protons, a 254+79% change in 
fast alphas (£>600 Mev/nucleon), and no change in 
alphas with energies between 300-600 Mev/nucleon. 
Unfortunately this flight terminated just as an ap- 
preciable increase of alphas was noted (Fig. 10) so 
this component might have shown changes at a later 
time. The tota! flux changes are clearly reflected in 
corresponding changes in the neutron monitor counting 

4. N. Parker, Phys. Rev. 103, 1518 (1956) 

16 Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956) 


‘6 P, Morrison, Phys. Rev. 101, 1397 (1956) 
‘TL, Davis, Phys. Rev. 100, 1440 (1955) 


with F >280 Mev/nucleon 
(No, in parentheses gives [No. in parentheses gives 


%, change from Fit, [11] ) Change from Fit. III) 


2274-2.3 (30414%) 


2704:2.5 (12414%) 


Mev/nucleon. (No. in 
parentheses gives % 
change from Fit. IIIT] 


(No. in parentheses 
gives % change 
from July 7, 1955 ]» 


(No. in parentheses 
gives % change from 
July 7, 1957 ]* 


5046 23 680+ 100 2461415 


49+6 (2+16%) 21 344 (10.5%) 2175 (13%) 


48+6 (44.16%) 


22 272 (6%) 2369 (4%) 


rates.'* There does not appear to be any marked solar 
activity on the date of this flight which could be 
associated with the observed increase. 


VI. REMARKS 


In view of the experiments of Simpson ef al.” which 
indicate that the “cosmic-ray” equator and the geo- 
magnetic equator do not coincide and the results of 
Waddington and Fowler‘ and the present paper which 
indicate that the cosmic-ray cutoff energies are not in 
agreement with the predictions of geomagnetic theory, 
it would appear that standard geomagnetic theory is 
not applicable to cosmic rays without additional mag- 
netic fields or a perturbing mechanism in the vicinity 
of the earth. The “knee” previously observed in the 
spectra of the high-Z component of the primary cosmic 
radiation by Ellis, Gottlieb, and Van Allen” should 
perhaps be reinterpreted in the light of the new, effec- 
tive geomagnetic cutoffs which are found in the present 
work. However, the measurements of Ellis et al. were 
made in the summer of 1953 (near sun-spot minimum) 
and it is possible that effective cutoffs vary with solar 
activity. 

The observed variation of the energy spectrum would 
seem to require a mechanism which can contain the 
very-low-energy portion of the cosmic radiation while 
modulating the cosmic rays above this energy. From the 
neutron data we also know that the very-high-energy 
cosmic rays (E>10 Bev/nucleon) are not as strongly 
affected as those in the range 800 Mev/nucleon to 10 
Bev/nucleon. These two observations place very strong 
constraints on the type of modulation mechanism 
which can produce these effects. It is suggestive that 
the effect of the increase measured during flight 5 
(March 13, 1956) in the midst of a large Forbush de- 
crease was to enhance those portions of the spectrum 


18 J. A. Simpson (private communication). 
1” Simpson, Katzman, and Rose, Phys. Rev. 102, 1648 (1956). 
* Ellis, Gottlieb, and Van Allen, Phys. Rev. 95, 147 (1954). 
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which had been most heavily depleted and would tend 
to indicate that the same mechanism caused both 
changes. 


SUMMARY AND CONCLUSIONS 


The alpha-particle differential energy spectrum has 
been extended down to 150 Mev/nucleon. A maximum 
in the differential spectrum is observed in the vicinity 
of 325 Mev/nucleon in agreement with that reported 
by other observers. At the present time it is not known 
whether the observed shape of the differential spectrum 
is due to a local modulation mechanism or whether it 
represents the cosmic-ray energy spectrum at large 
distances from the earth. The position of the maximum 
in the differential spectrum at 325 Mev/nucleon is not 
a function of latitude for \>52°N. The measured 
geomagnetic cutoffs in the region 51°-55° are consistent 
with calculated values for latitudes 4° higher. The 
increase in flux in this latitude range is in agreement 
with the energy spectrum data obtained at 55°. The 
cutoff would appear to be a sharp one although our 
evidence on this point is not conclusive. The measured 
shift in geomagnetic coordinates is much greater than 
the experimental errors and would seem to imply the 
existence of a perturbing mechanism in the vicinity of 
the earth. The observed long-term temporal variations 
agree very well with the sea-level neutron data. There 
would appear to be roughly a 3% change in alpha flux 
for each 1% change in the sea-level neutron counting 
rate. The Forbush decrease centering around March 13, 
1956, was studied in great detail. There appeared to 
be a larger decrease in the alpha flux than in the proton 
flux. Alpha particles in the energy region 600-300 Mev/ 
nucleon did not appear to be strongly affected by the 
decrease while those with energies greater than 800 
Mev/nucleon changed by 36% from previous measure- 
ments during a “quiet” cosmic-ray period (July 7, 
1955). An increase observed during the course of the 
flight was also recorded by sea level neutron counter. 
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Fic, 10. Plot of protons, portions of the alpha particle energy 
spectrum, and Climax and Mt. Washington neutron data vs time 
for flight V (March 13, 1956) 
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Again the high-energy alphas showed the greatest 
change while particles below 700 Mev/nuceon did not 
seem to show any appreciable change. 
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Possibility of Hyperfragment Formation in K~ —d Reactions 
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If there exist bound Z~-neutron and/or A°-proton systems, the interaction between slow K~-mesons and 
deuterons may be an effective means for their production. Estimates are given for the ratio l' of production 
of bound states to the corresponding free states for the reactions K~+d—+2~+n+-x* or A°+ p+, where 


the K 


is supposed to be bound in a low-lying atomic orbit. The following connected alternatives must be 


considered : (1) K~ is scalar or pseudoscalar, (2) the capture takes place from an atomic s- or p-state, (3) the 
final bound state is *S or 1S. The 4S and 'S cases are qualitatively different. Apart from this it turns out 
that I’ depends mainly on the binding energy of the hyperon-nucleon system and is insensitive to its effective 
range. If the (Z~,n) system is bound in a *S-state with an energy ~1 Mev, I may be anticipated to be of 
order unity. It is also noted that the reactions in question may yield partially polarized hyperon beams. 


I. INTRODUCTION 


T is the purpose of this paper to show that a study of 
the interaction of slow K~ mesons with deuterons 
may be particularly suited to obtain information on 
hyperon-nucleon binding. Specifically, we have in mind 
the reactions 


K~-+d—2>+n+n', (1) 
K-+d—-A+p+x-, (2) 


where the A~ meson is captured from a Bohr orbit. 

Recently an event has been reported! which may be 
interpreted as the decay of a (Z*+,p) hyperfragment. 
If these particles indeed can bind, the same should be 
true for the system (Z~,n). The latter case would in 
fact be favored, owing to the absence of Coulomb 
repulsion. At any rate, if the (2~,n) shows binding 
which is at all appreciable, particularly in the *S state, 
we shall see that reaction (1) should be a good source 
for such two-body hyperfragments. 

No bound (A',p) systems have so far been unam- 
biguously identified.? Indications are that if bound 
states exist at all, the binding energy is not more than 
a few tenths of an Mev. But we shall see that even if 
the binding is no stronger than this, the chances are not 
negligible that such fragments could be produced in the 
reaction (2). 

In order to estimate the relative frequencies of the 
effects in question, we shall employ an impulse approxi- 
mation in which the reaction (1), for example, takes 
place “‘on the proton.” That is to say, we consider the 
process 


K-+-pom-+rt, (3) 


' Baldo-Ceolin, Fry, Greening, Huzita, and Limentani, Nuovo 
cimento (to be published). We are grateful to the Padua group 
for keeping us informed of their results in advance of publication, 

*For hyperfragment surveys see Fry, Schneps, and Swami, 
Phys. Rev. 99, 1561 (1955); 101, 1526 (1956); and 106, 1062 
(1957). Also Filipkowski, Gierula, and Zelinsky, Acta Phys. 
Polon, (to be published); V. L. Telegdi, Proceedings of the Seventh 
Rochester Conference on High-Energy Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957) 


to be the primary mechanism for reaction (1). Such an 
assumption is perhaps not unreasonable. The reaction 
volume for K absorption is presumably small compared 
to the dimensions of the deuteron. The pion energies 
involved (<86 Mev) are well below the region of reso- 
nance in -nucleon scattering. For this reason multiple 
m scattering effects should not be very large, a circum- 
stance which favors the validity of the impulse approxi- 
mation. In this spirit then, we shall treat the outgoing 
pion as free; and we neglect, for example, contributions 
to reaction (1) coming from K absorption ‘“‘on the 
neutron” via K~+mn—2~+7’, with subsequent ex- 
change scattering r’+ p—n+n". 

It may be noted that direct experimental evidence 
for the validity of the present picture may come from 
a comparison of the rates of reactions like (1) with, for 
example, K~+d-—2~+p. The latter is favored by 
phase space but should be relatively suppressed if 
conditions are unfavorable for the virtual reabsorption 
of pions that have to be produced in intermediate 
states. 

In the same way we shall assume that reaction (2) 
proceeds, in the sense of the impulse approximation, 
from the primary process 


K-+n-A'+7r-. (4) 


In both reactions, (1) and (2), the interaction between 
the final baryons is in principle taken into account by 
the use of the appropriate (bound or continuum) wave 
functions of the two-baryon system. 

The matrix element for either of our reactions will 
have the form*® 


o= f ‘kot Tu (r)dr, (5) 


where u is the ground state function of the deuteron 
and » is the final hyperon-nucleon wave function. The 
arguments in both functions are the relative coordinates 


’ We put h=c=1., 
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in question and, of course, v and « depend on the spin 
states involved. We shall assume ¥ and A to have spin 4 
and K to have spin zero. Finally 


m 
ko: . ( 
M+m 


where p, is the pion momentum and m and M are 
respectively the nucleon and hyperon masses. 

The operator T is the transition operator for the basic 
interaction (3) or (4), as the case may be. The structure 
of T depends on further dynamical details. In particular, 
it depends on whether the K meson capture takes place 
from an s- or p-state atomic orbit (these are the only 
two possibilities expected to have appreciable proba- 
bility); and it also depends on the relative intrinsic 
parities of the particles concerned. 

As to the latter, the intrinsic parities of strange 
particles in fact cannot be defined relative to that of 
the nucleon, if parity is not conserved in weak inter- 
actions.‘ But all that matters is the product parity of K 
meson and hyperon relative to the nucleon parity. For 
convenience of writing, we shall say that the hyperon 
parity is even, both for reactions (1) and (2)—-without 
implying by this convention that the A° and & parities 
are in fact relatively even; and thus for either reaction 
we shall distinguish between K mesons of even and odd 
parity. There is some indication, however, that the A 
and Y parities are indeed relatively even and that, 
relative to these, the K meson has odd parity.® 

In the following section we will be concerned with 
estimating the frequency in reaction (1) for production 
of (Z~,n) in a bound state, if it exists, relative to pro- 
duction in the continuum. It will turn out that if there 
is a bound triplet S state, the frequency can be expected 
to be appreciable, largely independent of whether the 
reaction takes place from an s- or p-state orbit and of 
whether the K meson is scalar or pseudoscalar (in the 
sense defined above). The results of course depend on 
the assumed binding energy and on the details of the 
bound state wave function, but not too sensitively if 
the binding energy is more than a few tenths of a 
million volts. If the bound state is a spin singlet, 
appreciable production of (2 ,n) fragments can again 
be expected if the A meson is scalar—or, if pseudo- 
scalar, if capture from p-state orbits is significant. 
Identical considerations apply for the production of 
(A’,p) fragments in reaction (2), where, however, the 
probabilities are reduced because of the larger energy 
release involved here. 

There is as yet little experimental evidence which 


P., (6) 


‘Concerning the definability of such intrinsic parities, sec 
\. Pais, Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Physics, 1957 (Interscience Publishers, Inc New 
York, 1957) 
5See M 
ment concerns the A 
same intrinsic properties to A 
interactions) 


1296 (1957). The 
one will assign the 
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bears directly on the question of the relative importance 
of capture from s- and p-state orbits. There is, however, 
some information on the magnitude and energy de 
pendence of A~ absorption on hydrogen;® and an 
analysis similar to that carried out by Brueckner et al.® 
suggests that s- and p-state capture may be comparable, 
the latter perhaps being slightly favored. 

Although our main interest here lies in the relative 
frequency for production of fragments, it should be 
noted that strong hyperon-nucleon forces, even if they 
are not sufficient to produce binding, would distort the 
continuum way in the 
reactions (1) and (2). It is perhaps premature at this 
stage to discuss this in detail, however; such effects 
require more quantitative information than is required 
for discussion of possible fragment production. 


spectrum in a characteristic 


Il. FRAGMENT PRODUCTION RATES 
A 


We begin by considering the case where the K meson 
is pseudoscalar and capture occurs from an atomic 
s-state. The T operator of Eq. (5) must transform like 
a scalar. In our approximation, according to which the 
primary reaction occurs on one specific nucleon, say 
nucleon ‘1’ (see Eqs. (3) or (4)), T must have the 
general form 


Tre, Cl A een | 
i at ib (ox) +i (wx), (7) 
) ) 


where p is the gradient operator which acts on the 
relative coordinate r. The coefficients a and 6 are scalar 
functions which may depend on p, and p. We shall, in 
fact, assume that the first term is essentially a constant 
and further that it is much larger, for the energies in 
question, than the last two terms. This is equivalent to 
the assumption that in reactions (3) or (4) the /=0 
K-meson partial wave is predominant at low energies 
There is some evidence’ that the absorption cross 
section for negative AK mesons on hydrogen increases 
rapidly with decreasing energy, which suggests an 
important s-wave contribution, 

Insofar then as we retain only the first term in 
Eq. (7), we see that in reactions (1) and (2) the hyperon 
nucleon system is produced only in a triplet spin state; 
so that for the case under discussion (pseudoscalar A 
meson, capture from an s-state) it is only if binding 
occurs in the triplet state that fragments can be pro 
duced. Let us suppose there is a *S bound state. The 


rate of production of fragments is then given by 


R,=2nr a [ f pn (rye k 
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1398 PAIS AND 
where vy, is the bound state hyperon-nucleon wave 
function and dp,/dE is essentially the density of final 
states “‘on the energy shell.” For reaction (1), p,y=177 
Mev/c and ko=78 Mev/c; for reaction (2), p,=265 
Mev t, ko 121 Mev/« 

The total rate for production in the continuum is 


6 


given by 


dkdp, ' 
R,;=2n a\* e (ne 'ulrjdr) , (9) 
(29r)*dke - 


where 1(r) is a continuum hyperon-nucleon wave func 
tion labeled by the relative momentum k. If we were 
free to integrate over all k, we could evidently use 


closure® on the function vy, namely, 


1 
f at (r)uy (re dk =6(r— rv’ n*(r)vpy(r’) 10) 
dr) 


Actually the k-domain is bounded by over-all energy 
conservation. It follows that we overestimate Ry by 
applying closure to (9). If we do apply closure, the 
integration over p, is to be replaced by an assignment 
of a suitable mean value to | p,|. If we take for this the 
maximum value p, can attain, which is just the value 
corresponding to the pion energy for fragment produc 
tion (aside from small corrections due to binding 
energy), we overestimate R, once again 

Denote by I’ the ratio of the rates for producing 
bound hyperon-nucleon systems relative to free systems. 
Owing to the nature of our approximations, we find a 


lower limit for I’. The result is 


where 


\ far ne mot 12) 


The super 


with ko evaluated at maximum pion energy 
script three denotes that we are dealing with the case 
where the bound state is a spin triplet. It may be re 


marked that the lower limit on “I obtained here by 


closure is probably not too different from the value 
which would be obtained by a more careful treatment 

since the very fact of attractive forces strong enough to 
produce binding would mean that the hyperon-nucleon 


system in the continuum would tend to have small 


relative energy. The average value of p, is probably 


close to the maximum value, therefore, and the states 


which violate energy conservation would have little 


weight 
We can estimate 


‘VY as follows: Put 


u(r)=(N/r)(e* 
on (r)=(N'/r)(e 


Sor a similar discussion see G 


Phys. Rev. 84, 779 (1951 


re 
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Expression (13) is the usual approximation for the 
deuteron ground state wave function, where 


a=(Me)}, (15) 
« being the magnitude of the deuteron binding energy; 
8 is related to the triplet effective range p by 


(16) 


1.7X10°" em, B=6.2a. The normalization 


factor N is given by 


with p 


a 

(17) 
2r(1—ap) 
The high-momentum Fourier components of the deu- 
teron wave function are not sensitively involved in the 
present considerations. Thus the rather phenomono- 
logical form (13) should be suitable for our purposes. 
Likewise it is perhaps reasonable to characterize the 
hyperon-nucleon bound state by a wave function (14) 
of similar structure. Specifically we have 


2mM 
é (18) 
m+M 


where e’ is the magnitude of the hyperon-nucleon bind- 
ing energy. The relations (16) and (17) again hold true 
for the primed quantities. We then find 


kvylat a’ +8+ ,") 
tan ( 
(a+a’)(B+ 6’) — ky? 


ky(at+a’+B+ ,') 
tan ( ) , 099) 
(a+B’)(B+a’)— ky? 


In ‘Table I we list the value of *X for the (2~,n) system 
for several values of the binding energy and for two 
p. The latter 
n forces pre- 
sumably involve single pion exchange and should have 


bo. \ \' 


0 and p’ 


value is perhaps reasonable since the 2, 


choices of effective range: p’ 


a range comparable to that of nucleon-nucleon forces. 

In any case, the results are not too sensitive to the 

effective range. In Fig. 1 the fraction *I'o is plotted as a 
function of the binding energy. 

lor the (A°,p) system the forces involve the exchange 

of at least two pions and here one expects a shorter 

effective range. In Table IT we list values of X for this 

system, taking zero effective range and restricting our- 
selves to small binding energies 

rasie Ll. Value of X for a (z fragment 

10 0.50 


0.09 
0.08 


0.61 
0.64 





HYPERFRAGMENT 


B 


Here we turn to the situation where a pseudoscalar K 
meson is captured from a p-state orbit. The transition 
matrix must again transform like a scalar, but it must 
now be linear in VWx«(0), the gradient of the p-state 
K meson wave function evaluated at the deuteron. The 
general form, in our approximation, is then 


Oo. +e2 
1= cps Wx(0)+id{ )-C0.xvvx(0)) 
2 


2 ee Le) 
+a ) Cox vv (0) }, (20) 
2 


plus similar terms in which p, is replaced by p, the 
gradient operator which acts on the relative coordi- 
nate r. We shall neglect these latter terms, which repre- 
sent baryon recoil effects. This is not clearly justified ; 
but we note that the average pion momentum in re- 
actions (1) and (2) is in general much larger than the 
baryon momenta. At any rate, the inclusion of the 
additional terms does not alter the order of magnitude 
of the effects with which we are concerned. The coeffi- 
cients c and d we shall again take to be constants. 

The first two terms in Eq. (20) connect to final 
triplet states for the hyperon-nucleon system; the last 
term produces transitions to singlet states. Under the 
present circumstances then, if the magnitudes of ¢ and d 
are comparable, fragments which are either triplet or 
singlet could be produced. 

Suppose that the bound state is a spin triplet (we do 
not consider the possibility that there is both a triplet 
and a singlet bound state). We again apply closure to 
obtain an upper limit on the rate for production of the 
hyperon-nucleon system in the continuum, both for 
triplet and singlet states. The number of (triplet) 
fragment events, relative to continuum events (triplet 
plus singlet) satisfies the inequality 


(\¢ 24-41 d|*) 8X |? 
> 


> (21) 
(le 244 d *\(1—|4xX %) + 3 d 2 
The numerical factors arise from averaging over the 
deuteron polarization and over the magnetic quantum 
number of the K-meson p-state wave function. Again 
the superscript ‘iree denotes that we are considering 
the case of spin-triplet fragments; and *X is again given 
by Eq. (19). The results now depend on the relative 
magnitudes of c and d, the no-spin-flip and spin-flip 


TaBLe II. Value of X for a (A°,p) fragment 


« (Mev) 0.51 0.13 


X (p’=0) 0.47 0.36 
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BINDING ENERGY, MEV 


Fic. 1. Lower limit on number of (2~,n) fragment events relative 
to continuum events, as a function of fragment binding energy, 
for the case of pseudoscalar K meson, s-state capture, Solid curve 
effective range p’=0; dashed curve: p’=1.710~" cm 


coefficients. In the case most unfavorable for production 


of spin-triplet fragments (c=0), we have 


(21’) 


so the minimum value is not much smaller than in the 
case of capture from an s-state orbit [ Eq. (11) }. 

If the bound state is a spin singlet, the number of 
(singlet) fragment events, relative to continuum events 
(triplet plus singlet), satisfies the inequality 


4\d|? 
T2- 
ald|*(1 


where the superscript one denotes that we are con 
sidering spin-singlet fragments; and 'X is given by an 
equation analogous to (11), with vg the singlet bound 
state wave function. We assume that the latter can 
again be represented by the structure (14), so that 'X, 
as a function of binding energy and effective range, is 
again given by Table I. We see that appreciable pro 
duction of singlet fragments will occur only if the spin 
flip coefficient d is comparable to or larger than the 
coefficient c. 


C 


We now turn to the case where the K meson is scalar 
The T operator must then transform like a pseudo 
scalar. For capture from an s-state atomic orbit the 
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general form, in our approximation, is 


O, +02 0\~— 2 
ra) nS) 
2 2 


plus similar terms with p, replaced by p. We shall 
again neglect the latter terms and assume that the 
coefficient ¢ is a constant. For capture from a p-state 
orbit, 7 must be linear in VWx(0) and we have 


Ore, a; 0» 
/ i( ):¥¥%(0 +( ) 7500) (24) 
2 2 


where again we assume that the coefficient / is a con- 


(23) 


stant. 

For both cases, s- and p-state capture, we now have 
terms which connect to triplet and singlet states of the 
final hyperon-nucleon system. We proceed as before to 
obtain lower limits on I’, the ratio of fragment events to 
continuum events. The results are identical in form for 
both s- and p-state capture, 

If it is the triplet state which is bound, we find 


if it is the singlet state which is bound, we have 
'y 


~(1—|4X|%)4+2 


Ill. SUMMARY AND DISCUSSION 


The results of the preceding analysis can be sum 
marized in the following way. If the hyperon-nucleon 
systems in reactions (1) or (2) can bind in a 4S state, 
then appreciable production of such fragments can be 
expected, especially for the (2~,n) system. Our esti- 
mates of the relative frequency of fragment production 
depend on whether the K meson is scalar or pseudo 
scalar, on whether capture occurs from an s- or p-state 
orbit, and on the details of the bound-state wave func 
tion. The results are not, however, too sensitive to any 
of these factors, provided the binding energy is at all 
appreciable. In Fig. 1 the lower limit on the relative 
frequency for (2~,n) fragments is plotted as a function 
of binding energy for an especially favorable case: 
pseudoscalar K-meson, s-state capture. But for the 
other alternatives the situation is not too much less 
favorable, as caf be seen by comparison of Eqs. (21) 
and (25) with Eq. (11). 

If binding occurs in a 4S state and if the A meson is 
scalar, the orders of magnitude of I’ are the same as for 
‘§ fragments [see Eq. (26) ]. For pseudoscalar K 


Ss 
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mesons, on the other hand, appreciable production of 
singlet fragments can be expected only if p-state 
capture is significant and if there is an important spin- 
flip term in the transition matrix element [see Eqs. (20) 
and (22) }. 

The essential approximations on which the present 
discussion have been based are the following: (1) the 
choice of a specific form for the bound state wave 
functions [we believe, however, that the representation 
of Eq. (14) is adequate for the present purposes and 
that no appreciable error is involved in this choice }; 
(2) the use of the impulse approximation; (3) the 
neglect of terms involving baryon recoil in the transition 
operators. 

As to the last-mentioned, we may say that the 
inclusion of such terms in any case would not be likely 
to alter qualitatively the results obtained here on frag- 
ment production. However, it is important to note 
that they would give rise to another kind of effect which 
is not without interest. One sees, for example, that if in 
Eq. (7) both the a and 6 terms are retained, then their 
interference would give rise to a polarization of the 
free hyperon—a polarization perpendicular to the plane 
of the reaction, If parity conservation is violated in 
the subsequent weak decay of the hyperon, one could 
detect this polarization by means of an “up-down” 
asymmetry relative to the plane of the reaction. It 
would be worthwhile, and simple experimentally, to 
look for such effects. 

In this paper we have concentrated on the question of 
fragment production rather than on the question of the 
spectrum for the case of unbound particles, because, as 
will by now be clear, the former problem can be handled 
by means of rather qualitative considerations. Of course, 
a study of the spectrum by itself will give further infor- 
mation which in part is connected with the various 
alternatives we had to consider under the headings 
A, B, C, of Sec. Il. Thus, for example, if strong attrac- 
tive forces favor hyperon-nucleon S-states, the distri- 
bution in angle @ between the pion and the relative 
hyperon-nucleon momentum will be composed of L=0 
and 1. In special cases this distribution may even be 
simpler: if the A~ is pseudoscalar (scalar) and if capture 
from an §-(p-) state is strongly favored, the distribution 
in 6 will tend to be isotropic. 

These last comments on the spectrum apply equally 
well to such reactions as K~+d-—»2*++n+ 7 for which 
the fragment problem does not arise. Finally, it is clear 
that the problem of comparing the total rate of reactions 
like (1) with the various other processes that can 
happen upon K~-absorption by deuterons will also 
necessitate more detailed assumptions on the dynamics 
than were needed in the present discussion of fragment 
rates. 
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An analysis of the transition curves of Carmichael and Steljes 
has been carried out to yield the transition curves in lead of ion 
chamber bursts produced by cascades initiated by the electrons 
and photons of the soft component incident from the atmosphere 
From the rates at the maxima of these transition curves, the 
absolute omnidirectional integral energy spectrum of the electrons 
and photons of the soft component at sea level, in the energy 
range from about 100 Mev to 100 Bev, is deduced. Incident elec 
trons and photons associated with extensive air showers, as 
identified by coincidences with a nearby larger ion chamber, are 
excluded. An additional single experimental point on the integral 
spectrum (8.410 per sphere of unit area per sec) is obtained 
from the observed rate of electrons of all energies greater than 


1, INTRODUCTION 


HE ionization bursts produced by the omnidirec- 

tional flux of cosmic radiation, near sea level, in 
a spherical, 8-inch diameter, pressurized ion chamber, 
unshielded and with 15 different thicknesses of hemi- 
spherical lead shielding, have been reported in I and IL.! 
It was shown that the bursts arising from w mesons and 
protons intersecting the ion chamber, from stars in the 
gas, and from extensive air showers could be determined 
for each thickness of the lead shield and subtracted. 

In the unshielded ion chamber the bursts that re- 
mained after subtraction were ascribed to the electrons 
of the soft component that were not associated with 
detected extensive air showers. These electrons are 
more than 100 times as numerous as the detected 
extensive showers (see Fig. 4 of 1). No doubt some of 
them come from the fringes of undetected air showers 
but the majority are probably connected with primary 
showers only indirectly, for example through knock-on 
and decay processes of » mesons in which electrons may 
occur at a great distance from the primary shower. 
From the shape of their pulse-size distribution, and its 
similarity to the shape of the distribution produced by 
the ~ mesons which are known to occur singly, it is 
inferred that, within the area (324 cm*) presented by 
the ion chamber, nearly all of these electrons of the soft 
component occur singly. 

Under the lead shields the bursts that remained after 
subtraction were ascribed to, (a) electromagnetic cas- 
cades arising from electrons and photons incident on 
the shield from the atmosphere, (b) electromagnetic 
cascades originating within the lead from knock-on and 
radiation by » mesons, and (c) penetrating showers 
and electromagnetic cascades engendered within the 
lead from the nucleonic component. The results were 
presented as a family of transition curves in lead for 

1H. Carmichael and J. F. Steljes, Phys. Rev. 99, 1542 (1955); 
105, 1626 (1957). These papers will be referred to as I and II 
respectively 


1 Mev unshielded ion chamber, Since a 
quantitative 


made use of in the derivation of the energy spectrum, and since 


which intersect the 


relation from electromagnetic cascade theory is 
this relation is at present uncertain for lead in the energy range 
involved, the possible error of the flux in the energy spectrum 
(+ 100°, 


occurrence of bursts (+57) 
In the energy range below 400 Mev the integral 


is much larger than that of the observed rates of 
In this respect the spectrum 1s 
preliminary only 
spectrum 18 In agreement with previous absolute measurements; 
below 2 Bev it is in conformity with a previous relative measure 
ment; from 1.6 Bev to 100 Bev, where there are no previous 
2.00 and the 
rate for 1.6 Bev is 2.4X10~° per sphere of unit area per se¢ 


determinations, it obeys a power law of exponent 


bursts of different given sizes measured in ion-pairs 
One of the transition curves (for bursts of exactly 
4.27X10° ion-pairs or an average of 32 particles) is 
shown in Fig. 1 where a broken line indicates a separa 
tion between bursts of type (a), arising from electrons 
and photons incident on the shield, and bursts of types 
(b) and (c), engendered within the lead. 

One objective of the present paper is to separate the 
bursts of type (a) from those of types (b) and (c) and 
so obtain the transition curves in lead arising from the 
incident electrons and photons not associated with 
detected air showers, These transition curves represent 
mainly the propagation of single cascades in lead and 
so they are suitable for comparison with calculations of 
the electromagnetic cascade process, At the same time 
the energy spectrum of the incident electrons and 
photons of the soft component can be derived from the 
size. In fact 
each individual transition curve contains bursts origi 


measured rates of cascades of different 


nating from incident electrons or photons in a range of 
energies and so calculation of the shape of even a single 
transition curve requires both a correct electromagneti 
cascade theory and a knowledge of the energy spectrum 
of the incident particles over the appropriate range of 
energy. Also, for a valid calculation, the effect of the 
spherical geometry of the ion chamber and of the 
shielding must be allowed for in detail. 

It has not so far been possible to make a satisfactory 
comparison between theory and experiment because of 
the lack of tabulated results of cascade-theory calcula 
tions applicable specifically to lead in the range of 
energies up to 100 Bev, It is well known that conven 
tional cascade theory is only valid for elements of low 
atomic number. A Monte Carlo calculation of cascades 
in lead in the energy range below 500 Mev, made by 
Wilson,’ showed that the number of electrons emerging 


from a lead plate in the vicinity of the cascade maximum 


?R. KR. Wilson Phys. Rey 86, 261 (1952 
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Fic. 1, The transition curve for bursts of 4.27 10° ion-pairs, or an average of 32 particles crossing the ion chamber. 
The broken line indicates a separation between, (a), bursts arising from cascades produced by electrons or photons incident 
on the shield from the atmosphere and, (b) and (c), bursts arising from cascades initiated by » mesons or in penetrating 


showers 


is less than that given by conventional theory by a 
factor of about 2, Wilson showed also that conventional 
theory provides cascades in lead that die away much 
too rapidly after the maximum. It is expected that the 
results of an adequate theoretical calculation for lead 
may become available in the near future. 

A trial calculation of the transition curves was made 
using Wilson’s data for the lower energies and the 
curves given by Snyder and Serber, shown in Rossi’s 
book,* for the higher energies. This calculation took 
account of the spherical geometry of the ion chamber 
and the shield but did not include any allowance for 
the effect of statistical fluctuations of the number of 
particles in the cascades. The agreement of Wilson’s 
data with the experimental transition curves was 
reasonably good, but the Snyder-Serber data did not 
give nearly a sufficient number of bursts beyond the 
maxima of the transition curves which is consistent 
with the statement that this theory yields cascades that 
have too few particles beyond the cascade maximum in 
lead. One was able to conclude, however, that it might 
be possible, using a correct energy spectrum and a 
correct theory along with proper allowance for fluctu- 
ations, to reproduce the experimental transition curves 
to within a few percent over the whole observed energy 
range from 136 Mev to 78 Bev. In other words there 
was no indication that the observed cascades did not 
originate almost entirely from single incident electrons 


or photons and the experimental accuracy appeared to 


be good. Since the discrepancies that are likely to be 
found between cascade-theory calculations and experi- 
ment, due for example to neglect of the trident process 
or to improper estimation of the fluctuations, are not 
New 


°B. Rossi, High-Energy Particles (Prentice-Hall, Inc 


York, 1952), p. 259 


expected to be large, there is no point in publishing a 
comparison until valid theoretical data is available. 

During the course of these calculations it became clear 
that a useful first approximation to the energy spectrum 
of the soft component could be obtained from the data 
using from theory only the estimated number of elec- 
trons at the maximum of a cascade expressed as a 
function of the energy of the initiating particle. 

To present this preliminary energy spectrum and 
compare it with previous work is the main objective of 
the present paper. 


2. EXPERIMENTAL DATA 


The experimental data to be discussed are the transi- 
tion curves already extracted and published in Table III 
of II. In order to isolate from each of these composite 
transition curves the part to be ascribed to electro- 
magnetic cascades generated by electrons or photons 
incident on the lead shield from the atmosphere, the 
true shape of the demarkation curve already mentioned, 
and indicated in Fig. 1, must be found. The problem of 
making an analytical calculation of the shape of this 
curve for each of the transition curves would be very 
difficult and the result of such a calculation for lead 
would at present be suspect. Fortunately, the experi- 
mental transition curve itself provides the means for an 
empirical solution that appears to be satisfactory. 

We make the assumptions, (1) that the bursts ob- 
served under thick lead, including those arising from 
the nucleonic component, are produced mainly by 
electromagnetic cascades; i.e., that the proportion of 
bursts of a given measured size produced directly by 
the ionization of the multiple mesons and the heavier 
particles of the penetrating showers is negligibly small, 
(2) that the energy spectrum of the electrons and 
photons directly generated within the lead by mesons 
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TaBLE I. Differential! size-frequency distributions and transition 
electrons and photons incident from the atmosphere. 
directional rates per sq cm per sec per 10° ion-pairs 


Logio 
(size in 
10n- pairs) 
4.8 
4.9 
5.0 
5.1 
5.2 
5.3 
5.4 
5.5 
5.6 
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0 0.110 0.262 0.360 2.02 


3.66 
3.45 
3.22 
3.01 
2.78 
2.57 
2.31 
2.06 
1.81 
1.60 
1.36 
1.10 
0.81 
0.52 
0.22 
1.91 
1.58 
1.26 
2.93 
2.59 
2.25 
3.91 
3.56 
3.22 
4.86 
4.49 
4.13 
5.77 
5.42 


4.10 
3.85 
3.63 
RY | 
3.11 
2.79 
2.42 
2.05 
1.64 
1.22 
0.78 
0.33 
1.86 
1.38 
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4.15 
3.88 
3.62 
3.34 
3.04 
2.71 
2.36 
1.92 
1.49 
1.04 
0.58 
0.11 
1.59 
1.06 


4.14 
3.70 
3.32 
2.97 
2.44 
1.89 
0.96 


4.20 
3.92 
3.62 
3.32 
2.97 
2.56 
2.15 
1.69 
1.24 
0.74 
0.21 
1.65 
1.02 
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or in penetrating showers is not very different from 
that of the electrons and photons incident on the lead 
shield from the atmosphere, (3) that two or more over- 
lapping simultaneous cascades do not very often con- 
tribute to the production of a single burst. 

It follows that each elementary layer of the shield 
can be considered to generate in the lead beneath it, 
for each given size of burst, a transition curve which is 
the same as that generated by the incident flux of 
electrons and photons for that size of burst. 

The procedure, therefore, is to obtain first a rough 
approximation to the transition curve for bursts of a 
given size by subtracting any reasonable curve of the 
shape shown by the broken line in Fig. 1 from the total. 
The growth curve of bursts of this given size produced 
from electrons and photons originating within the lead 
is then generated by adding together contributions from 
successive thin layers of lead until after growth of the 
generated curve has ceased. The generated curve is next 
fitted to the observed rate at any point beyond 12 cm 
of lead. The allowance to be made for the relatively 
slow absorption of the producing radiation is readily 
found from the observed decrease of rate with thickness 


of lead beyond 12 cm. The generated curve is now 
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curves of bursts attributed to cascades produced by omnidirectional 


The figures in the body of the table are the logarithms to base ten of the omni 
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1.57 
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0 
1.74 
1.43 1 
1.15 1.01 
2.84 2.72 
2.52 2.44 
2.22 2.14 
3.90 3.84 
3.59 3.54 
3.29 3,25 
4.98 4.95 
4.06 4.64 
4.36 4.35 
4.04 4.04 
5.71 5.75 


subtracted from the main curve to obtain a second 


approximation to the desired transition curve for ele 

trons and photons incident from outside, and the whole 
process is repeated to give a third and final approxi 
mation. 

Before the generated curve was subtracted from the 
main curve an additional consideration was introduced. 
It is known that inside lead the electromagnetic cascades 
that occur are almost all generated from photons, since 
direct production of electrons in lead, for example by 
the knock-on of electrons by mu mesons, is relatively 
much less frequent than the production of photons. 
The soft component from the atmosphere on the other 
hand, if it is not predominantly electronic near sea 
level, will have at least an equal number of electrons 
and photons of the energies here involved capable of 
producing cascades in lead. Photon-induced 
tend to develop slightly later than electron-induced 
cascades. To make allowance for this the generated 
curve was bodily displaced 0.25 cm, which is about half 
a radiation length, towards greater thickness of lead, 
before being subtracted from the main curve 

The final result of these subtractions from the 
given in Table III of II yielded the figures given in 


cascades 


rates 
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Fic, 2, The transition curves of bursts of given size produced 
by electromagnetic cascades incident on the lead shield from the 
atmosphere. The rates have been adjusted as described in the 
text to make the different curves comparable in size on a single 
graph 


Table I of this paper. There is a small discrepancy 
between the two tables for the largest bursts (> 107 ion 
pairs) in the 4,04 and 6.73 cm columns because the 
figures originally given in Table III of I1 were modified 
as a result of more precise fitting to the original experi 
mental points 

In Fig. 10 of Il a convenient graphical representation 
of transition curves for bursts of different given sizes 
was obtained by normalizing the rate to that observed 
under 27 cm of lead, where the size-frequency distribu 
tion satisfied a power law of exponent —1.73. With the 
same normalization factors, although the curves do not 
now extend beyond 12 cm of lead, the data of Table I 
are plotted in Fig. 2. To avoid confusion, points from 
Table I are shown only on each fourth curve. In drawing 
the curves of Fig. 2 a regular displacement of the 
maxima of the successive curves was imposed, in keep 
ing with the general displacement of the experimental! 
points. The selected position of the maximum is indi 
cated on each curve and also given in column 2 of 
Table II. That it was possible to do this implies that 


the displacement of the maximum is a logarithmic func 


tion of the size of the bursts since the sizes are in 
geometrical progression. 

The normalized rates of occurrence of bursts at the 
maximum of each of the transition curves of Fig. 2 


were now read off and are given in column 3 of Table IT. 
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In column 4 the normalizing factors have been removed 
and the actual rates (per 10° ion-pair size differential) 
are given. In Fig. 3 these rates are shown plotted against 
the corresponding burst sizes. This curve is very closely 
related to the differential energy spectrum of the 
electrons and photons of the soft component. Its 
apparently high accuracy stems to some extent from 
the graphical smoothing introduced at various stages 
in working up the results but basically it reflects the 
precision of the original observations. Limits of error 
are discussed in Sec. 7 below. 

The differential curve of Fig. 3 is a power law of 
exponent — 3.20 for bursts of size greater than 10° ion- 
pairs. The slope changes rather suddenly near 10° 
ion-pairs to an exponent of — 2.76 for all smaller bursts, 
except for a region of slightly enhanced rate centered 
around 1.6X10° ion-pairs. These features correspond 
to the variations of height of the curves of Fig. 2. The 
deviation around burst size 1.610° ion-pairs is in 
the region of bursts of average size 2 particles (in II 
the average’ size of bursts due to single relativistic 

TABLE II, The radial thicknesses of the lead shield and the 
rates, at the maxima of the transition curves, for bursts of 


different fixed sizes. Column 4 gives the omnidirectional rate 
per sq cm per sec per 10° ion-pairs 


Logio (actual 
rate at transi 
tion Maximum 
per cm?/sec ) 


Normalized rate 
at transition 
maximum 


Radial thickness 
of shield 
(em Pb) 


Logio (size 
in lon-pairs 


9.06 4.20 
8.97 3.92 
0.40 8.84 3.64 
0.46 9.54 3.39 
52 10.00 3.14 
64 9 46 2.85 
78 8.88 2.54 
90 8.50 2.25 
02 8.48 1.98 
14 8.45 1.70 
26 8.36 1.42 
38 8.00 1.13 
50 7.74 0.84 
62 7.42 0.55 
74 0.84 0.24 
86 6.04 1.92 
5.18 1.58 

4.72 1.26 

22 $.20 2.94 
2 

2 


1.8 0.11 
9 0.11 


34 3.76 62 
40 30 
58 3.98 
70 : 3.66 
2.82 3.34 
2.94 2 3.03 
3.06 2 4.72 
3.18 f 4.40 
3.30 5 4.07 
3.42 . 5.74 
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‘ This average is to be considered to apply to the whole area of 
the ion chamber 





SOFT COMPONENT 
particles intersecting the ion chamber was given as 

6.3 10* ion-pairs). This suggests that this enhancement 

may be related to a high probability of observing elec- 

tron pairs produced by the incident photons in the 

50-Mev range of the spectrum. 

On the basis of the average burst size produced by a- 
single particle a figure for the average number of par- 
ticles in the bursts at any point on the abscissa of 
Fig. 3 may be found. However, as will be seen later, 
this average is not a correct average for bursts produced 
by local cascades. From now on, therefore, we shall call 
it the nominal average number of particles in the bursts 
and it will be used only for labeling the transition 
curves in conformity with previous usage. 


3. DIFFERENTIAL ENERGY SPECTRUM 


The differential energy spectrum of the soft com- 
ponent is to be obtained by replotting the curve of 
Fig. 3 against the effective mean energy of the incident 
electrons and photons that produce the observed rate 
at the maximum of a transition curve instead of against 
the burst size in ion-pairs. 

According to cascade theory, using the solution under 
Approximation B for electrons incident, as derived by 
Snyder and Serber and quoted by Rossi,’ 
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Here [max(40,0) is the average number of electrons at 
the maximum of a cascade initiated by an electron of 
energy £ in a material in which the critical energy is €o 

Since the absorber is lead and the experimental 
arrangement is such that there is no backscattering 
into the ion chamber, the number of electrons at the 
maximum given by (1) is too large (as discussed above) 
by about a factor 2. Therefore we shall use 


y |; i (2) 


nex” 
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For lead, e9=7.6 Mev. 

Since the result of cascade theory in (1) is expressed 
in terms of number of electrons it is necessary to express 
the measured size of the bursts given by the abscissa 
of Fig. 3 in terms of the effective average of the number 
of electrons in those showers that contribute to the 
observed rate near the maximum of a transition curve. 
A cascade shower emerging from the shield will tend to 
traverse the ion chamber in the form of a narrow pencil 
of electrons and so the average path length of the 
electrons in a particular shower will depend upon the 
distance of the axis of the shower from the center of the 
sphere. Even if there is some angular divergence of 
the peripheral rays of the shower, in a sphere the length 
of the chord along the axis of the shower will still be 
quite a good measure of the average path length of the 
electrons. Therefore, for a given size of burst, cascades 
passing through the middle of the ion chamber will 
have less than the average number of particles while 
cascades passing near the wall will have more than the 
average. Also, because of the hemispherical shape of the 
shield, these latter cascades will have developed in a 
thickness of lead considerably greater than the radial 
thickness of the shield. It follows that the bursts that 
contribute to the rate measured near the maximum of a 
transition curve are due, if in the central part of the ion 
chamber, to cascades initiated by relatively low-energy 
electrons or photons, or, if near the margin of the ion 
chamber, to cascades arising from higher energy par 
ticles. Since the spectrum decreases very 
rapidly with energy this implies that the average 
number of particles in bursts of a given size, at a transi 
tion-curve maximum, is weighted in favor of cascades 
of smaller numbers of particles. 

These considerations were found to be of importance 
in the preliminary calculation of the transition curves 
referred to above—here we shall make use of a result 
of this calculation.® This result is that in the vicinity of 


incident 


In order to reassure the critical reader the mathematical basis 
may be outlined as follows, Consider single incident particles 
electrons and photons) intersecting the shield along paths passing 
through the ion chamber at a distance r from the center. Let the 
energy spectrum of those particles be S(/)dE, and let the transi 
tion curve of bursts of a given size in ion-pairs resulting from these 
incident particles be R(N,t)dN, where N is the corresponding 
(fixed) number of electrons emerging from the shield into the ion 
chamber, ¢ is the thickness of the shield in the line of propagation 
of the cascades, and R(N,1) is the rate. Now £ is obtainable as a 
function of N and ¢ from the curves due to Snyder and Serber 
259, where N 


given in reference 3, p is the average number of 
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l'iG, 4, The omnidirectional differential energy spectrum of the 
electrons and photons of the soft component, The upper curve 
gives the rate before making correction for the effect of statistical 
fluctuations of the sizes of the cascades 


the maximum of any of the transition curves the number 
of particles in the cascades averaged over the area of the 
ion chamber is only 0.83 of the nominal size obtained by 
division of the size in ion-pairs by the mean number of 
ion-pairs produced by a single particle. Therefore, after 
the size in ion-pairs as given on the abscissa of Fig. 3 
was divided by the average number of ion-pairs pro- 
duced by a single particle (6.3 10*), it was multiplied 
by 0.83, to obtain the average number of particles in 
the cascades. Since Fig. 3 is a differential curve, when 
the abscissa was changed the ordinate scale was altered 
to conform by multiplying by the factor (6.310 
0.83 10°) =0.76 to give the rates corresponding te a 
size differential of one particle. 

Reading from the new scales, the curve of Fig. 3 was 
now replotted against Hy by means of Eqs. (1) and (2) 
and «9=7.6 Mev. At the same time the rates were 
divided by the number of seconds in one hour and by 


electrons produced by an incident particle of energy E at depth ¢ 
If we neglect the effect of fluctuations, we may write 
E é logE ‘AN 
NdélogN ' 
and @logE/d logN can readily be obtained from the family of 
curves given by Rossi. 

To obtain the transition curve expected for the ion chamber as 
a whole it is necessary to calculate the separate curves for bursts 
of the same size in ion-pairs but different sizes in number of 
particles for a suitably large number of zones of equal area but 
different mean radius covering the whole area of the ion chamber 
and then add the resulting curves together 


R(NJdN = S(E)dE= S(E)2cdN = S(B) 
ot 
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the area of the ion chamber in sq cm (3600X 324). The 
curve thus obtained is shown as the upper curve in 
Fig. 4 ending at 136 Mev. When this curve has been 
corrected for the effect of fluctuations of the number of 
electrons in the cascades it will represent the absolute 
omnidirectional differential energy spectrum of the soft 
component near sea level. The curve has not been 
carried to energies smaller than 136 Mev, which is the 
energy corresponding to bursts of nominal size 2 par- 
ticles or 1.26X10° ion-pairs (antilog 5.1), because 
presumably Eq. (1) is not valid for smaller bursts. 

The rather involved series of operations made in 
arriving at the upper curve of Fig. 3 may now be 
checked back to the gross integral rate given in Table IT 
of II. Integration of the upper curve yields 1.3310 
per sphere of unit area per second for the flux of elec- 
trons and photons capable of producing bursts in the 
ion chamber of more than the nominal size 2 particles 
(antilog 5.1) under a lead shield of thickness 0.67 cm. 
The corresponding number from Table II of IT is 1620 
per hour in the ion chamber (antilog 3.21). The number 
of bursts of more than 2 particles (nominal) generated 
by mw mesons in this thickness of lead may be dis- 
regarded. Dividing 1622 by 3600 324, we find a rate 
of 1.39X10~* per sphere of unit area per second to be 
compared with 1.3310~*. ‘Therefore no gross error 
has been made. 


j 


4. CORRECTION FOR FLUCTUATIONS 


To estimate the effect of fluctuations, consider the 
rate R(N) of cascades of N electrons emerging from a 
layer of fixed thickness on which electrons and photons 
are incident normally with an energy spectrum S(£). 
Let P(N,E) be the probability that exactly V emergent 
particles are produced by incident electrons or photons 
of energy E and let II(£) be the average number of 
emergent particles in the cascades produced by that 
energy. Then, if the Poisson distribution is the correct® 
one for the fluctuations, 


P(N,E)=e""11*/N!}, (3) 


and the rate will be given by 


R(N)dN -av f S(E)dE P(N,E) 
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The effect of fluctuations on the value of R(N) is 
required at that thickness of the layer which produces 
the maximum rate R(N). Since large contributions to 
the integral (4) are made only by cascades initiated by 
particles in a small energy range, namely the energy 


* Both the theoretical calculations of Jiinossy and Messel and 
the Monte Carlo calculations of Wilson support the Poisson 
character of the fluctuations near the shower maxima 
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range corresponding to the width of the Poisson distri- 
bution (i.e., those cascades with mean numbers of 
particles between Il—4/ II and Il+-4/ Il, where I] is the 
mean number of particles in the most effective cascades) 
the cascades will be treated as though they contained 
a constant number of particles at all thicknesses. Also 
the mean number of particles, for simplicity, will be 
taken to be exactly proportional to the incident energy 
and not as given by Eq. (1). Therefore we shall write 


Ili=KE, (K=const). (5) 


The incident energy spectrum in the relevant energy 
range will be approximated by a power law with 
exponent —¥, 


S(E)dE=CE-WdE, (C= 
Combining (4), (5), and (6) 
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The factor CE~7/K is the rate that would be observed 
if there were no fluctuations and Nyf'(N—y+1)/N! is 
the factor by which the observed rate must be divided 
to correct the spectrum of Fig. 4 for the effect of 
fluctuations. The correction was made by trying differ- 
ent values of y till an approximately self-consistent 
result was obtained over the whole energy range, as 
shown by the lower curve jn Fig. 4 which is the cor- 
rected energy spectrum, 

Between 136 and 1600 Mev the slope in Fig. 4 of the 
omnidirectional differential spectrum changes gradually 
from —2.20 to —2.35. Above 1600 Mev the spectrum 
may be represented by a power law of slope — 3.00. 
At 1600 Mev, where the slope changes rather abruptly, 
the rate is 3.0X10~* per sq cm per sec per Mev. For 
energies involving cascades of less than 2 particles at 
the cascade maximum the spectrum cannot be deter- 
mined by this method. It is of considerable interest to 
integrate the spectrum in the energy range above 
136 Mev and try to extend it towards lower energies by 
means of other information. 


5. INTEGRAL ENERGY SPECTRUM 


The integral spectrum is shown in Fig. 5 by the solid 
curve ending at 136 Mev. From the ion-chamber 
measurements one additional experimental point can 
be plotted on Fig. 5 using the rate of occurrence of 
electron bursts of all sizes in the unshielded ion chamber 
as given in Table I of I. The smallest reliably detected 
size of burst is 2.510‘ ion-pairs which corresponds to 
about 0.7-Mev energy release in the ion chamber (for 
comparison the average burst size due to a single 
relativistic particle is 6.3X10* ion-pairs corresponding 
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Fic. 5. The omnidirectional integral energy spectrum of the 


electrons and photons of the soft component near sea level com 
pared with previous measurements made by others. 


to 1.8 Mev). Therefore the rate 8.5X10° per hour, or 
8.4X10~* per sphere of unit area per sec, can be taken 
as a measure of the flux of electrons of energy greater 
than 0.7 Mev. As an argument that this rate may be 
fairly accurate it should be noted that the omnidirec- 
tional flux of ~ mesons in the ion chamber, yielding 
bursts larger than this size (2.5 10* ion-pairs), is given 
in the same table as 1.95 10* per hour which happens 
to agree exactly with the accepted flux of « mesons near 
sea level, 1.68X10~? per sphere of unit area per sec, 
for a sphere of 324 sq cm. 

Before the total flux of electrons is plotted in Fig. 5 
the rate should perhaps be increased to make it con 
sistent with the remainder of the graph. This is because 
the graph includes the flux of photons as well as ele 
trons and it is generally believed that these are about 
equal in number at sea level at energies around 100 
Mev. For the present, however, the rate for the elec- 
trons only has been used for the additional experimental 
point in Fig. 5. 


6. COMPARISON WITH OTHER MEASUREMENTS 


The results of other experiments giving the energy 
spectrum of the soft component near sea level are shown 
in Fig. 5. Greisen’ measured the integral energy spec- 
trum of electrons over the range from 3.4 to 18.9 Mev, 


7K. Greisen, Phys. Rev. 63, 323 (1943). 
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using an essentially omnidirectional Geiger counter 
arrangement with carbon absorbers. His absolute in- 
tensity at 10 Mev was readjusted by Kraushaar* from 
(0.0041 to 0.0060 per sq cm per sec and in Fig. 5 Greisen’s 
experimental! points have been readjusted by this factor. 
Barker’ more recently has given the integral spectrum 
of electrons up to 395 Mev obtained by means of a very 
narrow-angle counter telescope used in conjunction 
with a cloud chamber containing absorbing plates. The 
spectrum given by Barker is a relative one obtained by 
adding together sea level and mountain data but he 
gives a figure for the absolute rate of all electrons of 
energy greater than 10 Mev near sea level (0.0056 
+0,0005 cm~* sec!) and his relative curve has been 
adjusted to this rate in Fig. 3. The experimental points 
were plotted from figures kindly provided by Dr. Barker 
and the curve drawn through them differs slightly from 
the one given in his paper. Chou" used two large plastic 
scintillators sandwiching a lead plate and he measured 
only relative rates (for the electrons and photons 
separately) between 300 and 2000 Mev. In his case 
therefore the curve reproduced in Fig. 5 shows only the 
shape of the combined electron-photon spectrum at 
sea level. 

The results of other measurements, mostly relative 
and mostly at mountain elevations, have been sum- 
marized by Puppi'! who makes the comment, writing 
in 1954 before Barker’s paper appeared, that, “as to 
the shape of the spectrum of this component and its 
variation with depth: --the information which we pos- 
sess today is not very great.” 


7. RANGE AND ACCURACY OF THE 
ENERGY SPECTRUM 


The range of energy covered in the present work 
greatly exceeds that of previous investigations. The 
range is 200 times that measured by Barker and 30 
times that investigated by Chou. 

Three separate considerations are involved in assess 
ing the probable accuracy. The first concerns the 
measurements and their analysis as far as the curve 
reproduced in Fig. 3; the second is the conversion from 
ion-pairs to effective numbers of particles; the third is 
the use of cascade theory to convert from numbers of 
particles to energies. 

The basic observation consists of counting the num- 
ber of bursts larger than a given size that occur in a 
suitable time interval. Hence the accuracy of the 
determination of pulse size is the principal factor that 
must be discussed with regard to Fig. 3 and this involves 
review of the procedure used for routine calibration of 
the apparatus, 

Calibration pulses, continuously variable in size, 


*W. L. Kraushaar, Phys. Rev. 76, 1045 (1949). 

*P. R, Barker, Phys. Rev. 100, 860 (1955). 

”C. N. Chou, Phys. Rev. 90, 473 (1953). 

"G. Puppi, Progress in Cosmic-Ray Physics (North Holland 
Publishing Company, Amsterdam, 1956), p. 371. 
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were injected into the ion-chamber collecting electrode 
through a fixed air-dielectric condenser using a step- 
voltage provided by a precision helical potentiometer 
calibrated against a standard cell. Charge injected into 
the system in this manner is exactly equivalent to 
charge injected by ionization in the ion chamber. The 
output was measured in four different ranges of size 
(by, respectively, a scaler, a 10-channel pulse-height 
analyzer, and two recording pens) so as to cover a range 
of pulse size of more than three decades between about 
2.5X10* ion-pairs and 10* ion-pairs. The accuracy of 
measurement of the output pulses within each range of 
size varied but it can be taken that the larger pulses in 
each range were determined with a relative accuracy 
of +1%. 

The absolute accuracy of pulse size in ion-pairs 
depends upon the figure used for the capacity of the 
injection condenser. Limits of +2% were quoted for 
this in I. The sizes given in I, I, and in this paper, in 
ion-pairs, are absolute within this accuracy except for 
the correction (+11% on the average, see I) for the 
fact that only the negative-ion contribution to pulse 
size is measured: however, the absolute size of the 
bursts in ion-pairs has not been required for the 
establishment of the energy spectrum as deduced in 
the present paper. 

The above estimate of the relative accuracy of the 
pulse-size calibration is upheld by the self-consistency 
of the measurements. During more recent experiments 
of a few weeks duration at 10 700 feet altitude, in a 
period of quiet sun, the measured rates were consistent 
after barometer correction to +2%, which implies 
pulse-height consistency to +1%. The measurements 
contributing to Fig. 3 extended over about three years 
and appeared to be consistent in rate at least within 
+10% whenever the bursts recorded were not so few 
that the statistical accuracy was poor. 
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Fic. 6. The approximate percentages of the observed gross rates 
at the maxima of the transition curves which were subtracted to 
correct for bursts due to « mesons, protons, stars, and extensive 
showers and for bursts due to cascades engendered in the lead 
shield, 
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Next, we have to consider that sundry subtractions 
were made before the rates plotted in Fig. 3 were 
found. The percentages that were subtracted are indi- 
cated in Fig. 6. The rates all come from the maxima of 
the transition curves so that the situation is favorable 
as regards the proportion subtracted. From just above 
pulse size 10° ion-pairs and for all larger sizes the pro- 
portion subtracted representing the sum of the u-meson, 
proton, star, and extensive shower components is always 
less than 30%, and in general less than 15%, of the 
measured rate. The proportion subtracted on account of 
the cascades that are engendered within the lead varies 
from only a few percent for the small bursts to about 
15% for the largest bursts. Thus, in general these 
subtractions have little effect on the accuracy. There- 
fore, allowing for some improvement from the graphical 
smoothing, the relative accuracy of the rates of Fig. 3, 
between pulse sizes 10° ion-pairs and 10’ ion-pairs, can 
be given as +5%. Beyond 10’ ion-pairs the statistical 
inaccuracy of the counting supervenes. The radius of 
the experimental points shown on Fig. 3 represents 7% 
in the rate and 3.5% in the size. 

Next, the conversion from ion-pairs to the average 
number of electrons in the cascades must be considered. 
There are two ways of finding the conversion factor. 
One, which we have not used except as a check, depends 
upon the absolute electrical calibration of the ion 
chamber and is potentially the more accurate. It was 
used for the comparison of calculated and measured 
u-meson bursts shown in Fig. 9 of I. One uncertainty of 
this method is the figure to be used for the average 
number of electron volts per ion-pair for argon at 
50 atmos pressure, since there may be some loss of ions 
by columnar recombination. 

The conversion factor that was used, 6.310‘ ion- 
pairs per relativistic electron, was determined from the 
shape of the yw-meson pulse-height distribution. The 
figure was checked (see Fig. 7 of Il) by a comparison 
with the Carnegie Meter data for the rate of large 
bursts under 12 cm of lead. The agreement was within 
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the statistical accuracy of our observations for the 
rather infrequent large bursts involved. The limits of 
error by this method should be set at +10% in the 
conversion factor or about + 20% in the rates. 

At present the final conversion from particle number 
to energy is the most uncertain step but it can be im- 
proved when dependable theoretical data becomes avail- 
able. Consider, for example, the factor 2 that was 
introduced in Eq. (2). The energy value assigned to 
any of the measured rates in the spectrum is directly 
proportional to this factor so the rate assigned at a 
particular value of the energy will be proportional to 
this factor to the power y, where —7 is the exponent of 
the spectrum. Thus, in a region where the integral 
spectrum varies as E~* the rate would be increased 21% 
by a 10% increase of the factor 2. The present writer 
is not prepared to assign firm limits of error to the 
factor 2 that has been used. It might nevertheless be 
safe to say that the rate given in the integral spectrum 
of Fig. 5 is certainly within a factor 2 of the correct 
absolute value and that, allowing for the uncertainty of 
the correction for fluctuations, the relative rate, or the 
shape of the curve, is correct to within +20%,. 

The question of the possible influence of secondary 
photons and cascade electrons generated in the atmos- 
phere and accompanying the highest energy electrons 
closely enough to intersect the ion chamber is left open 
for the present. There is no doubt that this must occur 
but possibly the effect upon the spectrum as obtained 
from the rates at the maxima of the transition curves 


is small. 
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Recoil Studies of High-Energy Fission of Bismuth and Tantalum* 
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The recoil properties of a number of fission fragments formed in 450-Mev proton bombardment of 
bismuth and tantalum have been investigated radiochemically. The ranges of the fragments emitted in 
the direction of, and perpendicular to the beam were measured. The kinetic energies of the fragments 
were obtained from the measured ranges using a previously determined range-energy relation. The total 
average kinetic energy released in fission was found to be 111 Mev for bismuth and 96 Mev for tantalum. 
The energy deposited in the target nuclei for processes leading to the observed fragments was obtained 
from the forward-backward asymmetry and the other measured recoil parameters, and a momentum 
deposition energy relation from recent Monte Carlo calculations. The average deposition energy in the 
fission of bismuth and tantalum was found to be 160 Mev and 190 Mev, respectively. 


I. INTRODUCTION 


HE radiochemical study of recoil phenomena has 
been shown to be of considerable value in the 
elucidation of high-energy fission of heavy elements.'” 
Sugarman and co-workers’ investigated the recoil 
properties of Sr” and Ba'”:'" fragments resulting from 
the high-energy fission of bismuth induced by 50-Mev 
to 2-Bev protons. From their range measurements, and 
other range-energy data, they obtained the kinetic 
energies of these fragments. The energy deposited in 
the target nucleus was obtained from the recoil data 
and subsidiary calculations involving conservation of 
energy and momentum, At about the same time, the 
fission-recoil work of Perfilov and co-workers,’ Shamov 
and Lozhkin,* and Lozhkin and co-workers,’ appeared 
in the literature, These workers investigated the fission 
of uranium, bismuth, and tungsten with high-energy 
protons and slow pions, using loaded nuclear emulsions 
to observe the fission events. In this study, the fission- 
fragment ranges and angles relative to the incoming 
proton were measured. The Russian workers then 
obtained deposition energy values from an analysis 
using essentially the same assumptions as those used 
by Sugarman el al.’ 
The results of Sugarman and co-workers showed that 
the processes leading to the formation of Sr” and 
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Ba!" were very similar up to an energy of about 
300 Mev. Above this energy they found that Sr™ was 
made by a process requiring less deposition energy than 
that leading to Ba!”'”™, This fact first became apparent 
at 450 Mev and was very noticeable at 2 Bev. The 
kinetic energies of the fragments also showed a change 
in the nature of the process leading to Sr” and Ba'™.!#™ 
at 2 Bev, since at this energy the barium fragments 
were made with very low kinetic energies, consistent 
with a very light partner, with A~ 20, whereas the Sr 
fragments were made with essentially the same kinetic 
energies as at lower proton energies. This difference in 
mechanism has also, been demonstrated by recent 
excitation-function measurements for the products 
resulting from the bombardment of lead with high- 
energy protons.® This study indicated that in the Bev 
region Sr® was probably still being largely made by 
the fission process prevalent at 450 Mev, whereas the 
neutron-deficient isotopes of barium were now being 
made in all likelihood by fragmentation and spallation 
processes, 

The present work was carried out in order to compare 
the mechanism of the fission process in bismuth with 
that in tantalum for 450-Mev protons. For this purpose, 
the recoil properties of a number of fragments, ranging 
from Mn to Ba in the bombardment of bismuth, 
and from Sc‘-* to Ba!’ in the bombardment of 
tantalum, were investigated. The experimental results, 
including the range and anisotropy values are presented 
in Sec. II A. The kinetic energies of the fragments and 
the struck nuclei are obtained from the experimental 
results in Sec. III B. In Sec. IV, we have compared 
the kinetic-energy results, with calculated values. 
Deposition energy values are obtained from the recoil 
results, using the recent Monte Carlo calculations’ for 
the determinations of a momentum-deposition energy 


® Wolfgang, Baker, Caretto, Cumming, Friedlander, and Hudis, 
Phys. Rev. 103, 394 (1956). 

7A. Turkevich, University of Chicago (private communication). 
Some of these results have been briefly reported: Bivins, Me- 
tropolis, Storm, Turkevich, Miller, and Friedlander, Bull. Am. 
Phys. Soc. Ser. II, 2, 63 (1957) 
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relation.* The deposition energies are then used to 
compare some aspects of the fission process in bismuth 
and tantalum. 


Il. EXPERIMENTAL PROCEDURE 


The experimental procedure followed was similar to 
that given in reference 2. The bismuth and tantalum 
foils used for the targets were obtained from commercial 
sources. Spectrographic analysis of the bismuth foil 
showed the presence of about 0.1% nickel used to make 
the bismuth more ductile. This nickel impurity did not 
interfere with the results except in the case of Mn**® 
where a correction was made. ‘The tantalum foil had 
no impurities present in interfering amounts. The 
bismuth foil was 116 mg/cm? thick and the variation 
in thickness from sample to sample was less than 1%. 
The tantalum foil was 23 mg/cm? thick and the thick- 
ness was constant to within 2%. The thickness was 
determined by weighing samples of known area. The 
bismuth foils used in these experiments were 1.50 cm 
X0.65 cm, and the tantalum foils were 1.50 cmX1.00 
cm. 

The recoil catchers used were cut from 99.99% pure 
aluminum foil obtained from Alcoa, with a thickness of 
7 mg/cm. In all the experiments performed the total 
recoil activity leaving the target was determined. 
Hence, the target foil was surrounded by two recoil- 
catcher foils, one on either side. The catcher foils 
protruded beyond the target foil by 2 mm in all direc- 
tions and were thick enough to catch all the recoils, 
as verified experimentally. Extra aluminum foils were 
placed next to the recoil catchers for determination of 
the activity level from impurity activation in the 
aluminum. All the edges were carefully trimmed to 
ensure that the aluminum foils had the same area and 
were properly aligned, and the whole assembly was sur- 
rounded by an aluminum wrapper foil. 

The irradiations were done with the internal circu- 
lating proton beam of the University of Chicago 
synchrocyclotron at a radius of 76 inches corresponding 
to a nominal proton energy of 450 Mev, and lasted 
from 30 to 90 minutes. Altogether, sixty-seven irradi- 
ations were performed in the course of this study and 
these were divided roughly equally between bismuth 
and tantalum targets. The target and catcher assembly 
was positioned in two different ways relative to the 
direction of the proton beam as indicated in Fig. 1, 
depending on whether recoils projected in the beam 
direction or perpendicular to it, were collected. In the 
case of the perpendicular experiments, the target and 
catcher assembly was actually aligned at an angle of 
10° to the plane of the beam in order to ensure the 
same beam intensity on all of the foils. This was not 
the case when the target assembly was directly in the 


§N. T. Porile and N. Sugarman, following paper [Phys. Rev. 
107, 1422 (1957) }. 
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plane of the beam, presumably due to the outward 
scattering of the protons by the various foils in the 
assembly. 

After the bombardment, the target and catcher foils 
were separated and dissolved in the appropriate acids 
for chemical analysis. The bismuth foils were dissolved 
in conc. HNO,, the tantalum foils in conc. HF plus an 
equal volume of conc. HNO,, and the aluminum foils 
in 6N HCl containing a few drops of conc. HNOs. 
Suitable aliquots of the target and recoil solutions were 
taken and subjected to radiochemical analysis. Special 
precautions were taken in particular cases to ensure 
exchange with the added carrier. The number of 
elements separated from a given aliquot varied from 
one to three. Analyses of duplicate samples of the same 
solution, when made, gave agreement to within 1 to 
3%, depending upon the element. 

The samples were prepared in the form of precipitates, 
filtered onto paper disks, mounted on 7-in. aluminum 
cards, and covered with cellophane. An empirically 
determined self-absorption correction was applied to 
the different samples of the same element isolated in 
the same experiment, in order to permit relative 
comparison of the activity in these samples, The activity 
measurements were made with end-window methane- 
flow proportional counters operating at about 4000 
volts, with an over-all counting efficiency for beta 
radiation of about 45%. All samples of the same 
element from a given bombardment were counted on 
the several counters used, in rotating fashion, in order 
to minimize the effect of small variations in the counting 
efficiency of the counters. Throughout the course of 
these experiments, minor electronic adjustments main- 
tained the “standard” counting rate of a U,Ox, standard 
to within 0.5%. 

The identification of the radioactive species present 
in the isolated samples was made by analysis of the 
decay curves and comparison of the half-lives of the 





1412 N PORILE AN 
analyzed components with reported values.’ In all 
cases, the decay curves were consistent with known 
species.” The elements isolated in these experiments, 
the chemical procedures used, and other pertinent 
experimental details are given in the Appendix. 


Ill. RESULTS 
A. Determination of Recoil Parameters 


The experimentally measured quantities from for- 
ward-backward experiments (recoils collected in direc- 
tion of beam) are: (1) the recoil activity of a given 
nuclide collected in the forward recoil catcher, ReF; 
(2) the recoil activity of a given nuclide collected in 
the backward recoil catcher, ReB; (3) the activity of a 
given nuclide remaining in the target foil, 77; and (4) 
the thickness of the target foil in mg/cm’, W. Similarly, 
in perpendicular experiments, one measures the recoil 
activity of a given nuclide collected in either recoil 
catcher, ReP, as well as T and W. ReP actually is the 
average activity of the two recoil catchers. The activity 
in these two foils is not quite the same because of a 
small residual effect of the forward-backward asym- 
metry from the 10° alignment. These quantities are 
used to determine the range R of the fragments in the 
target material expressed in mg/cm’, the anisotropy 
parameter b/a, and the ratio of the component of the 
velocity of the struck target nucleus in the direction of 
the proton beam to the velocity of the fragment in the 
system of the moving target nucleus, 7=v/V. These 
quantities are obtained from the experimental data 
through an analysis based upon the following two 
assumptions: (1) The range of a fragment is propor- 
tional to its initial velocity." (2) The fission process 
occurs by the collision of the proton with the target 
nucleus, imparting to it a component of velocity v in 
the laboratory system along the direction of the proton, 
and the struck nucleus undergoes fission before slowing 
down. The collision of the proton with the target 
nucleus may also impart to it a component of velocity 


perpendicular to the direction of the proton. This 


component cannot be measured in these experiments. 
Its existence would not affect the results presented 
here except in two specific instances, where its effect 
will be considered 

Let us first assume that the angular distribution of 
the fragments is isotropic in the system of the struck 
nucleus, We define the fractions of the total activity of 
a given nuclide found in the various recoil catchers by 


F p= ReF/(1T+ Ref’ +ReB), 


* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953); Way, Fano, Scott, and Thew, Nuclear Data, National 
Bureau of Standards Circular No, 499 and Supplements (U.S 
Government Printing Office, Washington, D. C., 1950) 

” The half-life of Cu® was found to be 61.5 hours rather than 
the reported 58 hours, 

'N. Bohr, Phys. Rev. 59, 270 (1941) 
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and 
Fg=ReB/(T+ ReF+ ReB) 


for the forward-backward experiments, and F p= ReP/ 
(T+ 2ReP) for the perpendicular experiments. From 
the forward-backward experiments we can then obtain 
the value of 7 assuming isotropic emission, 9;, from the 
equation : 

(1) 


ReF/ReB= (1 +n;)?/(1 —n)*, 
and the range, Rr» from 
Rrs= 2W (Fr+F sz), ‘( 1 + ni). 


We can also obtain a value for the range from the 
perpendicular experiments, given by Rp: 


Rp=4WFp. (3) 


The presence of a transverse component of velocity of 
the struck nucleus would lead to a lower value of Rp 
by the factor 1+ 4n,’, where n,=2,/V. 

If the emission of the fragments actually is isotropic 
in the system of the struck nucleus, then Reg must 
equal Rp, and this is then the range of the fragments, 
R. Similarly, 9; then is the value of ». If the emission 
of the fragments is anisotropic in the system of the 
struck nucleus, the equality of Res, Rr, and R, and 
of m; and 7, no longer holds. If the recoils are emitted 
preferentially in the direction of the beam, obeying, 
for instance, a distribution of the form ‘a+ ) cos’0” 
(where a and b are positive), Rrg will be greater than 
Rp. If on the other hand, the recoils are emitted 
preferentially perpendicular to the beam, obeying a 
distribution such as “‘a+ 5 sin’#’”’ (where a and 6b are 
positive), then Rg will be smaller than Rp. It is thus 
apparent that the above equations will not give the 
values of R and 7 if the distribution is anisotropic. 
Wolke and Gutmann” have shown that fragments 
emitted in the fission of bismuth with 450-Mev protons 
obey an “a+b cos’@” distribution. Furthermore, ex- 
amination of the values of Ryg and Rp obtained in 
this study, and listed in Tables I and II, shows that 
in general these values differ from each other, confirming 
the occurrence of anisotropic emission. 

In order to obtain the true values of R and n, a more 
general analysis than that given above is thus needed. 
If we assume that the distribution is of the form 
“a+-b cos’#,” we obtain the following equations, in 
analogy to Eqs. (1) to (3): 


ReF (1+n)*[1+4(6/a)+4(6/a)(1—n)*] 
ReB (1 _ ‘fe +4(b/a) +4(b/a)(1+n)*] 
2W (Fe+Fs)[1+4(b/a) ] 
“14+4(b/a)+9[1+4(6/a)) 
4WF p[1+4(b/a)] 
R= 


_ 1+-4(b/a) 
1 R. Wolke and J. Gutmann, Phys. Rev. 107, 850 (1957). 


(2’) 


(3’) 





ReF/ReB 


1.248+0.008 
1.2562-0.005 
1.248+0.004 
1.223+0.004 
1.188+0.024 
1.270+0.010 
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TABLE I. Summary of recoil results for bismuth. 


nm 


0.055+40,002 
0.057+0.001 
0.055+0.001 
0.050-+0.001 
0.043 40.006 
0.060-+0.003 


Rea 
(mg/cm? Bi) 


12.04+0.10 
10.94+0,05 
9.3340.04 
9.334-0.04 
9.46 +0.24 
7.70+0.10 


R; : 
(mg/cm? b 
11.624-0.03 
10.80+40.02 
9.13+0.06 
9.12+0.07 
9.13+40.08 
7.60+0.09 


0.150+-0.036 
0.052 40.020 
0.090-4-0.032 
0.094+40.034 
0.150+0.111 
0.1004-0.071 


” 


0.056+0.002 
0.057 40.001 
0.055+4.0.001 
0.050-+0.001 
0.044-+40.006 
0.060-+0.003 
0.108+-0,002 


R 
(mg/cm? Bi 
11.75-+0.05 
10.854-0,03 
9.20+4-0.04 
9.19+0.04 
9.244-0,14 
7.6540.07 
5.80-+0.03 


1.5364-0.006 0.107+-0.002 5.91+0.05 


Similarly, for an “a+ sin*@” distribution we have: 
ReF (1+n)?(14+4(b/a)—$(b/a)(1—n)* | 
ReB (1—n)*[1+4(b/a)—4(b/a)(1-+n)"] 

2W (F e+F)[14+-3(b/a) | 


1+3(b/a)+n°[1+}(b/a)] 
4WF p[1+3(b/a)] 


1 +3(b/a) 


The presence of a perpendicular component of velocity 
of the struck nucleus leads to a somewhat lower value 
of R than that given by Eqs. (3’) and (3’’). For either 
type of angular distribution we thus have three inde- 
pendent equations and three unknowns, and it is there- 
fore possible to obtain the values of R, n, and b/a. 
This is most conveniently done by treating the data 
according to the isotropic equations and introducing 
appropriate corrections obtained from either Eqs. 
(1’)—(3’) or Eqs. (1)—(3”). 

In general, angular distributions involving odd 
powers of the functions of 6 cannot be measured in 
this experiment. For instance, a term involving cos@ 
would manifest itself by adding on to the true value of 
n. It is thus assumed that there are no terms involving 
odd powers of the functions of 6 in the angular distri- 
bution of the fission fragments. 

The experimental data were treated by assuming 
that the fragments obeyed angular distributions of the 
form ‘‘a+6 cos’#” or ‘‘a+5 sin*?.” A summary of the 
results for bismuth is given in Table I and for tantalum 
in Table II. These results represent average values 
from three to five experiments on each nuclide for 
forward-backward runs and from two to four experi- 
ments for perpendicular runs. The errors quoted are 


5.75+0.04 0.114+0.045 


the standard deviations from the mean. The errors in 
the b/a values are rather large, in some cases being 
even larger than the magnitude of b/a. This is due to 
the small difference in the Rep and Rp 
relative to the errors in these quantities, for small 
values of b/a. In spite of these large errors in b/a, it is 
of some importance to determine the latter when doing 


values of 


recoil experiments, because of the effect the anisotropy 
may have on the apparent values of R and 9. ‘The 
results for Sr” obtained from bismuth have unusually 
large errors associated with them because the results 
for this nuclide were not obtained directly, but only 
after the contribution from Sr” had been subtracted 
from the observed counting rate. 

In general, the results for bismuth are considered to 
be more accurate than the results for tantalum for a 
number of reasons. First, the counting rate of some of 
the tantalum recoil samples was quite low, and so fewer 
counts could be taken in any one run. By the same 
token, the decay curves were not resolved and in the 
case of scandium and barium refer to more than one 
isotope, as indicated. Secondly, the activation correction 
for the recoil samples was much larger in the case of 
tantalum. Finally, the thickness of the bismuth foil 
was found to be more uniform than that of the tantalum 
foil. This is of importance since the proton beam is not 
uniform over the target foil, but decreases by a factor 
of two in intensity every 2 or 3 mm in the radial 
dimension of the machine. Since the leading section of 
the target foil may be relatively thicker or thinner than 
the average thickness, W, the measured range will be 
correspondingly smaller or larger. 

The listed results were obtained by an analyti« 
treatment of the raw counting data. All the samples of 
a given element were counted in essentially simultaneous 
fashion on the various counters used, and the previously 
listed equations were applied to the actual number of 


TABLE II. Summary of recoil results for tantalum 


Nuclide 


Sct. 44 
Mn" 
Cu” 
Sr”! 
Pd 


Ba!*4 12 


ReF/ReB 


1.383+0,.008 
1.379+0.007 
1.346+0.010 
1.412+0.004 
1.499+0.004 
2.787 +0.015 


nm 


0.081 +0,002 
0.0804-0.002 
0,0744-0.003 
0.0864-0,001 
0,101+0.001 
0.251+0.004 


Rr 
(mg/cm? Ta) 


10.13 4-0.09 
10.34+40.06 
9.344-0.12 
7.36+0.04 
6.0240.02 
2.824-0.09 


Rp 
(mg/cm? Ta) 


10.79+0.11 
10.54+0.07 
9.40+0.10 
7.41+0.03 
6.12+0.03 
3.044-0.09 


b/a 
(a+b sin®) 


0.300-4-0.060 
0.079 +0.036 
0.026+.0.066 
0.027 +0.028 
0.069 +.0.024 
0.3704-0.197 


” 


0.0784-0.002 
0.079 4-0.002 
0.0744-0.003 
0.086 +4-0.001 
0.100+4-0.001 
0.241 +4-0.009 


R 


(mg/cm* Ta) 


10,504-0.07 
10.4840.05 
9 3840.08 
7.39 40.03 
6.04% 40.02 
2.96 +0.06 
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Fic. 2. Variation of range-velocity constant with mass number 
of fragment. K is defined by the equation E= KA kK. The values 
of K apply for ranges in bismuth in mg/cm? and kinetic energies 
in Mev. The value of K used for ranges in tantalum is 1.156 
times the corresponding value of K for ranges in bismuth 


counts of each sample in order to obtain a value for the 
range, and other quantities. This counting procedure 
was repeated many times in order to increase the 
precision of the results and to discern changing trends 
in the results as a function of time after bombardment. 
The precision of the results obtained in this fashion 
was considerably greater than when they were obtained 
from the plotted decay curves. This is evidenced by 
the fact that we were able to obtain individual values 
for the three strontium isotopes from bismuth, which 
would have been very difficult to do with any precision 
from an analysis of the decay curves. 

A cursory examination of the results indicates the 
following trends: (1) The ranges of the fragments 
decrease monotonically with increasing atomic number 
in the case of both target elements. This trend is 


with previous range determinations for 
39 18 
b J 


consistent 
fission fragments in low-energy bombardments of Pu? 
U** 4 and U™* !® as well as with higher energy bombard- 
ments on U™*! (2) The bismuth fragments are emitted 
anisotropically, consistent with an “a-+-6 cos’@” distri- 
bution. The value of 6b/a is about 0.1 and does not 
markedly depend on the mass asymmetry of the 
fragments. The tantalum fragments, when emitted 
anisotropically, have a distribution consistent with 
“a+b sin.” The value of b/a is about 0.3 for the very 
asymmetric scandium and barium fragments, whereas 
the more symmetric copper and strontium fragments 
appear to be emitted isotropically within the limits of 
error. It has been previously indicated that a perpen- 
dicular component of velocity of the struck nucleus 
would lower the values of Rp. This would in turn 
affect the values of b/a. A simple model, to be discussed 
in Sec. IV B, suggests that the perpendicular component 
of velocity of the struck nucleus is approximately equal 

'§ Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948) 

4 Finkle, Hoagland, Katcoff, and Sugarman, Kadiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, Inc., 
New York, 1951), Paper No. 46 National Nuclear Energy Series, 
Plutonium Project Record Vol. 9, Div. IV, Part VI 

* F, Suzor, Compt. rend. 226, 1081 (1948). 
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to the forward component. Taking this fact into account 
would increase the values of b/a by about 5 to 10% 
for the fragments coming from bismuth fission, and 
would reduce the b/a values for the more symmetric 
fragments coming from tantalum fission to essentially 
zero. The b/a values for Sc” and Ba!** would be reduced 
to about 0.28 and 0.20, respectively. 

The results obtained here are in good agreement with 
previous work. The range and 7» values for Sr and 
Ba”, uncorrected for anisotropy, agree with the 
previously determined values of Sugarman ef al.? Our 
values for b/a obtained in the bombardments of bismuth 
are in very good agreement with the values obtained 
by Wolke and Gutmann” in their angular distribution 
studies. They find that an ‘“a+-6 cos’#” distribution is 
obeyed in all cases, with b/a being approximately 0.1 
for Ga®™, Sr™.”, and Cd!'*-""7, The only other reported 
measurement of the angular distribution of fission 
fragments in high-energy fission has been made by 
Shamov, Perfilov, and Lozhkin.’® They found that 
fragments from the high-energy proton fission of 
uranium obeyed an “a+d sin‘@” distribution. It thus 
appears that both types of angular distributions, 


favoring fragment emission either in a direction parallel 
or perpendicular to the incoming proton, occur in 
high-energy fission. These results contrast with the 
angular distribution of fragments obtained in low- 
energy particle-induced fission,'® '” where emission along 


the direction of the beam seems to occur in all cases 
excepting near the fission threshold, with the magnitude 
of b/a depending largely on the spin of the target 
nucleus'* and on the mass asymmetry of the fragments. 


B. Kinetic Energy Calculations 


The ranges given in Tables I and II may be converted 
to kinetic energies by the use of a range-velocity 
proportionality constant which may be obtained as a 
function of mass number from reported thermal-neutron 
fission data. Katcoff, Miskel, and Stanley" have meas- 
ured the ranges in air of a number of fragments from 
the thermal-neutron-induced fission of Pu”. Brunton 
and ‘Thompson’ bombarded Pu” with thermal neu- 
trons and measured the most probable kinetic energy 
of the fragments as a function of mass ratio. We have 
taken the mean ranges listed by Katcoff ef al. and 
converted them to ranges in bismuth and tantalum by 
multiplication by appropriate factors.” The most prob- 


'©R. L. Henkel and J. E. Brolley, Phys. Rev. 103, 1292 (1956). 

'7 Cohen, Ferrell-Bryan, Coombe, and Hullings, Phys. Rev. 
98, 685 (1955). 

6A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. IIT, p. 151. 

“DPD. C. Brunton and W. B. Thompson, Can. J. Phys. 28, 498 
(1950). 

*” We have used the relation: Range in bismuth (in mg/cm?*) 
= 1.59 2.9 range in NTP air (in cm), where 1.59 is the conversion 
factor for cm in air to mg/cm? in aluminum, obtained from 
observed ranges of plutonium and uranium fission fragments in 
air and aluminum (see references 13, 14, 15, and reference 14, 
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TABLE III. Kinetic energies and deposition energies in bombardments of bismuth. 


Kinetic energy 
of struck nucleus 


(Mev) 


Kinetic energy Most probable total 
of fragment kinetic energy 
(Mev) (Mev 


Mn** 61.4+0.4 87.2+-0.6 
Cu” 62.640.2 96.7 40.3 
Sr” 59.8+0.4 111.6+0.7 
Sr? 61.0+0.4 114.8+0.8 
Sr® 62.4+1.3 118.84+2.5 
Pdi 48.9+-0.6 110.8+1.4 
Ba! 31.1+0.2 102.4+-0.7 


Rut 


v A 
Nuclide (Mev/nucleon mass)? (931 Mev/e) (Mev) 


0.711+0.036 
0.628+0.016 
0.423+0.011 
0.347+0.010 
0.27240.053 
0.33440.024 
0.5654-0.015 


0.562+0.020 184 
0.528+4-0,009 171 
0.433 +0.008 136 


0.0829+-0.0030 t7 
-3 
t3 
0.393 40,008 12243 
£15 
{ 
t 


0.0779+0.0014 
0.0639 4-0.0012 
0.0579-+0.0012 
0.0513-+0.0070 
0.0568 +0,0029 
0.0739+0.0014 


0.348 +0.048 109 
0.385+40.020 120 
0.5014-0.010 162 


6 
3 


TABLE IV. Kinetic energies and deposition energies in bombardments of tantalum, 


Most probable total 
kinetic energy 
(Mev) 


Kinetic energy 
of fragment 
(Mev) 


Kinetic energy 
of struck nucleus P, 
(Mev 


1.103+0.042 
1.124+4-0,042 
0.793 +0.046 
0.663 +0.012 
0.586+-0.009 
0.754+0.046 


= 
&, 


=t 
> 
< 


Nuclide (931 Mev/c) 


Sct? 47.6 +0.5 67.4+0.7 
Mn* 56.5 +04 86.9+0.6 
Cu” 54.1 +0.6 91.7+1.0 
Sr® 45.6 +04 101.7+0.9 
Pdi 35.7 +0.2 100.8+0.6 
Ba!®* 9.25+0.26 42.14+1.2 


v 
(Mev/nucleon mass s 


0.65240.017 
0.658 +0.017 
0.552+0.023 
0.505+-0.006 
0.475+4-0.005 
0.539+-0.023 


0.11104-0.0029 
0.1121+0.0029 
0.0941 +0.0039 
0.0861 +0.0011 
0.0809 4+-0.0008 
0.0918 4-0,0039 


ms me tet ome AD AD 
MUA SNR 
mn ow 
BRHRHRRH EY 
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able kinetic energies given by Brunton and Thompson 
have been corrected for the ionization defect of fission 
fragments relative to alpha particles.” The resulting 
range-velocity constant is plotted in Fig. 2 as a function 
of mass number. It was found convenient to define the 
proportionality constant by K=E/AR’, where E is 
the kinetic energy in Mev of a fragment of mass 
number A and range R in mg/cm*. The lowest mass 
number for which range measurements are available 
is 83. The curve relating K and A was extrapolated to 
low mass numbers, as shown in Fig. 2, in order to 
analyze the data of light fragments. At A=14, the 
curve agrees to within 10% with the range-velocity 
constant obtained from data on N“.” 

The kinetic energies of the fission fragments obtained 
from the measured ranges are given in Column 2 of 
Tables III and IV. The quoted errors result from the 
errors in R. In addition, we estimate a systematic 
error in the energy of a given fragment of about 5% 
due to the error in the proportionality constant as 
obtained from the scatter of the experimental points 
from the smooth curve in Fig. 2. The kinetic energy 
of Ba!®* jn the tantalum bombardments is rather 
low and it is expected that the range-velocity relation 
will start to deviate from linearity in this region.” 
Such an effect would make the kinetic energy greater 
than that calculated. The results for strontium and 
barium fragments in the bismuth bombardments are 


Paper No. 45), and 2.9 is the factor for converting ranges in 
aluminum to ranges in bismuth, obtained from reference 2. A 
factor of 0.93 was used to convert ranges in bismuth to corre 
sponding ranges in tantalum 
» “H. W. Schmitt and R. B. Leachman, Phys. Rev. 102, 182 
(1956). 
2M. L. Reynolds and A. Zucker, Phys. Rev. 95, 671 (1954). 
% J. Knipp and E. Teller, Phys. Rev. 59, 659 (1941). 


in good agreement with the kinetic energies given 
earlier,” despite the fact that other data were used for 
the range-velocity relation. 

The results indicate a trend of increasing kinetic 
energy of a fragment with decreasing mass, for frag- 
ments resulting from both bismuth and tantalum 
fission. At the lowest mass numbers, however, this 
trend appears to be reversed. This observed variation 
with mass number results from the superposition of 
two trends. For a constant total energy release, the 
kinetic energy of a fragment will vary inversely with 
its mass, in order to conserve momentum between the 
partner fragments. We shall use our data to show, 
however, that the total energy released during fission 
decreases with increasing mass asymmetry of the frag 
ments. The superposition of these two trends adequately 
explains the observed variation, The results also indi 
cate that a given fragment has more kinetic energy 
when it results from the fission of bismuth than from 
that of tantalum, as expected from the Coulombic 
origin of the kinetic energy. 

The kinetic energy imparted to the target nucleus 
may be calculated from the measured values of n and 
from the calculated velocities of the fission fragments, 
i.e., v= VX». Assuming three knock-on particles from 
the cascade process in the nucleus,’ one obtains the 
kinetic energy of the struck nucleus as E_\= 103.50 /7 
and Ey,=89.5v7,?, where Ep; and Ey, are in Mev for 
vp; and vy, in units (Mev/nucleon mass)!. The kinetic 
energy values are listed in Column 5 of Tables III and 
IV. We have already mentioned that the perpendicular 
component of velocity of the struck nucleus may be as 
large as the forward component, as evidenced by a 
model presented in Sec. IV B. The kinetic energies of 
the struck nuclei would become twice as large as the 
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listed values as a consequence of such a perpendicular 
component, 

Spallation products of bismuth and tantalum result- 
ing from reactions with about the same deposition 
energy as those in which the listed fission fragments 
are formed may be expected to have about the same 
kinetic energies as the struck nuclei leading to fission. 
The momentum imparted to the struck nucleus, and 
hence its kinetic energy, increases with increasing 
deposition energy. This implies that spallation products 
will be formed with increasing kinetic energy as they 
increasingly differ in mass from the target nucleus. 
This trend agrees with the experimental findings of 
Sugarman and co-workers.? The listed kinetic energies 
may be expected to apply to products with A~191 
for bismuth bombardments and with A ~~ 164 for tanta- 
lum bombardments. 


IV. DISCUSSION 
A. Kinetic Energy of Fission Fragments 


The kinetic energies of the fragments given in Column 
2 of Tables ITI and IV are those of the specific nuclides 
listed. The corresponding values for the most probable 
fragments of the same mass may be obtained by a 
Coulombic correction which amounts to, at most, about 
3% of the energy value. The most probable fotal kinetic 
energy released in the fission of bismuth and tantalum 
for a given mass split is calculated from the value for 
the most probable fragment and the mass ratio of the 
fragment and its expected complement by conservation 
of momentum considerations and is listed in Column 3 
of Tables III and IV. The values for the most probable 
“fissioning nuclei” for a given mass split are given in 
Table V. Kinetic-energy values calculated on the 
assumption that fission precedes de-excitation, with 
the excitation energy divided between the fragments in 


proportion to their masses, agree with the values in 
Column 3 of Tables III and IV to within 1%. 

The values for the most probable total kinetic energy 
for a given mass split are plotted as a function of the 
mass ratio of the fragments in Fig. 3. The mass ratio 





180 
Thermal Neutron 
. Fission of u* 


awe Bismuth 


- 
. 
s 


= Tantalum 


Etotai (Mev) 


0 rT 
lo ‘ . 4.0 
Mass Ratio 











Fic, 3, Dependence of most probable total kinetic energy 
released in fission on mass ratio of fragments. A refers to bismuth, 
@ to tantalum; U™ curve is from reference 24. 
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is that found from the fissioning nuclei of Table V’ 
The curve for the dependence of the average total 
kinetic energy released in the thermal-neutron fission 
of U**™ on mass ratio is also included for comparison. 
Figure 3 shows that there is a decrease in the total 
kinetic energy released in the fission of bismuth and 
tantalum as the mass asymmetry of the fragments 
increases, This trend agrees with that found for U™*® 
for mass ratios greater than 1.3. Our data would 
indicate, however, that at least in the case of bismuth, 
the maximum kinetic-energy release occurs at symmetric 
fission rather than at a mass ratio of 1.3, as seems to be 
the case for thermal-neutron fission of U**, The average 
total kinetic energy released in the fission of bismuth 
and tantalum may be obtained from the tabulated 
values by appropriate weighting by the previously 
determined mass-yield curve.”* The resulting values are 
111 Mev for bismuth and 96 Mev for tantalum, with 
an estimated error of about 8%. The corresponding 
value for the thermal-neutron fission of U™* is 166 


TABLE V. Most probable average deposition energies and fissioning 
nuclei leading to fragments of given mass number. 


Tantalum 
FEpa* Fissioning 
(Mev) nucleus 
vr gon 223 7100 
184 821% 224 72100 
171 821% 203 7218 
160 82191 tee 
154 821% 172 
154 Q2I9 iv (aa 
152 82!" 179 7216 
174 7214 


Bismuth 
Rpa* 
(Mev) 


Fissioning 
nucleus 


7216 
160 82" 


Mev.” The average total kinetic energy released in the 
fission of bismuth with 90-Mev neutrons has previously 
been measured by Jungerman and Wright,”* and found 
to be 142 Mev. This value is consistent with our result 
if one takes account of the variation of kinetic energy 
with bombarding energy previously reported by Sugar- 
man et al.* 

The observed trend of decreasing total kinetic energy 
released with decreasing charge and mass of the 
fissioning nucleus observed for uranium, bismuth, and 
tantalum is consistent with the lower energy available 
from Coulombic repulsion for nuclei of decreasing 
charge. A comparison with theory may be made by 
calculating the expected energy release according to 
the liquid-drop model,” where the energy release is 
that corresponding to the difference in energy content 
between the fissioning nucleus at the “saddle point” 
and the fission fragments in their ground states. The 


™“W. E. Stein, Bull. Am. Phys. Soc. Ser. IT, 1, 96 (1956). 

* P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955), 

26 J. Jungerman and S. C, Wright, Phys. Rev. 76, 1112 (1949). 

7S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947): 
W. J. Swiatecki, Phys. Rev. 104, 993 (1956). 
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resulting energy release for bismuth and tantalum, thus 
calculated, is 158 Mev and 122 Mev, respectively, after 
the nuclear radius was adjusted so that the correct 
value was obtained for thermal-neutron fission of U™®. 
The calculated values do not vary by more than a 
few Mev for the cases of fission before or after de- 
excitation, and the quoted values refer to an average 
between these two extremes. Comparing these values 
with the measured kinetic energies, we see that the 
calculated values are larger, the excess energy resulting 
from distortion. 

The measured kinetic energies may also be compared 
with the total energy release expected in fission, from 
the mass difference between the fissioning nucleus and 
the resulting fragments. The mass values used were 
taken from the recent table of Cameron,” and the 
energy released was calculated for fission both before 
and after de-excitation using the fissioning nuclei of 
Table VI. The results for different mass splits were 


Taste VI. Comparison of measured kinetic energies with those 
calculated from mass differences. 


Measured 
kinetic 
energy 

(Mev) 


Total 
energy 
released 


(Mev) 


Fission 
threshold 
energy 
(Mev) 


Mass 
difference 
energy 
(Mev) 


Excitation 
energy 


Fissioning 
(Mev) 


nucleus 
82™7 120 14 134 23 


8212 128 7 135 24 


7217 94 26 23 


17 29 


72'4 


weighted by the mass-yield curve” in obtaining the 
average energy release. ‘The resulting values for fission 
before and after de-excitation are given in Column 2, 
Table V1. In comparing the measured kinetic energies 
with the values calculated from the mass differences, 
we recall that the sum of the mass-difference energy 
and the fission-threshold energy equals the sum of the 
observed kinetic energy and the excitation energy 
available from distortion. The results of this comparison 
are given in Table VI. The threshold energies were 
obtained from the liquid-drop model calculations,”’ 
It is seen that about 25-Mev excitation energy is 
present, about the same as that present in the thermal- 


285 


neutron fission of U 


B. Deposition Energy of Struck Nucleus 


The energy deposited in the target nucleus as exci- 
tation energy may be obtained, in principle, from 
values of the forward component of momentum im- 
parted to the struck nucleus, by a calculation involving 
conservation of momentum and energy of the system. 


% A, G. W. Cameron, Atomic Energy of Canada Limited 
Report, AECL-433, Chalk River, Ontario, 1957 (unpublished). 
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Fic, 4. Variation of the forward component of momentum of 
the struck nucleus with deposition energy for 458-Mev proton 
bombardment of bismuth. The solid line is the best curve through 
the points obtained from Monte Carlo calculations. The standard 
deviations from the mean associated with the spread of P in a 
given £* interval and the spread of individual hs values in the 
same interval are indicated by the crosses, The dashed line 
( is obtained from the “two-nucleon collision” model 
The broken line ( ) is based on the assumption of a single 
fast cascade nucleon emitted in the forward direction 


The values for the excitation energy obtained in this 
way depend very markedly on the assumptions one 
makes about the number, energy, and direction of 
emission, of the knock-on nucleons emitted in the 
nuclear cascade. Sugarman and co-workers? obtained 
deposition energy values on the assumption that on 
the average there was only one fast nucleon emitted 
per cascade, traveling in the direction of the incoming 
proton. An examination of recent Monte Carlo cascade 
calculations’ indicates that this assumption is not valid. 
In fact, some three or four nucleons are emitted on the 
average per cascade, and these come out with a variety 
of energies and at a variety of angles with respect to 
the incoming proton. It is possible to obtain a relation 
between the forward component of momentum im 
parted to the struck nucleus, P?, and the energy de 
posited in the struck nucleus as excitation energy, ge, 
from the Monte Carlo calculations. For each cascade, 
a calculation involving conservation of momentum and 
energy of the system yields the values of P and £* for 
that particular cascade. An analysis of several hundred 
cascades for 458-Mev protons on bismuth was made, 
and the average value of P was calculated for * values 
in 50-Mev intervals, The resulting relation is plotted 
in Fig. 4. The deposition energy values are then ob- 
tained directly from the measured momenta. As ex 
plained in the following paper,* a small correction has 
to be made to the E* values obtained in this fashion in 
order to account for the possible spread in /* values 
leading to a given fission fragment. We include in Fig. 4, 
for comparison, a plot of the momentum-deposition 
energy relation obtained from the model used in previ 
ous recoil studies.’ The lack of agreement is apparent. 
A much better approximation to the relation from the 
Monte Carlo from another 


calculation is obtained 
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Fic, 5. Dependence of deposition energy on the n/p ratio of 
the corresponding fragments and fissioning nuciei for bismuth. 
Solid line best curve through experimental points for frag- 
ments. Broken line obtained for fissioning nuclei from 
evaporation calculations 


simple model, as shown in Fig. 4.% This model treats 
the nuclear cascade as a two-body collision between an 
incident and a stationary nucleon. A given scattering 
angle then defines the momentum and kinetic energy 
of the struck nucleon, The model assumes that these 
then are the momentum and excitation energy of the 
struck nucleus as a whole. This model thus gives a 
value for the perpendicular component as well as for 
the forward component of momentum of the struck 
nucleus. In the deposition energy region of immediate 
interest, the two components are approximately equal 
on the basis of this model. It is not necessarily true 
that the perpendicular component of momentum ob- 
tained in this fashion need agree at a given £* with the 
respective component obtained from the Monte Carlo 
calculation as well as the two forward components do, 
although such an agreement would seem reasonable. 

In Tables III and IV there are listed values of the 
average forward momentum of the struck nucleus, P,, 
corresponding to the formation of specific nuclides. 
These values were obtained from the values of v, the 
average forward velocity of the struck nucleus, given 
in Tables 111 and IV, multiplied by the mass of the 
residual nucleus following the cascade, roughly of mass 
three less than the target nucleus. The values of P, 
are given in units of 931 Mev/c. From these values of 


P, and the momentum-—deposition-energy curve men- 


tioned, average deposition-energy values, /4*, have 


been obtained for the various nuclides studied, and are 
listed in ‘Tables IIL and IV. 

Two conclusions may be readily drawn from these 
values. First, for both bismuth and tantalum, there is 
a considerable variation in the deposition energy leading 
to different fragments. This variation shows that there 
is a wide spread in excitation energy for which fission 
occurs when a nucleus is bombarded with high-energy 

® We are indebted to Professor Anthony Turkevich for sug 


gesting this simple model before the Monte Carlo calculations 
were performed 
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Fic. 6. Dependence of deposition energy on the n/p ratio of 
the corresponding fragments and fissioning nuclei for tantalum. 
Solid line best curve through experimental points for frag- 
ments. Broken line obtained for fissioning nuclei from 
evaporation calculations. 


particles. Second, the fission of tantalum, leading to a 
given fragment, requires on the average about 30 Mev 
more deposition energy than the fission of bismuth. 
The results for Sr” and Ba'’” from bismuth may be 
compared with the previous results of Sugarman and 
co-workers.” The latter reported E 4* values of 226 Mev 
and 290 Mev for Sr® and Ba'"®™, respectively, which 
is about 100 Mev higher than the values reported here. 
This difference is due to the different assumptions 
concerning the knock-on nucleons emitted during the 
nuclear cascade, 

The deposition energies have been calculated from 
experimental data for some selected fission fragments. 
These are not necessarily the most probable fragments 
for their given mass number. In order to draw more 
pertinent conclusions from the data, it is necessary to 
calculate deposition energy values for the most probable 
fragments of a given mass number from those listed 
for the observed nuclides. This calculation is made by 
use of the observed variation of E4* with the n/p 
(neutron/proton) ratio of the fission fragments. Figures 
5 and 6 show a plot of this function for bismuth and 
tantalum respectively. The linear curve in each figure 
represents the variation of E4* with the n/p ratio of 
the fissioning nucleus leading to fragments of mass 
number A, and will be discussed later. If an observed 
nuclide was expected to be formed mostly from decay 


of an ancestor,”® the E4* value was plotted at the n/p 
ratio of this ancestor. In general, one can discern a 
trend of decreasing deposition energy with increasing 
n/p ratio which is consistent with the view that the 
deposition energy is largely expended in boiling off 
neutrons. This is particularly apparent in the case of 
the three strontium isotopes isolated in the bismuth 
bombardments, where the deposition energy increases 
from 109 Mev to 136 Mev in going from Sr® to Sr®. 
This difference corresponds to an average of 9 Mev of 
excitation energy per extra neutron evaporated, a 
reasonable value in terms of neutron binding energies. 

The most probable charge for each mass number 
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studied was obtained from previous radiochemical 
studies,”®> corrected for the distortion introduced in 
these earlier results by overestimating the neutron 
deficiency of the most probable fragment for a given 
mass number. The measured values of E4* were then 
corrected for the difference in n/p ratio between the 
studied and most probable fragments, and the E* 
values for the latter were obtained as 


Z A AE* 
Brat = B+ (. )an p. 
An/p 


These most probable values, F p4*, are listed in Table V. 

The most probable deposition energy for fission of 
bismuth and tantalum with 450-Mev protons may be 
obtained from the values listed in Table V by interpo- 
lating to symmetric fission. We obtain values of 155 
Mev for bismuth, and 180 Mev for tantalum. The 
average deposition energy for fission may be obtained 
from the same data by appropriate weighting by the 
mass-yield curve obtained in previous work,.”® This 
procedure results in average deposition energy values 
of 160 Mev for bismuth and 190 Mev for tantalum. 

The above values are based on the experimental 
recoil results and the momentum-deposition energy 
relation derived from the Monte Carlo calculations. 
We may compare these values with those obtained from 
measured fission-excitation functions” analyzed* by 
use of deposition energy spectra from the Monte Carlo 
calculations.’ From this analysis, we find the most 
probable deposition energy for 450-Mev proton fission 
of bismuth to be 158 Mev, and for tantalum, 173 Mev. 
The average deposition energy for bismuth fission is 
172 Mev, and for tantalum fission, 196 Mev. These 
values are in very good agreement with the results 
obtained from recoil studies. The Monte Carlo calcu- 
lations can thus be successfully used to tie together 
results of different experiments. 

Kruger and Sugarman”® have previously obtained 
values for the most probable deposition energy in the 
fission of bismuth and tantalum with 450-Mev protons 
from their fission yield studies. They report values of 
320 Mev and 300 Mev, respectively. These values are 
much higher than those found in this study and show 
the effect of overestimating the neutron deficiency of 
the most probable fragment for a given mass number. 

Our results may also be compared with the average 
deposition energy values obtained by Perfiloy and 
co-workers’ from nuclear emulsion studies. For 460-Mev 
protons, they find that an average deposition energy of 
190 Mev in the fission of bismuth, and of 340 Mev in 
the fission of tungsten is required. A direct comparison 
of these values with our results is not too meaningful, 
since the values of Perfiloy and co-workers values are 


»L. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955). 
1H. M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 
(1956). 

2 F. L. Kelly and C. Wiegand, Phys. Rev. 73, 1135 (1948) 
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obtained on the assumption that there is only one fast 
nucleon emitted in the cascade, traveling in the direc 
tion of the incoming proton. If we use the same assump 
tion in obtaining our final results, we would obtain 298 
Mev and 336 Mev, respectively, for the average 
deposition energy needed to induce fission in bismuth 
and tantalum with 450-Mev protons. The value for 
tungsten from Perfilov and co-workers* thus is in good 
agreement with our value for tantalum, within the 
framework of the same assumptions, but their value 
for bismuth is far too low. This may perhaps be con- 
nected with the fact that in the same study, Perfilov 
and co-workers underestimate the total fission cross 
section of bismuth by about a factor of three, whereas 
their corresponding value for tungsten is in line with 
the results for tantalum obtained elsewhere.?>™ 

The average deposition energy for all inelastic events 
may be obtained from the Monte Carlo calculations.’ 
For 458-Mev proton bombardment of bismuth and 
tantalum the respective values are 147 Mev and 136 
Mev. These values are lower than the average deposi 
tion energies required to induce fission in these elements, 
reflecting the very low branching ratio for fission for 
deposition energies below 75 Mev.* The difference 
between the average deposition energy for all processes 
and for fission is greater for tantalum than for bismuth, 
as might be expected from the higher effective fission 
threshold of tantalum. 

A comparison of the n/p ratios of the observed 
fission fragments with those of the calculated fissioning 
nuclei for the same deposition energy is of some interest. 
The fissioning nuclei are determined from the FE 4* 
values and evaporation calculations which assume 
that only neutrons are emitted, Assuming that one 
neutron and two protons are emitted in the cascade, 


we obtain for given #4* values the fissioning nuclei 
listed in Table V. The £4* values are plotted against 
the n/p ratios of the fissioning nuclei in Figs. 5 and 6. 
The n/p values of the fissioning nuclei probably have 
an uncertainty of about 2%, due to possible errors in 
the number of cascade neutrons and protons, approxi 
mations in the evaporation calculations, and neglect 
of possible neutrons emitted due to the distortion 
energy of the primary fragments. A comparison of the 
curve for the fragments with that for the fissioning 
nuclei from bismuth (Fig. 5) shows that the lighter 
fragments, which also happen to be very close to the 
most probable fragments for their mass, appear to be 
formed with an n/p ratio smaller than that of the 
fissioning nucleus corresponding to the same deposition 
energy. This implies that the heavy partners of these 
fragments must have an /p ratio greater than that of 
the fissioning nucleus, corresponding to an increasing 
n/p ratio with increasing mass of the most probable 
fragment. The value for Ba'™ may not be inconsistent 


with this view since by assuming that the observed 


*W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955) 





1420 N. PORILE 
Ba™™ actually came from the decay of La™, we may 
have plotted this point at too small an n/p ratio. This 
noted trend is in agreement with the observations of 
Kruger and Sugarman.” Nothing very definite can be 
said about the neutron-excessive nuclides such as Sr", 
Sr”, and Pd™, since these are not the most probable 
fragments for their respective mass numbers. The 
situation appears to be somewhat different for tantalum 
In this case the most probable light fragments appear 
to be formed by a fission process in which the n/p ratio 
of the fissioning nucleus is preserved. The value for 
Ba'*, a heavy primary fragment, confirms this view. 
As before, the neutron-excessive isotopes such as Sr® 
and Pd’ deviate from this trend. The assumption of 
fission with constant n/p ratio would then require, for 
instance, that the most probable fragment for mass 91 
be an isotope of either yttrium or zirconium. 

The deposition energies and fissioning nuclei leading 
to the formation of the most probable fragments for a 
given mass (Table V) may be examined for any trend 
with the mass of the fragments. We see that the most 
probable fissioning nucleus, 82™ or 82 in the case of 
bismuth, and 72'™ in the case of tantalum, leads to the 
most probable fragments not only for the most probable 
chain, but over most of the fission region. The lightest 
fragments do not fit this picture very well, particularly 
in the case of tantalum. There, the most probable light 
fragments require some 50 Mev more deposition energy 
than the medium and heavy fragments for their 
formation. This appears to be a real effect, not related 
to possible errors in the determination of the deposition 
energy, since the same effect is much less marked in 
bismuth. This effect may be associated with the onset 
of the “fragmentation” process.*”° 

It is shown in the following paper*® that the “‘frag- 
mentation” contribution to the observed yield of 
nuclides such as Mn* and Cu” in bombardments of 
lead or bismuth becomes important for bombarding 
energies above 1 Bev. The formation cross section of 
these nuclides attributed to “fragmentation” is about 
0.5 mb in this energy region. As the bombarding energy 
is lowered the “fragmentation” yields decrease, but 
even at 450 Mev a small contribution to the observed 
cross sections of about 0.05 mb is present. Since 
“fragmentation” is associated with local heating of the 
nucleus, resulting from large energy transfers brought 
about by pion formation and absorption,® it is reason- 
able to assume that the fragmentation yields from 
tantalum will be of the same order of magnitude as 
those from bismuth.”* The observed yield of nuclides 
such as Mn* and Cu® is greater, however, in 450-Mev 
bombardments of bismuth than of tantalum. Kruger 
and Sugarman* thus report values of 0.68 mb and 
0.11 mb for the formation cross section of Cu®’ from 
bismuth and tantalum, respectively. A fragmentation 
yield of 0.05 mb would thus be relatively more impor- 
tant for products obtained from tantalum bombard- 
ment, Since fragmentation is associated with large 
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energy transfers to the struck nucleus, the high deposi- 
tion energies found for Sc”, Mn**, and Cu®, are satis- 
factorily explained. The smaller increase in the depo- 
sition energy for formation of Mn*® from bismuth can 
also be explained on the basis of fragmentation. The 
more symmetric fragments from the fission of tantalum 
and bismuth are not expected to exhibit this effect 
since the fragmentation yields in this mass region are 
about an order of magnitude lower than for the lighter 
products, for this bombarding energy. The observed 
deposition energies for the light fragments are, in the 
above view, an average of the low deposition energy 
values associated with fission, and the higher values 
associated with fragmentation. The heavy partners of 
these light fragments should show a similar increase in 
deposition energy. The absence of this effect in the 
deposition energy value for Ba™* from tantalum is 
probably due to the underestimate of the kinetic energy 
of Ba'’*, which in turn leads to an underestimate of the 
average deposition energy. 


Vv. CONCLUSION 


In this paper we have presented the results of recoil 
measurements for a number of fragments resulting from 
the fission of bismuth and tantalum with 450-Mev 
protons. The angular distribution of the fragments 
from bismuth was found to be consistent with “a 
+b cos?” with b/a about 0.1 in all cases. The fragments 
from tantalum were emitted mostly isotropically, with 
a distribution consistent with “a+ sin’@” for the most 
asymmetric fragments and a value of b/a of about 0.2. 
The kinetic energies of the fragments were obtained 
and found to vary from about 30 Mev to 60 Mev in 
the fission of bismuth, and from about 10 Mev to 55 
Mev in the fission of tantalum. The total kinetic energy 
released in fission was found to be largest for symmetric 
fission, with an average value of 111 Mev for bismuth 
and 96 Mev for tantalum. The deposition energies 
leading to the formation of the studied nuclides were 
determined with the aid of Monte Carlo calculations 
data. These deposition energies ranged from 109 Mev 
to 184 Mev in the fission of bismuth, and from 152 Mev 
to 224 Mev in the fission of tantalum. The average 
deposition energy in the fission of bismuth and tantalum 
was found to be 160 Mev and 190 Mev, respectively. 
A comparison of the n/p ratios of the most probable 
fragments for a given mass and their corresponding 
fissioning nuclei indicated that in the case of bismuth 
the n/p ratio of the most probable fragments increased 
with mass number, whereas in the case of tantalum, 
it remained constant. It was found that the most 
probable fissioning nucleus for 450-Mev proton bom- 
bardments of bismuth and tantalum gave rise to the 
most probable fragments over most of the fission 
region. The high deposition energies required for the 
formation of the lightest fragments in the fission of 
tantalum were explained as being associated with the 
onset of the fragmentation process. 
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APPENDIX. CHEMICAL PROCEDURES AND OTHER 
EXPERIMENTAL DETAILS 


Scandium.—The element was isolated from tantalum 
by an adaptation of the Los Alamos procedure.™ Special 
care had to be taken to ensure exchange of the radio- 
scandium with the added carrier for those samples 
isolated from the tantalum foils, since the latter were 
dissolved in HF. For this purpose, the tantalum was 
dissolved in the presence of scandium carrier added to 
the acid solution. The solution was neutralized until 
the ScF; dissolved, and was heated and stirred for ten 
minutes to ensure exchange. The solution was acidified 
and the ScF; precipitate was separated. The Los Alamos 
procedure was then followed, and six rare-earth fluoride 
scavengings from neutral solution were included. The 
activation correction for the recoil samples from the 
aluminum impurities was about 10%. Analysis of the 
decay curve showed the presence of 3.4-day Sc‘ and 
44-hr Sc, with Sc? contributing about 75% of the 
activity two to three days after bombardment. 

Manganese.—This element was isolated from both 
tantalum and bismuth targets by a procedure similar 
to that used by Wolfgang ef al.* It was found, however, 
that in addition, several basic carbonate scavengings 
from the permanganate solution were needed to ensure 
adequate decontamination. The activation correction 
for the recoil samples from both targets was about 2% 
at the time of counting, 8 to 14 hours after bombard- 
ment. The manganese isolated from the bismuth target 
assemblies contained a contribution from the nickel 
impurity present in the bismuth foil. A correction was 
made by determining the ratio of Mn**/Mn® in equally 
long bombardments of the bismuth foil, pure bismuth, 
and pure nickel, and was about 4% for the target-foil 
samples and negligibly small for the recoil-catcher 
samples. Analysis of the decay curve after correction 
for the contribution from the nickel impurity, showed 
that 2.6-hr Mn was responsible for essentially all the 
activity at the time of counting. In the case of the 


% J. E. Sattizahn, Atomic Energy Commission Report AECD- 
2738, 1949, edited by J. Kleinberg (unpublished), 
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tantalum targets, Mn® was also responsible for practi- 
cally all the activity at the time of counting. 

Copper.—This element was isolated from both targets 
by a new procedure developed in the course of this 
work. It consisted of several cycles of Fe(OH); and 
Agl scavengings, and Cul and CuO precipitations. The 
final precipitate was Cul. The activation correction for 
the recoil samples was about 5% in the tantalum 
experiments, and 1% in the bismuth experiments. 
Analysis of the decay curves showed the presence of 
12.8-hr Cu™ and 61.5-hr Cu® with Cu® contributing 
about 80% of the total activity a few days after 
bombardment. 

Strontium.—This element was isolated from both 
targets by a previously developed procedure.*® The 
activation correction for the recoil samples was about 
1% in the tantalum experiments, and less than 0.1% 
in the bismuth experiments. Analysis of the decay 
curves showed the presence of 2.7-hr Sr”, 9.7-hr Sr", 
and 53-day Sr® in the bismuth runs. The contribution 
of Sr® was about 25% at the initial time of counting, 
a few hours after bombardment. The Sr™ activities 
were determined several days after the bombardment. 
The decay curves in the tantalum experiments showed 
the presence of Sr” which eventually tailed off into a 
long-lived component, composed of 27-day Sr™, Sr®, 
and 58-day Y". 

Palladium.—This element was isolated from both 
targets by a procedure given in reference 35, The 
activation correction for the recoil samples was about 
9% in the tantalum experiments, and less than 1% in 
the bismuth experiments. Analysis of the decay curves 
showed the predominating presence of 13.6-hr Pd™, 
with a small contribution of 21-hr Pd!” from bismuth, 
and of 4.0-day Pd™ and 17-day Pd from tantalum. 

Barium.—This element was isolated from both 
targets by the procedure given in reference 35. ‘The 
activation correction for the recoil samples was about 
20% in the tantalum runs and about 1.5% in the 
bismuth runs. Analysis of the decay curves showed the 
presence of 2.0-hr Ba’ and 38.8-hr Ba” in the 
bismuth runs, with Ba! contributing about 35% of 
the activity at the initial counting time, several hours 
after bombardment. The tantalum experiments showed 
the presence of 2.4-day Ba'* and Ba™, the contribution 
of the latter being very small at the time of counting, 
ten to fifteen hours after bombardment. 


% Selected papers of Part VI, Radiochemical Studies: Ihe Vission 
Products (McGraw-Hill Book Company, Inc., New York, 1951), 


National Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. 1V; W. W. Meinke, University of California Radiation 
Laboratory Report UCRL-432, 1949 (unpublished). 
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The determination of branching ratios for the formation of specific products at given deposition energies 
is described for high-energy nuclear reactions. These branching ratios may be obtained by use of deposition 
energy spectra from recent Monte Carlo calculations. The calculated branching ratios are used to analyze 
formation cross sections in the Bev region into “fission” and ‘‘fragmentation” components, and to calculate 
average and most probable deposition energies for the formation of specific nuclides. The fission process in 
bismuth is compared with that in tantalum as to relative fissionability, deposition energy for fission, and 


spread in fissioning nuclei 


I, INTRODUCTION 
UCLEAR reactions induced by particles with 
incident energies above 70 or 80 Mev are best 
described in terms of the ‘“‘cascade-evaporation” model 
first suggested by Serber.' At these energies, where the 
mean free path of the incident particle becomes com- 
parable to nuclear dimensions, the target nucleus 
appears as a partially transparent collection of quasi- 
free nucleons to the incoming particle. The cascade 
process consists of two-body collisions between the 
incident particle and the nucleons of the target nucleus, 
and subsequent collisions of the struck nucleons, which 
results in the emission of “knock-on” particles. The 
nuclear cascades leave the residual nucleus in various 
states of excitation, up to the excitation produced by 
the deposition of all the incident energy. The excitation 
energy is then dissipated by the subsequent evaporation 
of particles, much in the same way as in low-energy 
bombardments. The observed nuclear reactions are thus 
the result of a variety of processes representing the 
deposition of different amounts of excitation energy. 
There is a parallelism in the quantitative treatment 
of cross-section data from high-energy reactions and 
low-energy reactions involving compound-nucleus for- 
mation. In the case of the latter, the cross section for 
forming a given product A, o,4, is given by the product 
of the cross section for forming the compound nucleus 
and the branching ratio of the excited compound 
nucleus to A. Similarly, in the case of high-energy 
reactions, a, is the integral for all values of the excita- 
tion energy E* of the product of the cross section for 
forming a residual nucleus with a given £*, and the 
branching ratio of the decay into A for that excitation 
energy. The cross section for forming a nucleus with 
excitation energy £* is given by the product of the geo- 
metric cross section of the target nucleus, o,, and the 
probability that a projectile of energy EZ, will deposit 
excitation energy £*, N(E*,E,). The expression for the 
* This work was supported in part by a grant from the U. S. 
Atomic Energy Commission 
t Presented in partial fulfillment of the Ph.D. degree in the 
Department of Chemistry, University of Chicago. The author 
acknowledges the aid of General Electric and National Science 
Foundation fellowships. Now at Brookhaven National Laboratory, 
Upton, New York. 


1 R. Serber, Phys. Rev. 72, 1114 (1947). 


observed cross section for forming a product A at a bom- 
barding energy, £,, for a given target nucleus, is given in 


ao i(E,) -| 


Eq. (1), where Enax* is the maximum excitation energy 
that may be deposited, corresponding to the sum of the 
kinetic and binding energies of the bombarding particle, 
and f,(£*) is the branching ratio for the residual nucleus 
with excitation energy £* for formation of A. There 
will, in general, be a different f,(/*) for each residual 
nucleus formed with a given excitation energy. In 
Eq. (1), f4(2*) is the average branching ratio for all 
such residual nuclei. It is noted that f,4(£*) has been 
assumed to be independent of the bombarding energy. 
In Eq. (1), N(£*,E,) is normalized so that its integral 
over E* is unity. The nuclear radius has been taken 
as 1.3X10~%A! cm for calculation of the geometric 
cross sections of the target nuclei, the value used in the 
Monte Carlo calculations.” 

The quantity f,(£*) is of interest in high-energy 
reactions since it represents the probability for forming 
a given product, not at a given bombarding energy, but 
at a given deposition energy, thereby providing specific 
information on the relative contributions of different 
parts of the deposition energy spectrum to the observed 
cross section. Values of f4(*) may be obtained from 
observed excitation functions by use of Eq. (1) and 
the deposition energy spectra N(*,£,) for all values 
of E, for which there are cross-section data. Recent 
Monte Carlo caluclations? have made available de- 
position energy spectra for a number of target elements 
for a wide range of bombarding energies. These results 
may thus be combined with experimentally measured 
excitation functions,*~* to yield the desired branching 


. Emax* 
oyXN(E*,E,)X fal E*)dE*, (1) 


2A. Turkevich, University of Chicago (private communication). 
Some of these results have been briefly reported on: Bivins, 
Metropolis, Storm, Turkevich, Miller, and Friedlander, Bull. Am. 
Phys. Soc. Ser. II, 2, 63 (1957). 

+L. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955). 

‘ Wolfgang, Baker, Caretto, Cumming, Friedlander, and Hudis, 
Phys. Rev. 103, 394 (1956). 

*H. M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 
(1956). 

* E. L. Kelly and C. Wiegand, Phys. Rev. 73, 1135 (1948). 
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ratios, f4(£*). Analyses of spallation and fission data 
for a given bombarding energy have previously been 
made by Meadows,’ Jackson,® Russell,’ and Rudstam,"” 
by use of Monte Carlo calculations. In this study we 
restrict ourselves to reactions of bismuth, lead, and 
tantalum with protons, giving products in the “‘fission”’ 
region. The f,(£*) values are calculated for several 
typical cases, and are used to interpret cross-section 
data, to calculate deposition energies for formation of 
of specific fission products, and to compare the high- 
energy fission process in bismuth with that in tantalum. 


II. DETERMINATION OF THE BRANCHING 
RATIO, f4(E*) 


The branching ratio for forming a product A at a 
deposition energy E*, f 4(£*), may be obtained from the 
measured excitation functions and the deposition 
energy spectra by use of Eq. (1). The problem here is 
formally analogous to the calculation of cross sections in 
photonuclear reactions from the observed yields at 
maximum bremsstrahlung energies. In this study, the 
f 4(E*) curves were obtained by trial and error. Succes- 
sive adjustments were made to the assumed f ,4(£*) 
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Fic. 1. Deposition energy spectra obtained for proton bombard- 
ment of bismuth from Monte Carlo calculations, The tabulated 
deposition energy intervals and the statistical error associated with 
each value are indicated by the crosses. 


7 J. Meadows, Phys. Rev. 98, 744 (1955). 
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Fic, 2. Variation of f4(2*) with £* and of a4(#,) with Ey 
for Cu" from proton bombardment of bismuth 


curve until it was able to reproduce the observed 
oa(E,) values to within about 2%. The deposition 
energy spectra for proton bombardment of bismuth 
used in this determination were obtained from the 
Monte Carlo calculations,’ and are shown in Fig. 1. The 
statistical errors associated with the calculated values 
are given. 

The resulting curve of f,4(£*) vs E£* is shown for 
two typical cases in Figs. 2 and 3. In Fig. 2, the f4(2*) 
curve for Cu™ formed in the proton bombardment of 
bismuth is given for deposition energies up to 450 Mev. 
The measured excitation function for Cu®’,’ o4(E,) vs 
E,, used to obtain the f4(/*) curve is also included. It 
is seen that the f,(/*) curve initially rises more 
steeply than the corresponding o4(/,) curve, and then, 
as the latter begins to flatten, goes through a maximum 
and decreases sharply. This general behavior is char 
acteristic of f,(4*) curves associated with excitation 
functions that become flat or go through a maximum at 
bombarding energies below 500 Mev. The errors associ 
ated with the derived f,(/*) curve for Cu” are in 
dicated by the heavy vertical bars in Fig. 2. These are 
the maximum expected errors, obtained by assuming a 
pileup of the errors in N(E*,E,) and o,(E,). The 
maximum error is about 50 to 60% for deposition 
energies less than 200 Mev. In the region beyond the 
maximum of the f,4(#*) curve, the errors become very 
large, and the f,(/*) values are known only to within 
a factor of 10 or 20, In spite of this large uncertainty, 
however, it is apparent that f,(/*) actually does go 
through a rather sharp maximum. The large uncertainty 
in f4(*) at deposition energies close to the maximum 
bombarding energy arises from the fact that V(*,/,) 
is very small for £* close to E,. Hence, the product of 
N(E*,E,) and f,(£*) will make a rather small con- 
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Fic, 3. Variation of /4(2*) with E* and of o4(£,) with E, 
for Ba™ from proton bombardment of lead 


tribution to the observed cross section, o,(E,), regard- 
less of the value of f,4(£*) within fairly wide limits. 
Also, the statistical uncertainty in N(£*,E,) is very 


large for E* close to E,, due to the small number of 
cascades leading to large E* values. 

In Fig. 3 we have plotted the f,(£*) curve for Ba™ 
formed in proton bombardment of lead up to 3 Bev, as 
well as the corresponding excitation function. The 
f4(*) curve can actually only be calculated to E* 
values of about 1 Bev, since, for the 1.83 Bev cascade 
calculations,’ out of a total of nearly 600 cascades none 
leading to £* values above 1.2 Bev were observed. The 
dashed continuation of the {4 (*) curve for Ba™ above 
1 Bev was obtained on the assumption that there were 
actually two events leading to £* greater than 1.2 Bev. 
A different choice for N (£*,£,) would lead to a different 
shape for the f,(£*) curve. The very large errors 
indicated in Fig. 3 reflect this situation. The errors have 
been terminated at f,(*) values of 0.1. This reflects 
our belief that the branching ratio, at a given /* value, 
for any product will not be more than 10%. The f4(£*) 
curve consequently levels off, and possibly goes through 
a maximum, as indicated in Fig. 3. 

There are three differences between the f,(£*) 
curves for Cu” and Ba™. These may be correlated with 
the fact that the excitation function for Cu® flattens 
below 500 Mev, whereas the excitation function for 
Ba™ only begins to flatten near 3 Bev. First, the 
f,(E*) curve for Cu” goes through a maximum, while 
the corresponding curve for Ba" may or may not go 
through a maximum. For 500-Mev bombarding energy, 
N(E*,E,) is small, but still with a value of about a few 
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percent, for E* close to E,. Hence, if the excitation 
function goes through a maximum, f,(£*) has to go 
through a rather sharp maximum so that the higher 
deposition energy processes do not contribute sub- 
stantially to the observed cross section. This behavior 
of the branching ratio has also been found by Russell’ in 
his analysis of the pion- and proton-induced fission of 
uranium. In the Bev region, on the other hand, N(E*,E,) 
is very close to zero for E* close to E,. Consequently the 
excitation function can flatten or go through a maximum 
without necessarily requiring f4(E*) to go through a 
maximum. 

Second, the ratio of the maximum value of f4(£*) to 
the maximum value of o,4(£,) is greater for Ba than 
for Cu®’. This observation once again reflects the fact 
that the fraction of cascades leading to deposition 
energies in the Bev region, for incident energies of 1 to 
3 Bev is very small. Consequently the corresponding 
fa(E*) values are rather large, in order to account 
for the substantial cross section observed in the Bev 
region. Third, the absolute width at half-maximum of 
the f,4(2£*) curve for Ba™ is much greater than that of 
the corresponding curve for Cu®’, indicating formation 
of Ba" over a wider deposition energy region. 


Ill. FISSION AND FRAGMENTATION 


The analysis of the excitation function for Cu®, 
given in Fig. 2, shows that the production of Cu with 
450-Mev protons arises from deposition energies below 
270 Mev. It is of interest to determine whether this 
low-energy process accounts for the entire cross section 
for making Cu in the Bev region, or whether in 
addition, one has to invoke contributions from a higher 
energy process. Assuming that the former is true, we 
may by use of Eq. (1) calculate an excitation function 
for Cu” to 3 Bev. For this purpose it is convenient to 
approximate the f,(£*) curve for Cu" by a rectangle, 
centered at 180 Mev, 150-Mev wide and with a value of 
3X10~. In this case, then, 74(£,) depends upon the 
integral of N(E*,E£,) for deposition energies between 
105 and 255 Mev at each bombarding energy. We have 
previously assumed that f,4(£*) does not depend on 
the bombarding energy. This assumption may not be 
strictly true, however, particularly over the wide range 
in bombarding energies under consideration. The 
branching ratio f,4(*) is, as was previously stated, an 
average of the branching ratios for all the residual 
nuclei resulting from the cascade process leading to the 
same deposition energy. The average branching ratio 
will thus be independent of bombarding energy only if 
the distribution in residual nuclei for a given deposition 
energy is independent of bombarding energy. An 
examination of the Monte Carlo cascades’ shows that 
in going from 458-Mev to 1.83-Bev bombarding energy 
the average number of nucleons emitted from cascades 
in bismuth leading to deposition energies of about 170 
Mev increases from about 3 at 458 Mev to about 6 at 
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1.83 Bev and that Z?/A of the average residual nucleus 
decreases from 33.2 to 32.7. It may be expected that 
fa(E*) will decrease with increasing bombarding 
energy, since the residual nuclei become, on the average, 
less fissionable. The magnitude of this effect can be 
estimated from the observed dependence of the produc- 
tion cross sections of fission products on the charge and 
mass of the target nucleus in 450-Mev proton bombard- 
ments." The correction to the f{4(£*) values at 3-Bev 
bombarding energy, obtained from excitation functions 
to 450 Mey, is greatest for symmetric fission products 
where it amounts to a reduction by a factor of two or 
three, whereas for Cu®’ it amounts to a reduction of 
about 20%. This difference is due to the broadening of 
the fission yield curve observed in going to targets of 
lower Z,"! 

We assume that the /,(£*) rectangle, although 
varying in height, does not shift appreciably in de- 
position energy with increasing bombarding energy. A 
large shift in deposition energy would affect the values 
of the integral of V(/*,/,), and thereby the values of 
o4(E,). Our justification for this assumption is that the 
average E* value for the production of a given fragment 
in the fission of bismuth with 450-Mev protons is only 
slightly lower than that in tantalum.” Since the differ- 
ence in Z*/A under consideration for the residual 
nuclei resulting from the bombardment of bismuth with 
protons of different energy is much smaller than that 
of corresponding residual nuclei for bismuth and tan- 
talum at 450 Mev, we may expect that there will be no 
significant shift of the f4(2*) rectangle along the /* 
axis. 

The cross section of Cu’ from bismuth was calculated 
to 3-Bev bombarding energy on the basis of data up to 
450 Mev, in the manner outlined above. The o,4(E,) 
values obtained by use of Eq. (1) were corrected at each 
energy for the decrease in f4(/*) by multiplication by a 
correction function obtained by interpolation from the 
Monte Carlo data at several energies and from the 
fission yield studies at 450 Mev." The resulting excita- 
tion function for Cu” is plotted in Fig. 4. The error at 
at each bombarding energy is primarily the error 
associated with N(E*,E,) at E* between 105 and 
255 Mev for the same bombarding energy. The points 
are the experimentally observed cross sections obtained 
at Brookhaven for proton bombardments of lead.‘ The 
Chicago data were normalized to the Brookhaven data 
at 400 Mev by increasing the Chicago values by a 
factor of 2.1. The origin of this discrepancy may be due 
to different corrections for counting efficiency of the 
weak # radiation of Cu®’. The height of the f,(£*) 
rectangle was increased by the same factor. We assume 
that there will be no significant change in position of the 
fa(E*) rectangle along the £* axis in going from 
bismuth to lead. It is seen that the predicted cross 


" P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955). 
4N. T. Porile and N. Sugarman, preceding paper | Phys. Rev 
107, 1410 (1957) ]. 


NUC 


ACTIONS 





i 


———F ragmentation 








| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 





! af 


2.0 30 
Ep (Bev) 


Fic. 4. Comparison of experimental and calculated a4(//p) 
curves for Cu" from proton bombardment of lead. The A symbols 
are the experimental values of Wolfgang, et al.‘ Solid curve— 
calculated “fission” cross section. Dashed curve—calculated 
“fragmentation” cross section 


section in the Bev region is considerably smaller than 
the experimental value. This suggests that there is a 
contribution to the observed cross section in the Bev 
region from a high deposition energy process, in addition 
to the low deposition energy process responsible for 
the observed cross section at lower bombarding energies. 
We shall refer to this low deposition energy process as 
“fission” and to the suggested high deposition energy 
process as “fragmentation.” We use the term ‘“‘frag- 
mentation” in the same sense as Wolfgang et al.,‘ 
namely, as a high deposition energy process associated 
with pion formation and readsorption. It is possible to 
determine the relative contribution of each process to 
the observed cross section at any bombarding energy by 
subtracting the calculated “fission” cross section from 
the observed cross section. The resulting excitation 
function for the “fragmentation” process is given by 
the dashed line in Fig. 4. It is seen that the ‘‘fragmenta- 
tion” cross section becomes comparable to the “‘fission”’ 
cross section at 1.3 Bev and predominates at higher 
energies. This fragmentation excitation function may be 
analyzed to yield an f,(*) curve by the use of Eq. (1). 
The resulting curve has the same general appearance as 
the f{,(£*) curve for Ba”, with a maximum value of 
about 4X 10~* at 1.1 Bev and a width at half-maximum 
of approximately 700 Mev. As in the case of Ba, the 
uncertain value of N(E*,E,) above 1 Bev may lead to 
substantial errors in f,4(/*). If the excitation function 
for Cu®™ is not divided into two energy intervals, each 
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of which is analyzed separately, but is treated as one 
continuous function, it is still necessary to assume the 
presence of at least two peaks in the f,4(£*) curve in 
order to reproduce the observed o,4(£,) values. An 
fa(i*) curve with only one peak, centered perhaps at 
500 or 600 Mev does not fit the data. 

The calculation described for Cu®’ was repeated for 
Mn” and Cd'!®™, the two other nuclides for which there 
are both low- and high-energy data available. The 
position of the low-energy f,(/*) rectangle was ob- 
tained from average deposition energies obtained in 
recoil studies of bismuth fission with 450-Mev pro- 
tons.” The relation between the average deposition 
energy and /{,(42*) is described in the following section. 
The deposition energy data was used since no excitation 
functions up to 450 Mev were available for these 
nuclides, The f,4(/2*) rectangles for Mn and Cd! 
were centered at 195 Mev and 160 Mev, respectively, 
and were adjusted in height so that the calculated cross 
sections agreed with the values obtained by Wolfgang 
et al.’ at 450 Mev. In the case of Mn* the experimental 
values had to be extrapolated down to 450 Mev to 
permit the normalization. The width of the /,(£*) 
rectangles could be varied between 50 and 250 Mev 
with negligible results on the calculated cross section 
values. Consequently it was not necessary to obtain a 
well-defined value for the width of the f,4(#*) rec- 
tangles. The lowering of the height of the f4(£*) 
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rectangle in 3-Bev bombardments relative to the 
height for 450-Mev bombardments was found to be 
negligible in the case of Mn**, and amounted to a factor 
of 2.6 for Cd", Just as in the case of Cu® it was found 
necessary to postulate contributions from the “frag- 
mentation” process for both nuclides in order to explain 
the difference between the observed and calculated 
values. 

The excitation functions for the calculated frag- 
mentation components of Mn, Cu®’, and Cd!" are 
plotted in Fig. 5. The excitation functions for a number 
of light nuclides have been determined in bombard- 
ments of lead by Wolfgang and co-workers.‘ These 
nuclides, such as Na™ or P®, are made in very low 
yield at 600 Mev and their excitation functions show a 
behavior consistent with a high deposition energy 
fragmentation process. The measured excitation func- 
tions for Na™ and P®, as well as for Ba", are included in 
Fig. 5. It can be seen that the calculated fragmentation 
curves have about the same shape and magnitude as 
the experimental curves. Fragmentation thus appears 
to lead to products over the whole mass region, as was 
pointed out by Wolfgang e al.* Our analysis indicates 
that at 3 Bev the fragmentation cross sections are 
lowest for products of roughly half the mass of the 
target nucleus and increase by about an order of 
magnitude for the lightest observed nuclides. A similar 
increase is seen in the heavy mass region, as evidenced 
by Ba", but the situation is complicated by the con- 
tribution from the spallation process in this mass 
region. The analysis of the observed cross sections into 
their “fission” and “fragmentation” components in- 
dicates that the total “fission” cross section at 3 Bev for 
lead or bismuth is down by about a factor of 5 to 10 
from its value at 450 Mev, to a value of 20 to 40 
millibarns. 


” 


IV. DEPOSITION ENERGY 


The f{,(£*) curves may be used to calculate, for each 
bombarding energy, the average value of the excitation 
energy deposited in the struck nucleus for processes 
leading to fragment A, denoted by £4*. This quantity is 
given by Eq. (2): 


Emax* 
f E*X\oyXN(E*,E,) X fa( E*)dE* 


0 


(2) 


. 


og XN(E*,E,) X fa(E*)dE* 


. 
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Figure 6 shows the values of £4* for Ba", Cu’, and a 
hypothetical fragment X from bismuth up to a bom- 
barding energy of 1 Bev. Fragment X is made ex- 
clusively by a low-energy process. The £4* curve for 
fragment X essentially levels off at rather low bom- 
barding energies. The curve for Cu® shows an initial 
rise followed by a plateau and another rise, reflecting 
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the high deposition energy process. The curve for Ba" 
increases monotonically, as does the corresponding 
fa(E*) curve to 1 Bev. It is thus clear that the experi- 
mental determination of average deposition energies for 
various bombarding energies can be of considerable 
value in differentiating between different kinds of 
formation processes. 

Deposition energy values can be obtained directly, 
independent of the above considerations, from recoil 
studies.”~'® One obtains from the latter the forward 
component of momentum imparted to the struck 
nucleus. The deposition energies may then be obtained 
from the momentum values with the aid of a momen- 
tum-deposition energy relation obtained from the 
Monte Carlo calculations.? This relation, Fig. 4 of the 
preceding paper,’ was obtained on the assumption that 
a given fragment is formed from nuclei of a given 
excitation energy. The breadth of the f,4(£*) curves 
shows that this is not the case. A correct treatment gives 
the average forward component of momentum imparted 
to the struck nucleus for formation of fragment A, P4, 
by the equation : 


Emax* 
i) P(E*,E,) Xo, XN (E*,E») X fa(E*)dE* 
0 
pe Oh AO ee 
Emax* 
f oy XN (E*,Ey)X fa(B*)d E* 
0 


’ 


(3) 


where P(E*,E,) is the average momentum imparted to 
the struck nucleus corresponding to a given deposition 
energy E* for a bombarding energy Ey. P(E*,E,) is the 
quantity that is actually plotted against /* in Fig. 4 of 
the preceding paper. In order to obtain values of E4* 
from the measured values of P, it is thus necessary to 
correct for the width of the f,(/2*) curve. Increasing the 
width of the latter from 0 to 200 Mev raises the corre- 
sponding value of E ,* for a given P, by a few Mev 
from that given in Fig. 4 of the preceding paper. 
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Fic. 6. Variation of 2.4* with EZ, for Ba”, Cu", and a hypothetical 
fragment X formed in proton bombardment of bismuth. 


4 Sugarman, Campos, and Wielgoz, Phys. Rev. 101, 388 (1956). 

® Perfilov, Ivanova, Lozhkin, Ostroumov, and Shamov, Pro- 
ceedings of the Conference of the Academy of Sciences of the U.S.S.R 
on the Peaceful Uses of Atomic Energy, Moscow, July 1, 1955 
(Akademiia Nauk, S.S.S.R., Moscow, 1955), p. 55 [translated by 
Consultants Bureau, New York (1955) }. 
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Variation of F4(*,F,) with E* for Cu and Ba! in 
400-Mev proton bombardment of bismuth 


Fic. 7. 


Equation (3) may be used directly to obtain values of 
the average forward component of momentum of the 
struck nucleus from the experimentally determined 
excitation functions through the use of the Monte 
Carlo calculations,’ as discussed earlier. The excitation 
function data for Cu®’* give a value of 0.516 in units 
of 931 Mev/c for P,, in 450-Mev proton bombardment 
of bismuth. This value is in excellent agreement with 
the value of 0.528+-0.009 obtained from recoil studies.” 

The most probable deposition energy required to form 
a given nuclide may be obtained for a given bombarding 
energy by plotting the quantity 0, NV(4*,£,) X fa(£*) 
versus /:*, and noting the position of the maximum. If 
this expression is divided by the value of the measured 
cross section of the nuclide at the desired bombarding 
energy, o4(/,), the quantity obtained is 


muta ayX N(E* Ey) X fal Ee) 
. 4 ( a Lp) 
oa(E,) 


F,(4:*,£,) represents the fractional contribution to the 
total cross section of A for a bombarding energy E, by 
nuclei of deposition energy £*. A plot of F4(4*,#,) for 
Cu” and Ba" calculated for 400-Mev proton bombard 
ment of bismuth is given in Fig. 7. It can be seen that 
the Cu’ fragments originate in the main from a 
narrower deposition energy interval than the Ba! 
fragments. This result is a consequence of the fact that 
the f,(/*) curve for Ba is still rising sharply at /* of 
400 Mev (see Fig. 3) so that the product of f4(/*) and 
N(E*,E,) is fairly constant despite the decrease in the 
N(E*,E,) curve above 150 Mev. For Cu®’, on the 
other hand, both curves decrease above /* values of 
200 Mev, and hence the F4(4*,£,) curve decreases 
sharply. In the model of the “fissioning nucleus” this 
means that the approximation of a single fissioning 
nucleus is better for processes leading to Cu®’ than to 
Ba™, although even for the former, the most probable 
fissioning nucleus only gives rise to about 10% of the 
total yield in 400-Mev bombardments. 


V. FISSION PROCESS IN BISMUTH 
AND TANTALUM 
The analysis of excitation functions by use of Monte 
Carlo calculations presented earlier may be applied to 
the case of the /olal fission cross section of bismuth*** 
and tantalum. The excitation function for tantalum may 
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lic, 8. Variation of f4(2*) with E* for proton 
fission of bismuth and tantalum 


be obtained by extrapolation from measured values for 
bismuth and gold,® combined with measurements of the 
total fission cross section of tantalum at individual 
energies." !® The resulting f,(/*)"’ curves are plotted to 
/:* values of 450 Mev in Fig. 8. Both curves go through 
a maximum and the decrease beyond the maximum is 
less sharp than that observed for individual fission 
fragments (see Fig. 2), since these curves for the fission 
process represent the total of many individual /,(£*) 
curves, peaked at different energies. Several conclusions 
may be drawn from these curves. First, the branching 
ratio for fission in bismuth attains a peak value of 0.17 
at a deposition energy of 190 Mev, and then decreases. 
The maximum value for the branching ratio for fission 
of tantalum is 0.007 at a deposition energy of 230 Mev. 
At no deposition energy is fission the predominating 
process for either bismuth or tantalum. 

Second, the fact that the f,4(£*) curves for fission go 
through a maximum, coupled with the fact that the 
N(i*,E,) curves also go through a maximum for all 
bombarding energies for which there are data,’ implies 
that the corresponding excitation functions go through 
a maximum. This maximum in the excitation function 
for fission will occur at a bombarding energy for which 
the most probable deposition energy is about equal to 
the deposition energy corresponding to the maximum in 
the f,4(£*) curve. With the aid of the deposition energy 
spectra we estimate this bombarding energy to be about 
750 Mev for bismuth, and 1.5 Bev for tantalum. 

Third, the ratio of the integral of f/,4(2£*) for E* 
values between 0 and 450 Mev for bismuth to that for 


16 W, E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 
17 The subscript A now refers to the fission process in general 
rather than to the formation of a specific product. 
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tantalum is about 30. This is the calculated ratio of the 
450-Mev fission cross sections of bismuth and tantalum, 
on the assumption that N(E*,E,) has a constant value 
for all deposition energies. This ratio of 30 then repre- 
sents what might be called the greater “intrinsic” 
fissionability of bismuth. The ratio of the observed 
fission cross section of bismuth and tantalum at 450 
Mey, is about 44." There is, then, an extra factor of 
about 1.5 favoring the fission of bismuth over that of 
tantalum, in 450-Mev bombardments, besides the factor 
of 30 obtained from the branching ratios. This extra 
factor comes from the fact that the average deposition 
energy for all inelastic events is closer to the deposition 
energy corresponding to the maximum in the f4(£*) 
curve for bismuth than for tantalum. 

The results of recent recoil studies on fission products 
from bismuth and tantalum with 450-Mev protons"? 
show that there is no marked dependence of the average 
deposition energy on the mass asymmetry of the most 
probable fragments. The preference for symmetric 
fission found in high-energy bombardment of these 
elements"! is consequently inherent in the fission act 
itself. 

The average and most probable deposition energies 
for the fission of bismuth and tantalum may be obtained 
as a function of bombarding energy to 450 Mev. The 
resulting curves are shown in Figs. 9 and 10 for bismuth 
and tantalum, respectively. We include for comparison 
a plot of the average deposition energy for all inelastic 
events, obtained from the Monte Carlo calculations.’ 
At the very lowest bombarding energies, where the 
compound-nucleus model is applicable, all three quan- 
tities coincide. At higher bombarding energies, the E* 
values for fission are higher than those for all inelastic 
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Fic. 9, Variation of deposition energy with bombarding energy 
for bismuth. £* fission—average deposition energy for fission. 
E* fission—most probable deposition energy for fission. 
E* inelastic—average deposition energy for all inelastic events. 





HIGH-ENERGY NUCLEAR REACTIONS 


events, a consequence of the very low branching ratios 
for fission at low deposition energies (see Fig. 8), 
particularly in the case of tantalum. Higher values of 
E* are obtained for the fission of tantalum as compared 
to bismuth at all bombarding energies to 450 Mev 
because of the relative shift of the f4(£*) curve for 
tantalum to higher £* values. At some higher bombard- 
ing energy, beyond the range of the data, we expect the 
average deposition energy for all inelastic events, which 
will continue to increase monotonically with bombard- 
ing energy, to become greater than the average de- 
position energy for fission, since the latter may be 
expected to level off as the branching ratio for fission 
decreases (see Fig. 6). Figures 9 and 10 also show that, 
at a given bombarding energy, the average deposition 
energy for fission is greater than the most probable 
deposition energy for fission. The values for the average 
and most probable deposition energies for the 450-Mev 
fission of bismuth and tantalum obtained in this 
fashion from excitation-function data, are in very good 
agreement with the corresponding values obtained from 
recoil studies at 450 Mev.” 

The probability for fission as a function of deposition 
energy E* for bombarding energy E, is given by 
F ,(E*,E,). This quantity is plotted as a function of E* 
in Fig. 11 for bismuth and tantalum for Z, of 450 Mev. 
It is apparent that fission occurs over a wide range of 
deposition energy for both bismuth and tantalum. If it 
is assumed that fission occurs after de-excitation by 
evaporation of neutrons, there then is a correspondence 
between “‘fissioning nucleus” and deposition energy. 
The most probable “‘fissioning nucleus” in the 450-Mev 
proton bombardment of bismuth has a mass of 191, and 
gives rise to about 7% of all fissions. The most probable 
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Fic. 10. Variation of deposition energy with bombarding energy 
for tantalum, £* fission—average deposition energy for fission. 
E* fission—most probable deposition energy for fission 
E* inelastic—average deposition energy for all inelastic events. 
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Fic. 11. Variation of P4(2*,E,) with £* for the fission of bismuth 
and tantalum with 450-Mev protons. 


“fissioning nucleus” for tantalum has a mass of 163, and 
gives rise to about 8% of all fissions. Previously, more 
qualitative results on the spread of fissioning nuclei in 
high-energy fission have been presented by Douthett 
and Templeton,’ Biller,"® and Nervik and Seaborg.'* We 
have previously” shown that for both bismuth and 
tantalum fission, the most probable fissioning nucleus 
gives rise to the most probable fission fragment over 
most of the fission region. Since the most probable 
fragments for a given mass have been shown to account 
for perhaps as much as 40% of the total chain yield," 
we might expect that the most probable fissioning 
nucleus would give rise to about 40% of the fissions. The 
fact that instead it only gives rise to 7 or 8% of all 
fissions implies that there is a set of perhaps 5 to 10 
fissioning nuclei, with an average deposition energy that 
of the most probable fissioning nucleus, which gives rise 
to the most probable fragments throughout most of the 
fission region. The variation of F4(E£*,Z,) for Cu”, a 
primary fragment in the fission of bismuth, given in 
Fig. 7, shows about the same variation with deposition 
energy, or fissioning nucleus, as the total fission process, 
in agreement with the above view. 


VI. CONCLUSION 


In this study we have obtained branching ratios for 
the formation of nuclides at given deposition energies 
from measured excitation functions and deposition 
energy spectra obtained from Monte Carlo calculations. 
These branching ratios were used to analyze the 
measured cross sections for the formation of products 
in Bev-proton bombardments of lead into low dep- 
osition energy “fission” and high deposition energy 
“fragmentation” components. For bombarding energies 
above 1 Bev, the fragmentation process was found to 
contribute to the observed formation cross sections of 
nuclides over the mass region conventionally attributed 
to fission, and to predominate over the fission process 

1*E, M. Douthett and D. H. Templeton, Phys. Rev. 94, 128 
(1954). 


” W. F. Biller, University of California Radiation Laboratory 
Report, UCRL-2067, December, 1952 (unpublished). 
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for bombarding energies greater than about 1.5 Bev. At 
3-Bev bombarding energy, the mass distribution of 
fragmentation products exhibits a broad minimum at a 
mass of about 100, with an increase in yield of about 
an order of magnitude in going to the lightest and 
heaviest fragments. 

The average and most probable deposition energies 
for formation of nuclides at given bombarding energies 
were calculated. The variation with bombarding energy 
of the average deposition energy for formation of a given 
nuclide was shown to depend on the nature of the 
process responsible for the formation of this nuclide. An 
experimental study of this variation should therefore 
be of value in the study of formation processes. The 
fission process for bismuth was compared with that for 
tantalum. Fission was found to account for a maximum 
of 17% of the total inelastic cross section of bismuth, 
this maximum occurring at a deposition energy of 190 
Mev, whereas for tantalum the corresponding value is 
0.8% at a deposition energy of 230 Mev. The “intrinsic” 
fissionability of bismuth was found to be 30 times 
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greater than that of tantalum for 450-Mev bombard- 
ments. The average deposition energy for fission of 
tantalum was found to be greater than that for fission 
of bismuth for all bombarding energies to 450 Mev. 
Both deposition energies for fission were greater than 
the corresponding deposition energies for all inelastic 
events at bombarding energies above 50 Mev. The 
most probable “fissioning nucleus” from 450-Mev 
bombardment of bismuth and tantalum accounts for 
about 7% of all fissions. 
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K* interactions in nuclear photographic emulsion have been studied at three effective mean K* energies: 
54 Mev, 95 Mev, and 140 Mev. The cross section for inelastic interaction is found to increase slightly with 
energy. The scattering appears to be s-wave, T=1, at low energies, with p-wave scattering becoming 


appreciable above about 100 Mev. 


INTRODUCTION 


N order to obtain information on the interaction of K 
mesons with nucleons, a number of groups have 
studied the scattering of low-energy K* mesons from 
both hydrogen and heavier nuclei.'~’’ The following, 


*The work at Harvard University and the Massachusetts 
Institute of Technology was assisted by the joint program of the 
Office of Naval Research and the U. S, Atomic Energy Com- 
mission. The work at The Johns Hopkins University was assisted 
by the Office of Scientific Research of the Air Force. 

t Now a Fellow of the American Association of University 
Women at the University of Rochester. 

!Lannutti, Chupp, Goldhaber, Goldhaber, lloff, 
Pevsner, and Ritson, Phys. Rev. 101, 1617 (1956). 

*1L. S. Osborne, Phys. Rev. 102, 296 (1956). 

* Biswas, Ceccarelli-Fabbrichesi, Ceccarelli, Gottstein, Varsh- 
neya, and Waloschek, Nuovo cimento 5, 123 (1957) 

‘Cocconi, Puppi, Quareni, and Stanghellini, Nuovo cimento 5, 
172 (1957). 

* Baldo-Ceolin, Cresti, Dallaporta, Grilli, Guerriero, Merlin, 
Salandin, and Zago, Nuovo cimento 5, 402 (1957). 
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(1)-(3), are the only possible processes (at energies 
below meson-production thresholds) in accordance with 
the requirements of the strangeness scheme, which 
forbids K+ absorption. The fact that in no case has 
absorption been found is in agreement with this pre- 


diction. 
(1) 


Kt++n—Kt+-+n, (2) 
Kt++-n—K+ p. (3) 


® B. Sechi Zorn and G. T. Zorn, Bull. Am. Phys. Soc. Ser. IT, 2, 
20 (1957) 

7 Bristol Group (private communication). 

*D. Fournet Davis, Phys. Rev. 106, 816 (1957); and Massa- 
chusetts Institute of Technology thesis 1957 (unpublished). 

* J. E. Lannutti et al., Proceedings of the Seventh Annual Rochester 
Conference on High-Fnergy Physics, 1957 (Interscience Publishers, 
Inc., New York, 1957). 

1). Glaser, Proceedings of the Seventh Annual Rochester Con- 


K++ poKt+p, 


ference on High-Energy Physics, 1957 (Interscience Publishers, 


Inc., New York, 1957). 





K*-MESON 
Measurements have been made of the scattering 
cross sections in hydrogen, of the total cross section for 
non-charge-exchange inelastic interactions with nuclei 
[ which, if the Pauli exclusion principle, Fermi momenta, 
and form factors are taken properly into account, should 
give the sum of processes (1) and (2) }, and of the total 
charge-exchange cross section. The ratio of charge 
exchange to inelastic non-charge exchange should be 
relatively independent of detailed assumptions, all 
processes being equally affected. This charge-exchange 
to non-charge-exchange ratio of about 1:5 at energies 
of about 100 Mev, combined with the fact that protons 
seem to be more effective scatterers than neutrons, has 
led to the conclusion that the scattering proceeds in 
large measure through an isotopic spin 7=1 state. The 
observation that the elastic scattering appears to be 
constructive with the Coulomb scattering at low 
energies shows that the potential is repulsive.*-*.*? 

Most measurements have been made in the neighbor- 
hood of 300-Mev/c K+ momentum, and while the 
energy dependence appears to be weak, no definite 
information existed at the outset of this work as to 
whether the cross section was in fact increasing or 
decreasing with energy. 

We accordingly investigated the cross section, at 
three K+ energies, for interaction with the nuclei of 
photographic emulsions, and have found that the cross 
section appears to show a weak increase with increasing 
energy. This probably indicates that while at low 
energies the scattering is s-wave, at higher momenta 
p-wave scattering begins to contribute. 


EXPERIMENTAL PROCEDURE 


Three stacks of nuclear emulsions, each exposed to a 
beam of positive particles of selected momentum, were 
used in this study. The technique employed in making 
these exposures is the now standard one described first 
by Kerth ef al.'! The details of the exposures to be 
discussed here are given in Table I. 

The plates were scanned across the beam at a point 
just beyond the end of the range of the beam protons, 
for tracks having the beam direction and the grain 
density expected for K particles of the selected mo- 
mentum. These tracks were then traced until they 
ended in the stack—in an interaction or decay in flight, 
or decay at rest—or until they left the stack. 


TABLE I. Experimental conditions. 


Place of exposure Cosmotron Bevatron Bevatron 
Primary beam energy 3 Bev 
Target material Cu 
Mean secondary- 
beam momentum 
Target to emulsion 
distance 
Angle of emission of 
beam from target 120° 90° 60° 
Emulsion stack size 3 in.X6 in.X1.2in. 3 in.X6in.X23 in. 4 in. X10 in. K0.4 in, 


6.2 Bev 6.2 Bev 
Cu Cu 


330 Mev/c 445 Mev/e 600 Mev/c 


3 meters 3 meters 6 meters 


" Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 99, 
641(A) (1955). 


INTERACTION 


CROSS SECTION 


CRITERIA FOR IDENTIFICATION OF 
K* INTERACTIONS 

For all elastic and some inelastic interactions, the 
visible evidence is simply a change in direction of the 
particle track, with no other tracks emerging. All such 
scatterings with projected angles greater than 5° were 
recorded, and the scattering angles in space determined. 
In each case, the outgoing track was followed: If the 
particle left the stack before establishing its identity 
by a characteristic K+ decay at rest or in flight, meas- 
urements of grain density and multiple scattering were 
made to distinguish K’s from protons and pions. 

The classification of these events as elastic or inelastic 
is ambiguous, particularly as it is usual to find no 
apparent change in grain density. In this experiment 
we have specified, for each energy range, a limiting 
angle such that elastic interactions have relatively 
small probability of causing larger scattering angles.*:* 
All scattering events of larger angle than this limit have 
then been classed as inelastic, and a correction has been 
made for the inelastic scattering of smaller angle by 
integrating over the solid angle below the limiting 
angle, with the assumption that the distribution is 
isotropic. 

In the case of interactions with more than one out- 
going track, all the interaction products were followed, 
and if no K*, definitely identified by a characteristic 
decay, was found, grain density and multiple scattering 
measurements were made to distinguish the K’s. All 
interactions from which a charged K particle emerged 
accompanied by other charged particles were classified 
as inelastic, non-charge exchange. Interactions which 
definitely yielded no charged K meson were classed as 
charge-exchange events—this group includes a single 
“stop” in flight, with no outgoing tracks. The greatest 
uncertainty lies, probably, in the recognition of the 
charge-exchange interactions, as there are relatively 
few of them, and any protons mistakenly identified as 
K’s would fall in this classification. In addition, a fair 
number of the secondary particles emerging from K* 
interactions leave the stack at steep angles, so that the 
distinction between A tracks and proton tracks is not 
entirely unequivocal. We estimate that our results on 
the relative frequency of charge-exchange interactions 
might contain a systematic error up to about 30% 


EXPERIMENTAL RESULTS 


The experimental results on the cross section for 
inelastic interaction are summarized in Table I. In 
addition to the data obtained in the present study, the 
results of earlier work done at M.I.T. in collaboration 
with Berkeley are given. 

In each energy interval, the total number of inelastic, 
non-charge-exchange interactions was found from the 
number of scattering events (with and without addi- 
tional visible prongs) observed at greater than the 
limiting angle, by extending the angular distribution 
isotropically to 0°. The reasonableness of this extension 
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Tae II. Summary of data. 








Number of 
events with 


scattering Total No, of 


angle greater Total number 

than limiting 
angle—no 

other prongs prongs visible 


Track 
length 
(meters) 


Energy 
interval 


(Mev) 


Effective 
mean 
energy 


Limiting 
Source of data angle 
Stack 1 30-70 c 2 
Stack 2 30-70 


3 
3 
2 


Stack 3 
Berkeley-—MIT* 


Stack 2 
Stack 3 
Berkeley—MIT* 


Stack 2 
Stack 3 


140 Mev 


* See reference | 


is indicated by the fact that the angular distributions 
are consistent with isotropy above the limiting angle, 
as can be seen for instance in Fig. 1. In this figure we 
have plotted separately the distribution in angle of 
scattering events with and without additional star 
prongs, for the highest energy interval considered. For 
the angular distribution at lower energies see refer- 
ences 1-10, 

This procedure, of using the large-angle scattering to 
determine the total number of inelastic events, mini- 
mizes the effects of the Pauli exclusion principle’ and 
the nuclear form factor in obtaining a K*-nucleon 
cross section from the interactions with nuclei, as these 
effects are greater on small-angle scattering, with low 
momentum transfer. Coulomb and diffraction scattering 
are also excluded by this means. 


DISCUSSION 


In the last column of Table II are given the values of 
Gk*-nucleon, the average cross section for neutrons and 
protons, calculated from the mean free path in emul- 
sion.* These values are in good agreement with those 
given by other groups.-7” 

From these values, two facts emerge: 


(1) This average nucleon cross section obtained from 
K* interactions with nuclei is appreciably smaller than 
the directly measured K*+— p interaction cross section. 
Emulsion and bubble-chamber experiments yield, re- 
spectively, values of ox+., (directly measured) equal 
to 14.6+3.3 mb** and 9.4+1.7 mb” at energies below 
-~100 Mev, and measurements with counters give 15.2 
+ 2.4 mb at ~200 Mev." 

(2) There is a small but definite increase in the value 
of &x*-nucloon At K* energies above 100 Mev. 


%P. Morrison in Experimental Nuclear Physics, edited by 
E. Segre (John Wiley and Sons, Inc., New York, 1953), Vol. 2, 
p. 147, 

“B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), Chap. 7. 

“L. T. Kerth e al. (private communication). 


Mean free 
path for 
inelastic 

interaction 


Total No. of 
charge 
exchange 
events 


inelastic 
non-charge 

exchange 
events 


of events 
with other a 
Ok +-nusleon 
0 4 
3 & 
4 10 
16 20 
42 y 81418 cm 6.9+1.9 mb 
3 
3 
12 


18 129 +31 cm 3.9+1.1 mb 


9 
40 
49 8.2 41.4 mb 


The simplest and most obvious way to account for 
the apparently low cross section presented by the 
average nucleon is to assume a low Kt-neutron cross 
section. Whether this can be sufficient to explain the 
difference between @x*-nucteon 4nd ox+~p» can be decided 
only when ox*+_, is better determined. 

Another effect, which would lead to an actually 
reduced cross section in nuclear matter, is that of the 
Pauli principle, which decreases the probability of small 
energy transfers. However, the influence of the Pauli 
exclusion principle should not be very strikingly ap- 
parent in our results, as it is expected to inhibit mainly 
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Fic. 1. Angular distributions of K* scattering events, with and 
without additional star prongs. 
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small-angle scattering, and our cross-section values 
have been evaluated from the large-angle scattering. 

The apparent reduction in cross section in the nucleus 
might result partly from this method of evaluating the 
cross section, in which the total number of events was 
deduced by extending the angular distribution measured 
above a given limiting angle isotropically to zero. This 
raises the possibility that the scattering at forward 
angles has been underestimated. 

The observed decrease with energy in the mean free 
path for inelastic nuclear interaction probably repre- 
sents a real increase in the K+-nucleon cross section, 
rather than a reduction in the effectiveness of the Pauli 
principle inhibition at higher energy. As mentioned 
above, the method used to obtain the total number of 
inelastic events minimizes the effect of the exclusion 
principle on the results. If the Pauli principle did enter 
in appreciably one would expect to see its effect most 
clearly at the lowest energy. It would be expected to 
lead to an observed increase in cross section between 
50 and 100 Mev instead of the observed decrease or, at 
most, constant value. 

The results are consistent with the assumption that 
s-wave scattering predominates at low energies—this is 
consistent with the angular distributions found—while 
some p-wave scattering, with its predicted p* mo- 
mentum dependence, begins to enter appreciably at 
about 100 Mev. 

Figure 2 shows the experimentally obtained values 
of &x*-nucloon, together with curves estimated for s-wave 
and p-wave scattering as a function of energy. 

Of the three allowed K*-nucleon interactions, (1) can 
occur only in the isotopic spin T= 1 state, (2) and (3) in 
the T=1 or T=0 state. If the interactions occurred 
always in the 7=0 state, charge-exchange and non- 
charge-exchange interactions would be equally prob- 
able, while for 7=1, the ratio is charge-exchange/ 
non-charge-exchange=}4. The observed experimental 
ratio indicates that the interaction occurs mainly in 
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Fic. 2. The average cross section &x*-nucteon for K* interaction 
with nucleons, calculated from the mean free path for inelastic 
interaction in nuclear emulsion, as a function of energy. The solid 
curves A and B give estimates of the behavior of s-wave and 
p-wave scattering. Curve A is proportional to 1/(/+-mc*)* and 
Curve B is proportional to p*/(Z-+- me*)*. 


the 7=1 state, at least where s-wave scattering is 
predominant, 
CONCLUSIONS 

The observed decrease in mean free path in nuclear 
emulsion with K+ energy probably arises from a real 
increase with energy in the nucleon cross section, rather 
than from nuclear effects. The energy dependence, 
angular distribution and relative frequency of charge- 
exchange events, indicate that the K*-nucleon inter- 
action at low energies proceeds mainly in the 7'=1, 
s-state, with p-wave scattering becoming appreciable 
above 100 Mev. 
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Scattering of Longitudinally Polarized Fermions 
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Cross sections for scattering of longitudinally polarized Dirac particles are calculated. The results are 
presented in terms of the ratio of cross sections @p/a. (The cross section is denoted by ¢, when the spins of 
the particles before scattering are parallel, by @. when antiparallel.) In the case of scattering of indistin- 
guishable particles ¢,/a is different from unity at all energies and scattering angles and can be as small as 
zero. For particle-antiparticle scattering @p»/¢a is close to unity at nonrelativistic energies, but at rela- 
tivistic energies approaches the value of the corresponding ratio for indistinguishable-particle scattering. 
Thus, in both these cases, the scattering process provides a method for measuring longitudinal polarization. 
Thirdly, @p/da is calculated for two particles of different masses m and yu. It is shown that also in this case, 
in principle, @p/¢o could be used for polarization measurements. 


I. INTRODUCTION 


NE of the implications of parity nonconservation 

in weak interactions is that the emerging fermions 
will be longitudinally polarized. This polarization may 
be detected in several ways. Mott scattering by a 
Coulomb potential may serve as an analyzer but then 
it is first necessary to change the longitudinal polariza- 
tion to a transverse one.'! One can observe the longi- 
tudinal polarization directly by measuring the circular 
polarization of the bremsstrahlung photons produced 
by the fermion.’ In the case of a positron one may simi- 
larly establish its longitudinal polarization by measur- 
ing the circular polarization of the annihilation photons.’ 
In the present paper we wish to report calculations on 
still another method; namely, scattering of longi- 
tudinally polarized fermions by longitudinally polarized 
fermions. 

In Sec. Il we present the results of the calculation 
when the two fermions are indistinguishable. The 
fermions are referred to as electrons, but of course 
they could be any two indistinguishable fermions. In 
Sec. III we present the results when the two fermions 
are each other’s antiparticles; they are referred to in 
this case as positron and electron. In Sec. 1V we present 
the results for different fermions, called now u meson and 
electron, ‘Throughout, the only interaction assumed is 
and the results are 


the electromagnetic interaction 


based on lowest order perturbation theory. 


Il. ELECTRON ELECTRON SCATTERING 


The matrix element M for scattering from an initial 
state of two electrons with four-momenta p; and py» 
into a final state with four-momenta p,’ and py’ is 


* Under contract with the U. S. Atomic Energy Commission. 

'N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929), and 
A135, 429 (1932). Frauenfelder, Bobone, von Goeler, Levine, 
Lewis, Peacock, Rossi, and DePasquali, Phys. Rev. 106, 386 
(1957). 

7K. McVoy, Phys. Rev. 106, 828 (1957); Goldhaber, Grodzins, 
and Sunyar, Phys. Rev. 106, 826 (1957). 

* Lorne A. Page, Phys. Rev. 106, 394 (1957). 


given by‘ 


M (they’( pr’) pther (Pr) ) (her! (pro’) ¥ utter po)) 


kek 

7 ( then’ (pa') tes (1) )(ther’( pr’) teen D2) 
Ll 

k=pi- pi’, 


4rre? 


l=pi-—p’. (1) 


The first term in Eq. (1) is the so-called direct term, 
the second is the so-called exchange term. We are using 
a system of units in which A=c=1. All repeated Greek 
indices are to be summed over from 1 to 4 (thus k-k 

kyky=k-k+kky); y=ieB and y4=8, are the usual 
Dirac matrices; u.(p) and a,(p)=iu,.*(p)ya are the 
electron spinors (u* is the Hermitian conjugate of 1). 
The subscript ¢ indicates that we are dealing with an 
eigenstate of the operator ¢,=0-p/|p| to the eigen- 
value e, i.€., 


0 pt. (p) = eu. (p), (2) 


where ¢ takes on the values +1 or —1. We define for- 
ward (backward) longitudinal polarization as e=+1 
(—1). (That is, e=+1 means spin and momentum 
parallel.) 

We are interested in the differential scattering cross 
section, $(€1,€2), independent of the polarizations of 
electrons p;’ and p,’ but for a given longitudinal po- 
larization of electrons p; and pp»; i.e., we want 


(€1,€2) = (29)? EYE? (E+ Ex) 7*dn ¥ S| M\*. (3) 
a « 
We may formally sum over the polarizations of elec- 
trons p; and py» as well, if in M we replace ue(p,) and 
Ueo(P2) according to the identities 


.i(pi)=4 > .(1+ €:0 1) Ue (Pi), 
Ue2(P2) = } Dd «(1+ €20 2) 4e(p2). 


‘W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), third edition, p. 238. 


(4) 
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Finally we may extend the summation to include 
negative-energy states by introducing into M appro- 
priate projection operators. This may be done by the 
use of the relation® 


DX (.(p)Ou,(r)) 
=(2| pa!) Si v(u.*(p) (vy: pt+im)Qu,(r)), (5) 
where }-p denotes a sum over all four solutions corre- 


sponding to a given three-momentum p. Using Eqs. (4) 
and (5) and the completeness theorem 


> pu.*(p)uy(p) = Sey, (6) 
we obtain 
AR, EdQ 
$(€1,€2) =— ae 
Ey El (Ey +E)? 
A B C+D 
+ - , (7) 
(kek)? (UD? kek b-d 
where 


A=} Trl (pi'+im)y,(1+ e101) (pitim)y, 
4 Trl ( po’ +im)y,(1+ e2op2) (potim)y, |, (8) 


C=;7; Tr{ (pi'+ im) y(1+ €:0 1) (pitim) 
X( po’ im)y,(1 + €20 p2) (pot im), |, (9) 


and B and D are obtained, respectively, from A and C 
by interchanging p,’ and p»’. The symbol p denotes y: p. 

There are essentially two frames of reference in 
which the calculation is of interest; the center-of-mass 
frame and the frame in which one of the electrons is at 
rest (this being usually the laboratory frame). These 
two frames can be transformed into each other by a 
Lorentz transformation, the velocity of the transforma- 
tion being along the line defined by the spins of the 
electrons.® We therefore calculate A, B, C, and D in 
terms of quantities that are invariant under such a 
Lorentz transformation. They are 


a= py pr= pr’: pr’, 
b= pi: pi’ = po pr’, 
C= pr pa’ = po pr, 
d= (py’)s: (p2’)s, 


(10) 


where (p’), denotes the part of p’ transverse to the 
line defined by the spins. The quantities a, b, and ¢ are 
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invariant under any Lorentz transformation and the 
equality of pip, and p,'- py’, etc., follows from the 
energy and momentum conservation laws. 

Evaluation of the traces in Eqs. (8) and (9) yields 


A = 2{ a?+ 2m? (m?+-b) + c+ eves[ ad+ (m?+-b)*]}, (11) 
C= —2{a*+-m*(a+b+c)+m' 
+ €,€0[ a?-+-m?(—a+b+c+d)+m' |), (12) 


and therefore 
B= 2{a?+ 2m? (m?+-c)+b?+ e,¢.| ad+ (m'*+c)? |}, (11’) 
D=C. (12°) 


We notice the absence of terms containing either «, 
or €2 alone. This means that if one of the electrons, for 
instance 2, were unpolarized then the polarization of 
p, could not be measured by this method, One could 
anticipate this result by the following argument: in 
order to obtain a term containing only ¢; it must be 
possible to form a scalar containing 8), the spin vector 
of electron p,, but not 8». Such a scalar would have to 
be of the form 8;-(p,Xp,’) and this vanishes for longi- 
tudinal polarization, 

We use as a measure of polarization the ratio of the 
scattering cross section @, (spins initially parallel) to 
the cross section @, (spins initially antiparallel) : 


(13) 
(14) 


p= €1,€2) if « €2, 
bu=ole,jes) if e=te. 
In the center-of-mass frame of reference this ratio 
may be conveniently expressed in terms of the angle 6 
between p,; and p,’, and the velocity @ of any one of the 
electrons. One has 
a F*(1+-6*), 
b=—EH(1—f? cos), 
ri F?(1+-6? cos@), 
d= — Ff? sin’0, 
kek 2(m?+-b) 
l-]= —2(m?+-c) 


(15) 


2F’6"(1— cos), 
2B" (1+-cos6), 


where FE is the energy of any one of the electrons 
Therefore 


dy 2 cos’0+? (3 cos?0+-cos‘6) +-8'(1+4-cos’6) 


da 1+c0s'0+"*(2+3 cos*é— cos?) +6'(5— 4 cos’6+cos") 


We need only investigate Eq. (16) for @ between 0 
and 3m since it is invariant under the substitution 
6—+ —6 as a consequence of indistinguishability of the 


® Reference 4, p. 109 

*If we let electron p, be at rest in the laboratory frame, we 
must modify Eq. (2) to read: opie (pi) = €,ue) (pi); —opitter(p2) 
= €9/e2(P2). This definition remains meaningful even if p,=0, and 
reduces to Eq. (2) in the center-of-mass frame since there 
op; = —Op2. 


(16) 


two electrons. For no scattering, i.e., @=0, the ratio 
takes on its maximum value of unity. Otherwise it is 
always less than unity, the minimum value being 


reached at = 42, when it becomes 


dp pe 
a! minimum 1 + 2? + 52° | > } as p >|, 


| »>Oassp->0 
(17) 
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Fic. 1. The ratio @)/dq_ for electron-electron scattering. (7 
equals E./m of the incident electron in the laboratory frame and 
w is its relative kinetic energy transfer.) The numbers on the 
alscissa can be interpreted as either w or 1—w 


The reason why the minimum value occurs at cos#=0 
is to be found in the exclusion principle. For the case 
described by ¢, the spins of the two electrons in the 
initial state are parallel and hence the exclusion prin 
ciple requires that the space part of the wave function 
be antisymmetric. If one assumes no spin flip in the 
interaction, the same requirement holds for the final 
state wave function. If we expand this wave function 
in partial waves, only odd angular momenta can con- 
tribute. But all Legendre polynomials of odd order 
vanish at cos#=0. Thus we obtain the value zero in 
the nonrelativistic limit when the assumption of no 
spin flip is valid. Equation (17) shows further that even 
in the relativistic limit the amount of spin flip is small. 

As mentioned before, another frame of reference 
where the ratio ,/¢. is of interest is the laboratory 
frame in which, say, electron py, is at rest. A convenient 
set of variables here is y and w, where y is the total 
energy of electron p, in units of m. The relative kinetic- 
energy transfer, w, is equal to W/T, where W is the 
kinetic energy lost in the collision by electron p, and 
T=m(y—1) is its kinetic energy before the collision. 
One has the following relation between the center-of- 
mass variables 8 and @ and the laboratory variables y 
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and w: 


B=(y—-1)/(y+1), cosd=1—2w. (18) 


Hence 


od, V(1+6x+27)—2y(1—x)+1-2 


ba 8y°—2y(4—Sx+2°)+-4—6x+ 2x? 


x=(1—2w)? (19) 
Equation (19) is invariant under the substitution 
w-+1—w. The ratio ¢,/¢, reaches its minimum value 
at w=} when it becomes 

(y—1)? »Oasy— 1 


>| 
| _ (20) 


Pa minimum 4(27’—2y + 1) >} asy-> & 


We note that when w=4 the two electrons in the 
final state have equal energies, and come out on either 
side of the incident electron’s direction at an angle 6* 
to it, where 


sin*6* = 2/ (+3). (21) 


Figure 1 depicts the behavior of ¢,/@, as a function 
of w. 


III. POSITRON-ELECTRON SCATTERING 


Corresponding to Eq. (1), we have now 


M (tie (p')yutte(p))( thy — 1) uth (—9')) 
kek 


4rre* 
((—q) vue P) he (Putty (—q’)) 
Ll 


k=p—p’, l=pt+q. (22) 

Equation (22) refers to scattering from an initial 
state of an electron with four-momentum , polariza- 
tion ¢, and a positron with four-momentum gq, polariza- 
tion 9,’ into a final state where all the corresponding 
quantities are written with primes on them. The 
second term in Eq. (22) is the annihilation term corre- 
sponding to the exchange term in Eq. (1). Since the 
four-momenta q; qg’ have fourth components corre- 
sponding to positive energies E,, Z,, the spinors 
u(—q),u(—q’) are the negative-energy solutions. 
Hence, corresponding to Eq. (5) we now use® 


> (A, ( —q)Qu,(r)) 


a (2 | qs\ r Di a(uy*(q) (y: ee im)Qu,(r)). (23) 
Therefore 
CEE AQ A B C+D 

$(¢)=——_—— 3 
E’Ey (E+E 

? We define longitudinal polarization for positrons in the same 
way as for electrons. Thus y= +-1 means spin parallel to the posi- 
tron’s momentum. 
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where 


A=} Trl (p’+im)y,(1+0,)(pt+im)y, | 
x} Trl (—q+im) (1+-no_.)v,(—q'+im)y, ], 


(25) 


B=} Trl (—q+im) (1+-no_,)y,(1+«0,) (pt+im)y, | 


«4 Trl (p’+im)y,(—q'+im)y,], (26) 
C= Trl (p’+im)y,(1 + €0»)(p+im) 
K¥o(—q+im) (1+-no_,)vu(—q'+im)y,], (27) 
D=7%¢ Trl (—q+im) (14+ no—¢)¥u(1+eo,) 
X (ptim)y,(p’+im)y.(—q'+im)y, |. (28) 
Evaluation of the above traces gives 
A = 2{a?+ 2m? (m?+-b)+-2+ en{ ad+ (m?+5)*]}, (29) 
B=2{b’+-2m?(m?+a)+¢ 
+ en[_b?4-c?— 2(m?+-a)(a—d) }}, (30) 
C= D=—2{c+m*(a+b+c)+m' 
+-enf —a?+-ad+b?+-m?(—a+b+c+d) . 
where 
a=—p-g=—p'-y, 
b=p-p'=q-q, (32) 


c=a—pg=—p'-q, 
d=—(p’),-(q’),. 


We see that the polarization-independent parts of 
A, B, C, and D are obtainable from the corresponding 
expressions of Sec. II if use is made of the substitution 
law. For the polarization-dependent parts the substitu- 
tion law cannot be used since it relates outgoing posi- 
trons with incoming electrons (and vice versa) whereas 


bp 1+68* cos*0+* cos‘6+ (1—6*)[1—46?-+-64+ 267(4 


od, 8+(1 -B*)[ —6—7f?+-B'+-6f? (1 — B*) cos6 — 8? (1—7f?+-8*) cos’é — 28*(1—f*) cos*#—f* cos'6 ] 


One translates Eq. (34) into the frame where the 
electron is initially at rest by use of Eq. (18), where y 
is now the positron’s E/m and w the relative kinetic 
energy transfer from the positron to the electron. 

Equation (34), unlike Eq. (16), is not invariant 
under the substitution 6— *—6. This is an expression 
of the fact that electrons and positrons are distinguish- 
able. In the relativistic limit, however, we obtain from 
Eq. (34): 

(35) 


¢p/ba — $(1+6 cos’0+cos?) as B—1. 


This expression is identical with the relativistic limit 
of Eq. (16) and has the same minimum value of } at 


§ J. M. Jauch and F. Rohrlich, The Theory of Photons and Ele 
trons (Addison-Wesley Press, Inc., Cambridge, 1955), p. 161. 
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Fic. 2. The ratio op/.q for positron-electron scattering. (y and 
w refer to the positron in the laboratory frame and have the same 
meaning as in Fig. 1.) 


we are specifying the polarization of the incoming 
particles always. 
In the center-of-mass frame, one has 
a= F*(1+-6*), 
b= F?(8* cosd—1), 


c= E?(6* cosé+1), 


aap (33) 
d= EF’? sin’#, 
k- k= —2(m?+-b) = 26" (1—cosd), 
l-l= —2(m'’+a)=—4F, 

The ratio of cross sections for spins parallel (« n) 

and antiparallel (e=) becomes now: 

8*) cosd+-? cos*6+- 28* cos"? | 
(34) 


cos6=0 (w 
the other hand, independent of 6, 


4). In the nonrelativistic limit we have, on 


Pp/Pa >1 as BO, (36) 


The general behavior of ¢,/¢, as a function of w is 
£ I 
depicted in Fig. 2. 


IV. u-MESON-ELECTRON SCATTERING 


We are now dealing with entirely different fermions; 
hence neither the exchange nor the annihilation term, 
but only the direct term contributes, Thus it is neces 
sary to calculate only the quantity A of Secs. II and 
ILI. We obtain 


A =2{a?+ (m?*+-y") (m?+-b) +c 


+-en{ ad+ (m?+b)*\}, (37) 





M. 











COS @ 


Fic. 3. The ratio 6p/¢,4 for ~-meson-electron scattering when 
the electron’s rest mass is neglected. (8 equals p/E of the u-meson 
and @ is the scattering angle.) All quantities are in the center-of 
mass frame of reference 


dp 


be (P+EE)+(p* cosd+E,E)? 


p?(m? +p) (1 


BINCER 


where 
a= pe p=p.'-p’, 
b= pe pl =p pi +u—m’, 
_ a / 
C= Pe P = pe 'P, 
d=(p.’)i:(p’)s, 
with p (p’) and p, (p.’) the u-meson and electron in the 
initial (final) state. The quantities 4 and m are the rest 
masses of the » meson and electron. The polarizations 
of the initial state are specified by € and n. 
In the center-of-mass frame, we have 
a=—p’—E.E, 
b= cosd—E/, 
c=—p' cosd—E.E, 


(38) 


d=—p’ sin’6, 
with 
P=E?-—m’ =F yp’. 


Thus the ratio $)/@z is given by 


(p+ E,E)*+(p* cosd+ E,E)*— p*(m?+-y*) (1—cosb) — p*(p?+ E,E) sin*@— p*(1—cos6)? 


cosd) + p?(p?-+E,E) sin’@+ p*(1—cos6)? 


Here, as in the positron-electron case, the effect is a relativistic one; that is 


Pp ‘Da ? 1 


If the electron can be taken as relativistic, 


» 


da 1+ cos6+6(1+cos8)(3—cosd)+6(4—3 cosé +cos%) 


where § stands for p/E. Equation (42) is plotted in 
Fig. 3 and it is seen that, in principle, ¢)/¢. provides a 
method for measuring longitudinal polarization. One 
encounters, however, difficulties due to the kinematics 
of the problem. We see from Fig. 3 that, for instance, 
at cosé=(0 we need 820.1 for the effect to be appreci- 
able. This can be accomplished if in the laboratory 
frame the » meson is at rest and the electron has a 
momentum of the order 0.1 4. However, the experi- 
mental situation is much more likely to be such that 


(1+-cos#)[1+-8(1+cos0) +" cos# } 


as >(, 


p’ 


we can rewrite Eq. (40) as follows: 
| 


(42) 


the electron is at rest in the laboratory frame. In this 
case we require a » meson in the laboratory frame of 
momentum of the order 0.1 u?/m~2 Bev. 
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By the use of perturbation theory to the second order, and pseudoscalar meson theory with pseudoscalar 
coupling, the differential and total cross sections for the scattering of antinucleons by nucleons are obtained 


It is found that the cross section for charge-annihilation scattering is about 7/3 that for normal scattering, 
and for both, a decrease of the cross section with inc reasing energy is obtained, and for a given energy the 
cross section decreases with increasing scattering angle. The results agree in general behavior and in ordet 


of magnitude with the available experimental data. 


I. INTRODUCTION 


T has been pointed out by several authors,' that the 

use of the Dirac equation for the description of 
nucleons, implies the existence, in real and in virtual 
states, of the corresponding particles of negative energy, 
that is, of antinucleons, and several possible processes 
involving antinucleons have been considered.? Since 
there is also strong experimental evidence in favor of 
the existence of antiprotons in real states,’ and some 
determinations of the attenuation cross section for the 
passage of antinucleons through matter have beer 
recently reported,‘ ® any theoretical consideration con 
cerning to the interaction of antinucleons with nucleons 
is of some interest. 

The purpose of this paper is to obtain the differential 
and total cross sections for the scattering of antinucleons 
by nucleons. The calculations are performed by per- 
turbation theory to second order, and the assumption 
is made that antinucleons interact 
through a pseudoscalar meson field with pseudoscalar 
coupling. the use of the second-order 
approximation, a quantitative agreement with the 
experimental values is not to be expected, but it is 
possible that some of the qualitative conclusions ob- 
tained in this paper would persist in a more exact 


nucleons and 


Because of 


calculation. 
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II. MATRIX ELEMENTS FOR THE SCATTERING 
CROSS SECTIONS 

Nucleon-antinucleon scattering is very similar to 
Bhabha scattering between electrons and _ positrons,® 
and in fact, the Feynman diagrams for both processes 
are identical | Figs. 1(a) and 1(b) |. But due to the fact 
that the interaction between nucleons and antinucleons 
may be performed through the exchange of neutral or 
charged mesons, more processes are possible in the 
scattering of antinucleons by nucleons than in the case 
of Bhabha scattering, in which the only possible process 
is a scattering through the exchange of a photon, 

Table I shows the possible processes in the scattering 
of antinucleons by nucleons, the type of virtual particle 
(neutral or charged pions), and the graphs which con- 
tribute to each process. The notation used is p for 
proton, p for antiproton, » for neutron and ni for 
antineutron. 

If we call those reactions in which the electric charge 
of the final particles is the same as that of the incident 
particles, ‘normal scattering processes” (1, LIT, IV and 
V in Table I), then the process II of Table # in which 
the incident particles are charged, and the final par 
ticles are neutral, might be called “a charge-annihilation 
scattering process” or “exchange scattering process.”’ 
The matrix element for normal scattering is the sum of 
the contributions due to the graphs 1(a) and 1(b), but 
in charge annihilation scattering, the graph 1(b) gives 
a double contribution. 


r q P q 


———NUCLLON = ANTINUCLEON - MESON 


Feynman diagrams for nucleon-antinucleon scattering 
each graph gives a single con 
yut for charge annihilation 


Fic. 1 
For normal s« attering processes 
tribution to the matrix element 
graph 1(a) gives 


processes a single contribution and graph 1(b 


gives a double contribution 
(London) A154, 195 (1935 
94, 357 (1954 


*H. J. Bhabha, Proc. Roy. Soe 
Ashkin, Page, and Woodward, Phys. Rev 
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TABLE I. Possible processes in the scattering of antinucleons 
by nucleons, The first column shows the type of reaction, the 
second column the different types of exchanged mesons, and the 
third column the corresponding graphs that give a contribution to 
the matrix element for each reaction 


Process Virtual meson Graph 


la, Ib 
la, Ib Ib 
la, Ib 
la, Ib 
la, ib 


I +p 
II +p—on+n 
Ill tp-—-on+p 
IV > pen 
V rn+n 


*>p+p 


Ww, 


Let now p and q be, respectively, the energy mo 
mentum four vectors for nucleons and antinucleons in 
the initial state, and p’ and q’ the corresponding quan 
tities for the final state. 

Let also ¢ be the energy of the particle, with sub- 
scripts 2+ referring to nucleons and antinucleons, and 
the unprimed and primed quantities indicating initia] 
and final states, respectively. M and m represent, 
respectively, the masses of nucleons or antinucleons and 
mesons. 

With an interaction Hamiltonian of the form 


H=Gy'rh ¢i, 


1} 


(11.1) 


and using the metric g” g g” g’™=1, and 
with natural units h=c=1, the matrix element for the 
scattering of antinucleons by nucleons is found to be 


CG M* =" m) 
fori (€,€_€,'€ AL fy fo 


hi=(pt+q)?—m’, 
fo=(p'—p)*—m’, 


and p takes the values 1 and 2 for normal and charge 
annihilation scattering, respectively; m, and my, are 
given by 


(11.2) 


in which 
(11.3) 
(11.4) 


m, = w(p’)y*v(q')d(q)y'°w(p), (11.5) 


m= @(p’)y'w( p)i(q)y*v(q’), (11.6) 


where w(p) and 0(q) are free particle solutions of Dirac 
equation for positive and negative energy, respectively, 
and for both a(p)=«!'(p)y’. 


Ill. DIFFERENTIAL SCATTERING CROSS SECTION 


By a well-known procedure, we obtain for the dif- 
ferential scattering cross section in the laboratory 
system (I.s.) the expression 


da (1- x)! 


*To 


pb’ x? pbx 


. Cit) 
(ax+ 2n*) (1—7’) 


(1—n’)? (ax+2n’)* 


&. rRInLO 

where 

(111.2) 
(IIT.3) 
(111.4) 
(111.5) 


x=sin’d, 
w=w(x)=2+(y—1)zx, 
a=(y—1)(1+"), 
b=y-1, 


9 


nt 
y= (II1.6) 
2(y+1)M? 


In the nonrelativistic (NR) limit, (III.1) reduces to 


doa ry 1 
( ) " a) | (111.7) 
dQ] xp 4 (1—n?)? 


and the extreme relativistic (ER) case, the differential 
cross section (1.s.) behaves like 


da (1—x)} 
( ) ~=1———(1+p?+p). 
ER 


dQ w* 


(IIT.8) 


In the laboratory system the differential scattering 
cross section at extremely low energies is the same for 
both normal and exchange scattering, and behaves like 
(ro?/4) cos#. The scattering is mainly due in this case 
to the annihilation effect, that is, to the annihilation 
and successive creation of a nucleon-antinucleon pair. 
At extreme relativistic energies, the behavior is 
(3r,? cos@)/w* for normal scattering and (7r,? cos@) /w 
for exchange scattering. 

IV. TOTAL SCATTERING CROSS SECTION 

The integration of (III.1) may easily be performed 

to obtain for the total scattering cross section (l.s.) 


the result 
a(x) =mri'(x), 


(IV.1) 
(1V.2) 


where 


o(x) =F (x)+F(0)—2F (1), 


pb 
T121, 


9 


1—7’ 


with 


F( x) To20 + pb’ To + (IV.3) 


(1—1’)? 
x'dx 


I pqr(x) = -f . 
(ax+-2n*)?w4 


Gs( BARNS) 


(1V.4) 
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Fic. 2. Scattering cross section for (p,p) collisions, as a function 
of the initial velocity of the p in the center-of-mass system. 
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These integrals, which are of standard types, are found 


to be 
1 
To20(x) =— (IV.5) 


(y—1)w(x) 
ax+2rn’ 
In , ’.6) 
w(x) 


2rx+s—2b 


1 7’ 


Tin (x) =—— + 
(y--1)bw(x) 26 


(s?—8rn?)x+4sr? rf? 
+~— In ’ 
4rb? (rx?+-sx+4n*) b® Irx+s+2b 


T292(x) = (IV.7) 


where 


(IV.8) 
(IV.9) 


r=a(y—1), 
$= 2a+2(y—1)n’. 


It is to be noted that a cutoff has been introduced 
by the assumption that all the integrals are real; if 
instead of this assumption a cutoff angle were intro- 
duced, instead of our Eq. (IV.2) the usual formula 


o(x) = 2[ F(x) —F (1) | would be obtained. 


V. SOME QUALITATIVE AND QUANTITATIVE 
CONSIDERATIONS 


Since both, the differential and the total scattering 
cross sections, depend on the fourth power of the coup- 
ling constant G, their values will be highly sensitive 
to changes in the value of G; we will adopt the usual 
value G?/4mr=10 for the application of the result of the 
previous sections to the interpretation of the experi- 
ments on the passage of antinucleons through matter. 
With this choice of the coupling constant, the total 
scattering cross section measured in barns is 


0.14(x). 


Now, since m?/M?=().02, then 7? <0.01, so that in the 
ER limit, to a very good approximation (x) is given by 


(V.1) 


a(x) 


1+p’+p 
F(x) (V.2) 


(y—1)w(x) 
For normal scattering (ns) the total cross section is then 


0.42 
Ong (X) © ; 
(y—1)w(x) 


(V.3) 


whereas for exchange scattering (es) it is 


0.98 
(V.4) 


Ton(X)? ; 
(y—1)w(x) 


For the special case of proton-antiproton collisions, 
we may take as the 
of the cross sections for normal! and exchange scattering. 


‘ 


‘scattering cross section” the sum 


TABLE IT. Cross sections for (p,p) collisions 


o.(th 


6. B(c.m.s.) 


12°40’ 0.458 
18° 0.458 


ACLs.) Con Tos a.(exp 


0.536 
0.517 


0.53 
0.19 


0.756 
0.756 


0.161 
0.155 


0.375 
0.362 


ANTINUCLEON 


SCATTERING 


§ (BARNS) 
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Fic. 3. Scattering cross sections for (p,p) collisions, as 
functions of the scattering angle 


1.40 
(V.5) 


o,(x) 
(¥ 1 )w(x) 


Figure 2 shows the plots of o, for different values of 
the scattering angle as a function of the initial velocity 
of the antiproton in the center-of-mass system (¢.m.s.). 
It is seen from this figure that for a given energy the 
cross section decreases with increasing values of the 
scattering angle; it is also seen from this figure that 
for a given value of the scattering angle, the cross sec 
tion increases with decreasing energy 

Since in the experiments reported by Chamberlain 
el al.,° a normal scattering is indistinguishable from a 
charge annihilation scattering, their values must be 
compared with the theoretical value of o,. Table I 
gives the values of on., os, and o, for B(I.s.)=0.75 and 
6,= 12°40’ and 18°; these values were calculated with 
the exact Eq. (1V.3) for F(x), and it was found that the 
logarithmic terms in /j.; and Jo. are very small com 
pared with the nonlogarithmic terms, and may be safely 
neglected. 

It is seen from Table II that although the theoretical 
results do not agree in value with the experimental 
data, they agree in the order of magnitude. For 6 

12°40’, the agreement of the theoretical value with 
the experimental cross section is surprisingly good, but 
for 0=18°, the theoretical value is about 2.6 times the 
experimental value. 

Figure 3 shows the plots of ons, os, and a, as functions 
of the scattering angle, for (p,p) collision, with 8(c.m.s.) 

0.46, B(l.s.)=0.75 as initial velocity of the p. The 
decrease of the cross sections with increasing scattering 
angle is in qualitative agreement with the experimental 
data, but this diminution seems to be larger than the 
theoretical prediction, according to which o, runs from 
0.55 for 8=0°, to 0.27 for 0 


however, to have more experimental data on the scatter 


90°. It would be convenient 


ing cross sections at different angles, in order to make a 
full comparison. 

In conclusion the author wishes to acknowledge with 
thanks the helpful discussions of this paper by A. 
Medina and J. de Oyarzabal. 





PHYSICAL REVIEW VOLUME 


107, 


NUMBER 5 SEPTEMBER 1, 19587 


Anomalous Magnetic Moments of Nucleons in Nucleon-Photon Interaction* 
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The validity of the usual phenomenological treatment of the anomalous magnetic moments of nucleons is 


investigated for processes involving nucleon-photon interaction. By using the charge-symmetrical pseudo 


scalar meson theory with pseudoscalar coupling, it is shown that the phenomenological treatment completely 
breaks down for photon energies of a few hundred Mev in the rest system of the nucleon. 


1. INTRODUCTION 


is well known that at low energies the effect of the 


I’ 
meson field of the nucleon on nucleon-photon inter- 


action can be taken into account by adding to the 
Lagrangian density the term 


Leet 1€ (po 4K Furr, (1) 


where yo denotes the experimentally observed static 
anomalous magnetic moment of the nucleon in units of 
the nuclear magneton, and « is related to the nucleon 
Mc/h. Such a phenomenological 
treatment has, for instance, been used by Powell’ to 


rest-mass M as x 
obtain the cross section for proton-photon scattering, 
by Kaplon*® to calculate the cross section for photo 
production of mesons, and by Brown and Peshkin® to 
find the cross section for the two-photon annihilation 
of proton and antiproton, In this paper we shall investi 
gate up to what energies the above phenomenological 
treatment is theoretically justified by the charge-sym 
metrical pseudoscalar meson theory with pseudoscalar 
coupling. 

Because of various uncertainties in the meson theory, 
the present investigation is only provisional. However, 
the results of this paper are more likely to provide a 
reasonable estimate of the limits of applicability of the 
phenomenological treatment of the anomalous magneti 
moments than pure speculation, 


2. FEYNMAN DIAGRAMS FOR RADIATIVE 
PROTON SCATTERING 


As a simple example of a process involving nucleon- 
photon interaction, let us consider the scattering of a 
proton in an arbitrary process with the emission of a 
photon. The simplest Feynman diagrams for this 
process are shown in Fig. 1, where the shaded circle 


denotes some arbitrary process. Further, we can take 


a b 


Feynman diagrams for radiative proton scattering 
of the meson field on proton-photon 


ria. 1 
without the 
interaction 


influence 


* Supported in part by the National Science Foundation 
' J. L. Powell, Phys. Rev 75, 32 (1949 
*M. F. Kaplon, Phys, Rev. 83, 712 (1951) 


‘1. M. Brown and M. Peshkin, Phys. Rev. 103, 751 (1956), 


into account the effect of the meson field of the proton 
on proton-photon interaction in this process by using 
either the phenomenological treatment or the meson 
theory. If we make use of the phenomenological treat- 
ment of the anomalous magnetic moment of proton, 
the Feynman diagrams to be considered are shown in 
Fig. 2, where a cross denotes the vertex corresponding 
to the effective interaction (1). On the other hand, if we 
make use of the charge-symmetrical pseudoscalar meson 
theory with pseudoscalar coupling, the lowest-order 
diagrams for the process under consideration are as 
shown in Fig. 3. 

It is evident that the diagrams (a), (b), (c), and (d) 
of Fig. 3 are analogous to the diagram (a) of Fig. 2, the 
diagrams (e), (f), (g), and (h) of Fig. 3 are analogous 
to the diagram (b) of Fig. 2, while the diagrams (i), (j), 
and (k) of Fig. 3 have no analogs in Fig. 2. This shows 


a b 


Feynman diagrams for radiative proton scattering 
of proton-photon 


Fic. 2 
according to the phenomenological theory 
interaction 


that the phenomenological treatment will be in agree- 
ment with the meson theory only if the following 
conditions are satisfied : 


(1) The contribution of the diagram (a) of Fig. 2 
should be equal to the contribution of the diagrams 
(a), (b), (c), and (d) of Fig. 3. 

(2) The contribution of the diagram (b) of Fig. 2 
should be equal to the contribution of the 
(e), (f), (g), and (h) of Fig. 3. 

(3) The contribution of the diagrams (i), (j), and (k) 
of Fig. 3 should be negligible compared with that of 
the other diagrams in Fig. 3. 


We compare the contributions of the 
analogous diagrams in Fig. 2 and Fig. 3 to find up to 
what energies the conditions (1) and (2) are approxi 
mately satisfied. 


diagrams 


shall now 


3. COMPARISON OF PHENOMENOLOGICAL AND 
MESON THEORIES OF PROTON- 
PHOTON INTERACTION 
Let k and k’ be the propagation four-vectors of the 
incident and the scattered protons, respectively, g be 
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the propagation four-vector of the emitted photon, and 
e be the unit polarization vector of the photon. We can 
then express the contribution of the diagram (a) of 
Fig. 1 to the matrix element of the scattering operator 
in the form 


Si=t,(k’)L- ++ ](y-e)up(k), (2) 
where [--- ] denotes some quantity depending on the 
arbitrary process, which will not be explicitly needed 
here. It is also easy to see from (1) that the contribution 
of the diagram (a) of Fig. 2 is given by 

S2=tip(k’)[- ++ [up (O)/2« (igy) (y-e)up(k), (3) 


where y,(0) denotes the static anomalous magnetic 
moment of the proton. 

Further, we can evaluate the contribution of the 
diagrams (a), (b), (c), and (d) of Fig. 3 by well-known 
methods, and we find that the total contribution of 


these diagrams is 


S;=t,(k’)| |A(k,g,e)u,(k), (4) 


with 


A(k,q,e) =[BR(a)/ 2x |(igy) (yy: e) +L 8S (a)/ 4x? ] 


K Li(k—g)y+k |(igy) (ye), (5) 


\ 
POT 6 Fite 
ol 
a, a Aig 


e 


Fic. 3. Feynman diagrams for radiative proton scattering 
according to the meson theory. The wavy and the dotted lines 
represent the photons and the mesons, respectively 
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rs 


Results obtained by numerical integrations of the 
S(a), R’(a), and S’(a) for various values of the 


TABLE | 
quantities R(a), 
parameter a 


Ria) R’ (a) S’(a) 

0.379 
0.303 
0.257 
0.225 
0.201 
0.182 
0.167 
0.155 
0.144 
0.135 
0.127 
0.099 
0.082 
0.071 
0.062 
0.055 
0.050 
0.046 
0.042 
0.036 
0.032 
0.029 
0.026 
0.024 


0.261 
0.240 
0.225 
0.213 
0.203 
0.194 
0.187 
0.181 
0.175 
0.170 
0.166 
0.148 
0.135 
0.125 
0.117 
0.110 
0.104 
0.099 
0.095 
0.088 
0.082 
0.077 
0.073 
0.070 


0.0351 
0.0259 
0.0200 
0.0158 
0.0125 
0.0100 
0.0079 
0.0062 
0.0047 
0.0035 
0.0024 
0.0013 
0.0036 
0.0050 
0.0060 
0.0067 
0.0072 
0.0076 
0.0078 
0.0082 
0.0084 
0.0085 
().0086 
0.0086 


NAW S &WwWWwWNHN— 
SSeewmewucouwsd 


= 


' | 
[ du (su 1 ) 
J l1—u 
u?4 
xin( 
R(a) b : = 
f in( ) 
fora a 2ra’® Jy u 2 


u?+2au(1—u)+d(1 
xin( 
u?+-b(1— 4) 


fra 


2au(1—u)+b01 


u) 
), (6) 


u?+b(1—u) 


S(a) 


u) 
), (7) 


kq/k’, b=?/x?, (8) 
where @ is related to the meson-nucleon coupling con 
stant g as B=g"/4ach, and X is related to the meson 
rest-mass m as \=mc/h. We have evaluated the in 
tegrals R(a) and S(a) numerically for various values of 
a by taking b6=0.0225, and the results obtained are 
given in Table I. 

The first term on the right-hand side of (5) shows 
that in meson theory the anomalous magnetic moment 


of the proton is given by 


u,(a)=BR(a), (9) 


which is a function of the Lorentz invariant parameter a 
When a=0, the 
identical with the static 


present result for pu,(a) becomes 


value of the anomalous mag 


netic moment of the proton, which has already been 
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Kio. 4. Variation of the nucleon anomalous magnetic moment 
u(a) with the parameter a. The quantity yo denotes the static 
value of the anomalous magnetic moment. In the rest system of 
the nucleon, a denotes the ratio of the energy of the photon and 
the rest energy of the nucleon 





calculated by several authors.‘ We can calculate the 
quantity 4,(a)/u,(0) with the help of Table I, whence 
we can see how the anomalous magnetic moment of the 
proton for various values of a is related to its static 
value. This variation of the anomalous magnetic mo- 
ment with the parameter a is shown in Fig. 4. 

The second term on the right-hand side of (5) 
represents an additional contribution to the proton- 
photon interaction, which is negligible for very small 
values of a but becomes more and more important 
compared with the magnetic moment term as a in- 
creases. A closer examination of the second term shows 
that it is negligible only when 48aS(a)<1. 

We find from (8) that when k=0, a=qo/x. Thus, in 
the rest system of the interacting proton the quantity a 
gives the ratio of the photon energy and the rest energy 
of the proton, i.e., a roughly gives the photon energy in 
Bev. It is easy to see from the present calculations that 
for photon energies of a few hundred Mev in the rest 
system of the proton, the anomalous magnetic moment 
u,(a) is considerably different from the static value 
u,(0), and the additional contribution of the second 
term on the right-hand side of (5) is also not negligible. 
Therefore, for such photon energies (3) cannot be 
regarded as a good approximation to (4). 

We have seen that the condition (1) of Sec. 
the validity of the phenomenological treatment breaks 
down for photon energies of a few hundred Mev in the 
rest system of the proton. Similarly, we can see that 
2 also breaks down under the 


2 for 


the condition (2) of Sec. 
same circumstances, 

‘J, M. Luttinger, Helv. Phys. Acta 21, 483 (1948); M. Slotnick 
and W. Heitler, Phys. Rev. 75, 1645 (1949); K. M. Case, Phys 
Rev. 76, 1 (1949) 
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4. COMPARISON OF PHENOMENOLOGICAL AND 
MESON THEORIES OF NEUTRON- 
PHOTON INTERACTION 


Following the same procedure as we have used in the 
case of the proton, we can investigate the scattering of a 
neutron in an arbitrary process with the emission of a 
photon. If we make use of the phenomenological treat- 
ment of the anomalous magnetic moment of the neu- 
tron, the Feynman diagrams to be considered are the 
same as in Fig. 2. On the other hand, if we make use 
of the meson theory, the lowest-order diagrams for the 
process under consideration are as shown in Fig. 3, 
except that we have to leave out the diagrams (c), (d), 
(g), and (h). 

We now have, in place of (3) and (4), 


So=tin(k’)[- + - Wun (0)/2u (gy) (7: €)tn(k), 


and 


(10) 


Ss= ti, (k’)[- - - JA’(k,g,e)un(k), (11) 


with 
A’(k,g,e) =[BR’(a)/2« |(igy) (vy: e)+[ BS’ (a)/4x? } 
x Li(k—q)y +k |(igy) (y-e), 


where 


1 ' 1 
R'(a)=— f in( -1) 
2ra 1—u 


u?+2au(1—u)+b(1—1) 
xin( ), 
u?+b(1—1) 


R’ (a) b 1 1 
_ + f du 
a 2ra’® Wo u 


u’+2au(1—u)+b(1—4) 
xin( ), (14) 
\ u?+b(1—u) 


and the other symbols have the same meaning as in 
Sec. 3. The results of the numerical integrations of 
R’(a) and S’(a) are also given in Table I. 

The first term on the right-hand side of (12) shows 
that in meson theory the anomalous magnetic moment 
of the neutron is given by 


Un(a) =BR’ (a). (15) 


When a=0, the above result for u,(a) also becomes 
identical with the previously obtained value of the 
static anomalous magnetic moment of the neutron.‘ 
We can again find with the help of Table I how up(a) 
varies with the parameter a, and this variation is shown 
in Fig. 4. The second term on the right-hand side of 
(12) represents an additional contribution, which is of 
the same form as in the case of the proton. It can again 
be seen by the same arguments as used in Sec. 3 that 
the phenomenological treatment of neutron-photon 
interaction breaks down for photon energies of a few 
hundred Mev in the rest system of the neutron. 
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5. CONCLUSION 


We have investigated the validity of the phenomeno- 
logical treatment of the anomalous magnetic moments 
of nucleons in a simple process involving nucleon- 
photon interaction, and we have shown that the 
phenomenological treatment breaks down for photon 
energies of a few hundred Mev in the rest system of the 
nucleon. The arguments of the preceding sections, 
however, can be applied to any arbitrary process. For, 
let us consider an arbitrary process represented by a 
Feynman diagram with an arbitrary number of external 
nucleon lines. Let one of these external lines represent 
an incident proton, and let this proton emit a photon. 
Then, one of the conditions for the validity of the 
phenomenological treatment for this process will be 
that the quantity 


[up (0)/2« |(igy) (y-e) (16) 
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should be approximately equal to 

A(k,q,é), (17) 
which is given by (5). A similar necessary condition for 
the validity of the phenomenological treatment can be 
obtained, if a photon is emitted or absorbed by a 
nucleon represented by any other external line. It is, 
therefore, evident that the above conclusion about the 
invalidity of the phenomenological treatment holds for 
any arbitrary process involving the interaction of real 
nucleons and photons. In particular, it follows that the 
previous use of the phenomenological treatment by 
several authors? is not justified according to the 
present calculations. 

The rapid decrease of the anomalous magnetic 
moments of nucleons with increasing values of a also 
shows that the meson field of nucleons is not likely to 
have any significant effect on nucleon-photon inter- 
action at cosmic-ray energies. 
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To overcome certain discrepancies between experiment and the predictions of conventional 2-component 
neutrino theory, a “twin neutrino” theory is proposed. In the more general formulation of this theory in 
part I, two different 2-component neutrinos 1, ¥2 of opposite screw-sense are introduced, together with their 
antiparticles 7,, ¥2. In beta decay, one of these is coupled by 7 and V interactions, the other by S and A 


interactions. This eliminates all interference terms. 


In part II, the theory is specialized to the assumption 7; # V2, i.e., to Majorana-type neutrinos. This more 
restricted theory is equally successful in explaining the results of the “parity experiments.” It is shown that 
the conventional objections to the Majorana theory need not apply to this twin-neutrino theory 


HE 2-component neutrino theory’ proposes that 

only half of the four states of the Dirac function 
are coupled to other particles, namely those in which 
the neutrino is a screw of definite handedness (say 
right) while the antineutrino is a screw of the opposite 
handedness (say left). In the standard 4-component 
formalism this means that the neutrino function occurs 
in the interaction multiplied by (1 ys). 

With the choice (1—+5), which means that 


n—p+etd, 
ponté+yv, v 


* This research supported in part by the U. S. Atomic Energy 
Commission. 

! Abdus Salam, Nuovo cimento 5, 299 (1957). 

*.. D, Landau, Nuclear Phys. 3, 127 (1957) 

4T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 
1671 (1957). See also Jackson, Treiman, and Wyld, Phys. Rev. 


106, 517 (1957). 


(la) 
(1b) 


p= vz (left-handed), 


ve (right-handed), 


this theory is in complete agreement with the Ambler 
Wut experiment on the decay of aligned Co” nuclei, and 
the electron polarization measurements by Frauen 
felder et al.* in the same decay. However, recent experi 
ments® with Co reveal serious discrepancies. It is the 
purpose of the present note to suggest a modified 
2-component theory which removes these discrepancies 


I 


We postulate a pair of “twin’ 
scalar (S) and axial (A) interactions are carried by 


(1+5)y, 


*Wu, Ambler, Hayward, Hoppes, and Hudson, Phys 
413 (1957). 

* Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 106, 386 (1957) 

* Ambler, Hayward, Hoppes, Hudson, and Wu, Phys 


106, 1361 (1957) 


’ 


neutrinos such that 


Vi, 
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and tensor (7) and vector (V) interactions are carried 
by 


(1- V6) V2. 


This means that in a @ decay due to S and/or A inter- 
action a right-handed antineutrino (»;) is emitted, 
whereas in the same decay proceeding via T and/or V 
interaction a left-handed antineutrino (v2) is produced 


S(A) T( 
n *prerihi;, n 


(la) 


‘, 
Pret ie;, Wi VL; 


(2b) 


/ 


) 
N+ e+Ve, Vom VR 


S(A) T( 
p m+e+v,; p 


In the standard notation,’ our choice means C¢g/Cs 
Ca/Ca' = +1 and Cr/cr' =cy/cy 1, while in ordi 
nary 2-component theory all four ratios are taken as — 1. 


This proposal leaves essentially unaltered the predic 


, 


tion concerning the experiments on Co™ and Na”™,’ pure 
Gamow-Teller transitivns. Here the asymmetry param 
eter 6 and the polarization ? are both proportional to 


Zé 
\* t* / * 3 
Cala’ +1 (CaCr TCaCr'){, (35) 


hi p 


Re c7t 7" 


so that with our assignments the observed parameters 


would be increased (rather than decreased) if both 
I and A interactions were operative, while the imagi- 
nary term would vanish even if time reversal invariance 
did not hold 
(ther features of our theory are the following 
1. Even if all TA) 


present, there would be no § 1 interferences, 


four interactions (S,V; 
V or T 


so that in allowed f-spectra the Fierz terms would be 


were 


absent. This is due to the fact that a right-handed 
left-handed 
formally the coefficient of these terms, [¢g;rycvcay* 


particle cannot interfere with a one ; 
tes r)'Cvcay* J, vanishes always. 

2. Neutrino-electron correlation experiments® with 
He® that the 


predominantly, if not completely, of 7 


indicate Gamow-Teller interaction is 
character. 
Similar experiments on the free neutron decay® favor 
in Fermi interactions S over V, though the evidence is 
less strong. The entire body of “parity-conserving”’ 
B-decay experiments has been found consistent with 
the absence of V and A. We shall tentatively assume 
that these latter interactions are indeed absent. 

In the Bt-decay of Co**, where A/ 
Teller (GT) and Fermi (F) interactions are present"; 
the measurements® of the asymmetry of the positron 


0, both Gamow- 


emission would be compatible with the 2-component 
theory if only T contributed to the interaction. How- 
ever, the asymmetry also depends on a GT—F inter- 
ference term, 


'H. Schopper et al. (to be published) 

* B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1953) 

* J]. M. Robson, Phys. Rev. 100, 933 (1955). 

“TD, F. Griffing and J. C. Wheatley, Phys. Rev. 104, 389 
(1956) 
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Re Cr cs*+cre 3'* —ca'cy*—cacy’™ 
Zz 
° , / / 
+1 (ca'eg*+cacs'*—cr'cy*—cr'cy*)|. (4) 


137p 


Neglecting contributions from V and A and those of 
order Z/137 simplifies this to Re[cr’cs*+crcs’*], a 
term that becomes large in the standard 2-component 
theory, unless one adopts complex c’s i.e., relinquishes 
time-reversal invariance. This term brings about com- 
plete discrepancy with experiment. In the present 
theory such interference terms vanish, so that the 
measured asymmetry is correctly predicted. Terms in 
Z/137 which would be present if time-reversal in- 
variance failed would also vanish if one assumes that 
only S, T contribute to the decay. 

3. A crucial test of the theory here proposed can be 
obtained by measuring!" the polarization of @ emitted 
in Cl#—S*, This is a 0+-—>0* transition to which only 
S and V can contribute, and the polarization P is 
proportional to 
Cvey fall (5) 


J 


Pn Ref ( scs™ 


In our theory both S and V give the same polarization 
in magnitude and sign, namely the same sign as ob- 
served for the B~ decay of Co™. In the Lee-Yang version 
of 2-component theory, one would be forced on the 
basis of such a result to conclude that Fermi interaction 
proceeds predominantly through V, in contrast with 
considerable earlier evidence. 

4. Very recently two experiments on the decay fo 
Sc'® (4¢-+4+) were performed; of these one appears to 
contradict the twin-neutrino theory, the other the 
Lee-Yang scheme. The circular polarization'® of the 
y ray following the 6 decay and the B—vy angular cor 
relation indicate that GT—F interference terms are- 
present. Our theory cannot account for these. The 
polarization of the electrons from Sc** has been found’ 
to be ~50%, while standard 2-component theory pre 
dicts 100%. We would conclude that |cgsMp/c7M a1 
~} in this decay. 

5. The measured the 
p(%,é)n induced by pile neutrinos" is only about half 
as large as predicted* for 2-component neutrinos. The 
present theory leads to a reduced observable cross 
section. The pile produces both right-handed (i, from 
S interaction) and left-handed (i. from T interaction) 
antineutrinos. The left-handed antineutrinos can be 
absorbed only via 7 interaction, and not via S inter- 
action, and correspondingly for the right-handed par- 


cross section for reaction 


"Such measurements are now in progress at Brookhaven 
National Laboratory as well as at the Massachusetts Institute of 
lechnology. We are grateful to Dr. M. Goldhaber and Dr. M 
Deutsch for advance information 

2, Boehm and A. Wapstra, Phys. Rev. 107, 1202 (1957). 

' Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 107, 909 (1957). 

4 C, Cowan and F. Reines, Phys. Rev. (to be published). 
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ticles. Thus the Lee-Yang estimate is reduced by a 
factor 3, if #; and # occur in equal numbers, and by 3, 
if only T interactions took placed in the pile. 


II 


The theory outlined so far introduces two neutrinos 
(v;,v2) and two antineutrinos (%;,y2) and thus con- 
serves the number of leptons. If one is willing to give 
up lepton conservation, one may postulate that only 
two neutrinos exist, namely that the right-handed 
neutrino produced in 8+ decay due to 7 interaction 
(2b) is identical with the right-handed antineutrino 
produced in a 8 decay through S interaction (2a), Le., 
vo=),. We then have only two neutrinos, which are 
charge conjugates of each other, a right-handed one 
which we shall call neutrino (v=vy=v2), and a left- 
handed one which we shall call antineutrino (y 
These particles have, however, properties very different 
from those in the original 2-component theory. We 
may then formulate our theory in the following fashion : 

In 7(V) interaction, one electron is created and one 
neutrino is destroyed, or vice versa, as in the usual 
theory. 

In the S(A) interaction, however, two particles are 
created or two particles are destroyed.'® 

In many respects this theory resembles the Majorana 
theory. We would like to point out, however, that there 
are marked differences between them, and that the 


VL=V}\). 


objections to conventional Majorana theory do not 


apply here. Two experiments need discussion : 


1. In a conventional Majorana theory, the process 


y+Cl?" A" +2, (6) 


should be possible. The estimated cross section for (6), 
if neutrinos and antineutrinos were identical, would be 
5.2*10-* cm? (taking into account the redefinition of 
B-decay coupling constants necessitated in 2-component 
theory*); Davis'® observes a cross section <0.9X 10~" 
cm? by exposing Cl*’ to pile “antineutrinos.” 

In the present theory, the pile produces both neu- 
trinos and antineutrinos, so that process (6) can occur. 
However, one can see that its cross section is appre 
ciably reduced. Both S and 7 interactions should con 
tribute to (6) as A*®’ and Cl*’ have the same spin. On 
the other hand, they are not mirror nuclei, so that by 
isotopic spin selectrion rules the Fermi matrix element 
would vanish. In practice, it is at least small compared 


5 Formally, our Hamiltonian density has the form 
K= (p'Odn)(e' Rv) + (p'Q'n) (e'Q’'v) +H 


where @ is T and V, @2’ is S and A 


16 R, Davis, Jr., Bull. Am. Phys. Soc. Ser. IT, 1, 219 (1956 
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to the Gamow-Teller matrix element. Thus reaction (6) 
can proceed, in our theory with a right-handed neutrino 
(v= ve) only. Right-handed neutrinos are produced in 
the pile by scalar B~ decays. If they constituted half of 
the total flux, the estimated cross section would be 
2.6X10-* cm?/pile neutrino. However, it is 
probable that GT interactions prevail in the pile, 
so that the number of right-handed neutrinos is smaller 
than that of left-handed antineutrinos. If we equate 
the experimental cross section to the upper limit 
indicated by Davis, 0.9 10~ cm’, we find the fraction 
of neutrinos in the flux is 0.36. The actual value of this 
fraction is probably less, and so it is not surprising that 


most 


the process (6) was not observed. 

2. Double 8 decay can occur by the emission of two 
electrons and (neutrinos) if both 
transitions are 7'(.S). The transition probability for such 
a process is equal to the one obtained by the conven 
tional theory for Dirac neutrinos. 

In principle, our theory admits also a Majorana type 
of process, namely one in which an electron and a 


two antineutrinos 


neutrino are emitted by S interaction, the neutrino 
then being absorbed and another electron emitted by 
T’ interaction. Such a process should have the same 
probability as that obtained for Majorana neutrinos, 
and should be observable. 

Double 8 decay has not been found, experimentally 
A closer inspection shows that in our theory it indeed 
cannot be observed in practice. The initial and final 
nuclei between which one can possibly except to ob 
serve 28 transitions experimentally are even-even 
nuclei. Hence the transitions from ground state to 
ground state are 0t—>+0* and correspond to products of 
the type 


(O+| My! n)(n| May! Ot) (7) 


Allowed F transitions have 4/=0, while for G’T-inter 
action 0+—0* 
the product (7) one would have to resort at least to one 
second-forbidden or two first-forbidden matrix elements. 

We are grateful to our colleagues, particularly to 
G. Wentzel and R. H. Dalitz, for many illuminating 
discussions during the progress of this work 

Vole added in proof.—After completion of this work, 
we received a preprint of a manuscript by M. A 
Preston entitled 


transitions are first forbidden. Then in 


“A Proposed B-De ay Interaction,’ 
The ideas expressed in his paper are to a large extent 
similar to those expressed here, 


t Note added in proof.—It must be emphasized that this argu 
ment is valid only as long as one assumes that F interactions are 
purely of S (or V), and GT interactions purely of 7 (or A 
character 





PHYSICAL REVIEW VOLUME 


107, 


NUMBER 5 SEPTEMBER 1, 1957 


S-Matrix Formalism for Level-Shift Calculations* 


J. Sucner 
Department of Physics, Columbia University, New York, New York 
(Received May 27, 1957) 


An exact formula for the level shift is given in terms of the adiabatic S-matrix constructed from the per- 
turbation which produces the shift. The formula is used to discuss the role of the subsidiary condition in 


quantum electrodynamic level-shift calculations 


INTRODUCTION 


ET \a) be an eigenstate of a zero-order Hamil- 

tonian Ho, |8) that eigenstate of a perturbed 
Hamiltonian H =H +gH, into which |a) goes as g, 
the coupling constant, increases from zero, Thus 


Ho\a)=Eo\a), H\B)=E'B), lim|s)= la). (1) 


With now standard techniques it may be shown! that 
the level shift AE= E— Ez is given by 


0 
AE im ( Fieg 


lit Og 


Infa| U(O,4 @ ; €) «)), (2+) 


where 


FI 
U (ty,le; €) P| ex if e'Motg F] ye Hot wat) (3) 
3 | 


is the so-called “adiabatic” U matrix. (P represents 
Dyson’s chronological operator.) We wish to point 
out that Eq. (2) may be replaced by the more sym- 
metrical formula 


a] 
AE im (4g Infa|U(*, — « ; €) «), (4) 
~ ee Og 


which provides a direct connection between the level 
shift and the adiabatic S matrix 


S5,2=U(o, 0: €), (5) 
The great advantage of Eq. (4) over Eq. (2+) is that, 
for the case of interacting fields, the former allows the 
use of Feynman’s covariant techniques whereas the 
latter does not, there being no energy conservation at a 
vertex. 

Equation (4) provides an elementary derivation of 
methods used in the calculation of the second- and 
fourth-order radiative corrections’ to the energy levels 
of hydrogen, no prescriptions about oscillating terms 
at infinity being necessary. It shows how, in principle, 
such calculations may be extended to all orders in the 
coupling constant, in a covariant way. 

* Supported by the National Science Foundation 

' See, e.g., Bryce S. De Witt, University of California Radiation 


Laboratory Report UCRL-2884 (unpublished), Eq. 6.24. 
*See R. Mills and N. M. Kroll, Phys. Rev. 98, 1489 (1955), 


and references cited therein. 


A simple proof of Eq. (4) is given in Sec. I. In Sec. II, 
Eq. (4) is applied to a discussion of the role of the Fermi 
subsidiary condition, 

(0A 4/dxu) |p) =0, (F) 


in the calculation of level shifts in quantum electro- 
dynamics. 
I, PROOF OF EQUATION (4) 


Direct calculation shows that* 
(H— Eo) U(0, + ; €)|a) 
0 


= Fieg—U(0,+%;6)|a). (6+) 
og 


Multiplication of Eq. (6—) by (6|, defined by Eq. (1), 
gives 


AE=ieg(B| U(0, — ©; &)|a)™ 


0 | 
x(a U(0, — «i0ja), (7) 
|0g | 


Now |8) may be constructed from |a) by a limit 


process® 
U(0, + ; 5) |a) 
|B)= im ; ). 
+ \(a| U(0, + © ; 8) |a) 


(8+) 


Insertion of |8) in the form given by Eq. (8+) into 
Eq. (7) gives 
AE= lim (6,¢), (9) 
+) 


where 
F (5,€) = ieg(a| U(% 0; 8)U(0, — © ; €)|a) 
0 
x(a! U(«,0;6)—U(0, —«; dla). (10) 
og 
Here use has been made of 
Ut(0, +2; 6)=U(00; 6). (11) 
Equation (9) implies 


AE=lim[limF (6,e) ] 


«0 6-0 


(12) 


4M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951), 
Appendix, or reference 1. 
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S-MATRIX FORMALISM 


With perhaps the exception of unphysical cases, the 
path of approach to the point (0,0) of the (6,e) plane 
used in Eq. (12) can be deformed to the path =e 
without changing the result. Thus we find 


AE=limF (c,e), (13) 


or 
AE=limieg(a| U(«*, — ©; €){a)™ 
| 7] | 
x (a!U(%,0; 6)—U(0, —”;e)\a), (14-) 
Og 


using the group property of U (t,,t2; €). 
Multiplication of the Hermitian conjugate of Eq. 
(6+) by |8), in the form of Eq. (8—), yields, as above, 


AE=limieg(a| U(*%, — @ ; €)|a)™ 
ew 


0 
x(a | («059 |U0,-#50)\a . (14+) 
| Og 


The addition of Eqs. (14—) and (14+-) results in 


@ | 
a =lim( dieg(a|S.lu) x(a s.la)), (15) 
ov Og 


which is just the statement of Eq. (4). 


II. ROLE OF THE SUBSIDIARY CONDITION IN 
LEVEL-SHIFT CALCULATIONS 


The problem of the subsidiary condition (F) in the 
calculation of level-shifts does not appear to have been 
discussed in the literature—it has generally been as- 
sumed that (F) can be ignored. As is well known, this 
is the case for scattering problems. In the calculation 
of the second-order radiative corrections to the hydro- 
genic energy levels, it can be seen by direct computation 
that (F) can be ignored.‘ Equation (4) now shows in a 


‘W. Heitler, The Quantum Theory of Radiation (Clarendon 
Press, Oxford, 1954), third edition, Sec. 34. 
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simple way that this holds to all orders in the coupling 
constant. For, (a|.S,/a) is computed as the “forward 
scattering amplitude” of the Dirac state |a@) by the 
operator S,, constructed in the bound interaction repre- 
sentation. This operator differs from the usual § 
operator only in that the electron propagator is 
(p— V—m)™ instead of (p—m)~'. Since correspond- 
ingly, (p—- V—m)|\a)=0, Feynman’s proof® of the 
ignorability of (I) for scattering problems can be taken 
over almost word for word, if his ‘“p” is everywhere 
replaced by “p— V.” 

Similar considerations hold for more complex prob- 
lems. Equation (4) could be used as the starting point 
of a calculation of the energy levels of a two-electron 
atom with large Z, the electrons not interacting in 
lowest approximation, and the covariant gauge could be 
employed profitably. However, one could also use 
Coulomb gauge for the photon lines representing elec- 
tron-electron interaction and covariant gauge for the 
self-energy lines, just as in the corresponding scattering 
problem, Eq. (4) making the analogy between these 
complete. For Z=2 this point becomes important, for 
it shows that in the corresponding Bethe-Salpeter equa- 
tion® the gauges may be mixed in this manner. Such a 
possibility is essential if the difficulties of renormaliza- 
tion in the Coulomb gauge are to be avoided, but a 
rapidly convergent perturbation method® for the solu- 
tion of such an equation is to be developed. Mixed 
gauges have been used by Fulton and Martin in their 
treatment of positronium,’ without, however, any 
discussion. The above argument, although not directly 
applicable to their case without modification, serves to 
justify such a mixing in the case of positronium also. 

It is a pleasure to thank Professor H. M. Foley and 
Professor N. M. Kroll, as well as Professor F. J. Dyson 
and Professor A. Visconti, for stimulating conversa 
tions on various aspects of this subject. 

*R. P. Feynman, Phys. Rev. 76, 769 (1949), Sec. 8. 


® J. Sucher and H. M. Foley (to be published) 
7'T. Fulton and P. Martin, Phys. Rev. 95, 811 (1954) 
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Measurement of Noise in a Maser 
Amplifier* 


SOP, J \ 


AND T. ( 


GiorpMAIne, C. H. Townes 


Wanct 
Columbia University, New York, New Vork 


(Received July 8, 1957) 


NE of the principle sources of interest in maser 
C amplification’ is the belief, based on theoretical 
considerations, that this type of amplification is rather 
free of excess noise, and can be made much more sensi- 
tive than conventional amplifiers in the microwave 
range. The ammonia beam maser is expected, for ex 
ample, to have a limiting noise temperature near 1°K 
if its cavity and associated waveguide are sufficiently 
cold and well designed, or otherwise a noise tempera 
ture limited by the design and actual temperatures of 
its cavity, input, and output circuits.? A superregenera 
tive amplifier of this type has been constructed and its 
noise figure or effective noise temperature measured 
under a variety of conditions. An amplifier with a 
noise figure of — 2.0 db has been obtained. Furthermore, 
the measurements give an upper limit corresponding to 
radiation at 30°K on any noise in excess of that theo 
retically expected. 

The ammonia beam passed through a cavity operat 
ing in the ‘TMoio mode which was split longitudinally 
and the two halves electrically separated. The beam was 
sufficiently intense to produce oscillations. However, 
when a small voltage was applied across the two halves 
of the cavity, the oscillations were quenched, A quench 
ing frequency of about 600 cps was used, with zero 
applied voltage and hence increasing buildup of oscilla- 
tions for about § of the cycle. During the remainder of 
the cycle, about 20 volts were applied across the cavity 
to quench the oscillations. Any much more rapid 
quenching cycle would allow oscillations to begin from 
the previous pulses, presumably retained as a signal by 
the molecules, rather than from noise. The above oper 
ating conditions allowed oscillations to increase ex 
ponentially from noise by a factor of 10° or 10’, after 
which they were easily amplified in a conventional 
30-Mc IF amplifier. 

A single coupling hole to the cav‘ty was used, with 
input and output circuits separated by a T junction. 
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A noise signal from a gas discharge tube was introduced 
through a calibrated attenuator, and the resulting 
variation in output power observed on a meter after 
rectification. In most cases, the increase in input signal 
required to double the output power was determined. 
Several cases were measured as follows: 


1. With a coupling hole of such size that losses from 
the cavity through the hole were 1/2.65 as large as 
other losses within the cavity (Q:/Qo= 2.65), and with 
cavity and input and output circuits at room tempera- 
ture (300°). The increase in noise power required in 
the input waveguide to double power output from the 
maser was found to correspond to 1370°K, or 6.6 db 
above room temperature. Theoretical results predict 
for this case a required input of 1100°K, or a 5.6 db 
noise figure. 

2. With Q,/Qo=1.15, and with cavity and attached 
circuits at room temperature. The increase in input 
power for doubling the output was 570°K, giving a 
noise figure of 2.8 db above room temperature. In this 
case, theory would predict 640°K or a 3.3 db noise figure. 

3. With Q,/Qo=0.61, and the cavity and attached 
circuits at room temperature. The increase in input 
power for doubling the output was 510°K, giving a 
noise figure of 2.3 db. Theory predicts for this case 
490°, or 2.1 db. 

4. With Q,/Qo approximately 0.6, and cavity and 
input and output loads cooled to near liquid nitrogen 
temperature, In this case, the actual temperature of 
radiation in the cavity with no beam present should 
have been approximately 110°K, and the theoretical 
noise figure — 2.3 db based on room temperature. ‘This 
corresponds to doubling the output power with an 
increase in input signal corresponding to 176°K. Experi- 
mentally it was found that an input of 187°K would 
double the output, giving a noise figure of —2.0 db 
based on room temperature (300°K). In this case, the 
noise signal introduced was radiation from an attenuator 
at room temperature rather than from the gas discharge. 
Table I summarizes these results. 

Case 4 demonstrates an actual microwave amplifier 
with a noise temperature less than room temperature, 
which has long been taken as a type of limit for an 
amplifier. However, perhaps of more basic significance 
is the upper limit which can, as the result of the above 
measurements, be set on any noise generated within 
the maser cavity in excess of theoretical expectations. 


rasie I. Comparison of theoretical noise figures (based on 
300°K) of maser amplifier and experimental results. See text for 
definition of noise figure 


experimental noise 
figure in db 


Theoretical noise 
figure in db 
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The accuracy which results from all of these measure- 
ments is probably about 0.5 db, giving an upper limit 
to the excess noise of about 30°K. This is a small amount 
of noise and indicates that maser amplifiers can indeed 
be very sensitive, but it is still about 25 times the limit 
set by spontaneous emission 

We are indebted to J. P. Gordon for the loan of a 
cavity with which some of the measurements were made. 
We wish also to acknowledge helpful conversations with 
J. P. Gordon, J. C. Helmer, and M. L. Stitch, who have 
been engaged in somewhat similar measurements. 


* Work sponsored jointly by the Signal Corps, the Office of 
Naval Research, and the Air Force Office of Scientific Research 

+t Now at Arthur D. Little Inc., Cambridge, Massachusetts 

' Increasing interest in maser-type amplification perhaps makes 
appropriate a brief statement of very early developments in this 
field. An important preliminary step was the experiment of E. M 
Purcell and R. V. Pound [ Phys. Rev. 81, 279 (1951) ] on nuclei 
oriented in magnetic fields which demonstrated “negative tem 
peratures” and stimulated emission rather than absorption, Ideas 
on the use of stimulated emission for amplification have arisen 
independently in at least the three different places indicated below. 

J Weber, of the University of Maryland, discussed the possi 
bility of amplification by stimulated emission at the Institute of 
Radio Engineers Electron Tube Conference in Ottawa, June, 
1952. His paper on this subject in 1953 Trans. Inst. Radio Engrs 
Prof. Group on Electron Devices 3, 1 (1953) ] gives some of the 
basic theoretical ideas, and several interesting suggestions concern 
ing this type of amplification. N. G. Basov and A. M. Prokhoroy 
of the Lebedev Institute mention [ Doklady Akad. Nauk S.S.S.R.) 
101, 47 (1955) } having pointed out ‘the theoretical possibility of 
constructing a molecular generator” at an All-Union Conference 
on Radio-Spectroscopy in May, 1952. In 1954, they gave a number 
of design considerations for a beam-type device J. Exptl. Theoret 
Phys. U.S.S.R. 27, 431 (1954 Phe possibility of a maser oscil 
lator was also discussed by A. H. Nethercot of Columbia on 
behalf of one of the authors (C.H.T.) at a Symposium on Sub 
Millimeter Waves at the University of Illinois in May, 1951 
Design of a beam-type outlined in the Columbia 
Radiation Laboratory Quarterly Progress Report, December 31 
1951 (unpublished). Subsequent issues contain further information 
on its development, and successful operation was reported in 1954 
by Gordon, Zeiger, and Townes [ Phys. Rev. 95, 282 (1954) ] 

2 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955 
Shimoda, Takahasi, and Townes, J. Ph Soc. Japan 12, 686 
(1957); M. Muller, Phys. Rev. 106, 8 (1957); R. V. Pound, Ann 
Phys. 1, 24 (1957); M. W. P. Strandberg, Phys. Rev. 106, 617 
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Three-Dimensional Potential Well* 


H. BarTeL WILLIAM 


Physical Science Laboratory of the New Mexico College of Agriculture 
and Mechanic Arts, State College, New Mexico 


(Received June 25, 1957) 


N the study of high-frequency gas discharges at 


very low pressures, this laboratory has come upon 


an interesting and perhaps very useful phenomenon. A 
three-dimensional potential well has been created for 
positive charges. 

The mechanism by which a potential well is estab- 
lished is as follows. Consider the idealized situation of 
Fig. 1 which is meant to represent multipacting be- 
tween two disk electrodes. Here the electrons which 
cross the electrode separation in one-half cycle of the 
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applied rf power are shown as a thin disk of charge.' 
The magnitude and frequency of the applied rf power 
are such that the motion of the ions is negligible due 
to this cause alone. It can be seen that if an ion is found 
displaced from the center plane toward either electrode, 
then the field due to the disk of electrons will exert a 
force on the ions which when averaged over a complete 
cycle will be directed toward the center position. It 
can also be seen that if an ion is displaced radially from 
the axis of the cylinder, the force exerted on it by the 
disk of electrons will be toward the axis. Thus, a three 
dimensional potential well is formed, the depth of which 
depends upon the magnitude of the multipacting elec 

tron current. Utilizing the above picture, force and 
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ric, 1, Idealized representation of electron multipacting be 
tween two metallic disk electrodes. Electrons and ions which issue 
from the 4-inch hole have been studied with an energy filter 


potential functions have been calculated and plotted as 
shown in Fig. 2, Measurements made on apparatus in 
this laboratory show that there is a 10-microampere 
electron current through the }-in. hole cut in one of the 
electrodes when the rf power input was 20 watts. Upon 
utilizing this 10-microampere figure and the other 
necessary parameters,’ a value of the order of 100 
electron volts was computed for the potential obtained 

The above calculations neglect the self-potential of 
the positive ions and can be used only when the pressure 
in the chamber is very low. If the potential of the ions 
The 


time average of the charge density of an elemental 


is to be considered, we may proceed as follows 
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volume in the space between the electrodes will be 
positive or negative depending on the ratio of ions to 
electrons. The potential computed from this charge 
density will then also be positive or negative depending 
on the sign of the charge density. The ions will then 
either be trapped in a potential well or issue from the 
region with some kinetic energy depending on the ratio 
of number of ions to electrons in the volume between 
the electrodes. Both of these situations have been ob- 
served in the laboratory here. 

It appears as though potential wells having depths 
of the order of thousands of electron volts may be 
possible without unreasonable expenditure of radio- 

















Fic, 2. Computed force (/) and potential (V) functions for 
heavy positive ions in field of idealized electron multipacting 
between metallic electrodes separated by a distance (d). Self 
potential of the ions has been omitted 


frequency power. The phenomenon may prove to be a 
useful tool in the study of multiply ionized atoms and 
in the study of fully ionized gases at very low pressure. 
The potential well should also be of interest to those 
studying the nuclear fusion reactor, since the potential 
well is a mechanism whereby ions at high kinetic tem- 
peratures may be confined. 

* This work has been supported by the Bureau of Ordnance, 
U.S. Navy, through cooperation of the Applied Physics Labora 
tory of Johns Hopkins University. 

‘Fer a description of the multipacting mechanism, see A. J 
Hatch and H. B. Williams, J. Appl. Phys. 25, 417 (1954) 

* Frequency, 50 Mc/sec; electrode separation, 3 cm; pressure, 
0.2 micron Hg; rf voltage, 150 v peak 
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Double Scattering of ¢ Particles 
L. J. Tassie 
Research School of Physical Sciences, Australian National 


University, Canberra, Australia 
(Received July 8, 1957) 


F parity is not conserved in f decay,' the 8 particles 
emitted by randomly oriented radioactive nuclei 

can be longitudinally polarized, and according to the 
two-component neutrino theory, the amount of po- 
larization should be approximately v/c.? This polariza- 
tion should be observed in experiments on the double 
scattering of 8 particles. 

For a beam of electrons of longitudinal polarization 
P (taken as positive if the electron spin is in the direc- 
tion of motion), which is first scattered through an 
angle @, and then through an angle 2, the final intensity 
varies with azimuthal angle @ as 


1+-.S(62){S?(0,) + 1°E*(6,)}! cos(@—a), 


where ¢=0 is the backward direction in the plane of 
the first scattering. 
sina = PE(0;)/{S?(0;) + P2E2(0,)}}, 
cosa = § (8:)/{.S?(0;) + P22 (6,)} 3, 
f\?—|g\*) sind— (/g*+-/*g) cosd} 
fl?+ lel? 


iy (F*G— FG") 


k(0) 


? cot(40)+/G)? tan(40). 


Y\F 
i(fg*—gf*)/(\f\?+1g)*) 


y(FG*+F*G) 


S(6) 


7 | F)? cot(40)+ |G ? tan(40). 


where f and g are defined by Tolhoek.’ F and G are 
given by 
k{=iyF+G, 
kg =([iy(14+- cos) F+ (1- 
y= (1—0°/c*)'Ze*/hv, 
k=mvh™ (1—v?/c*)-4, 


cos)G |/siné, 


The values of E and S given in Table I for scattering 
by the Coulomb field of mercury have been obtained 
by using Sherman’s* tables of F and G, and the values 
for the screened atomic field of gold have been obtained 
from the calculation of Mohr and Tassie.® It was found 
that the effect of screening by the atomic electrons can 
be neglected for large angles at 121 kev. 

In the double scattering of unpolarized electrons, 
there is a difference in the scattering at ¢=0° and 
¢= 180° and the scattering is the same for ¢=90° and 
270° ; however, for polarized electrons there should also 
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TaBLe I. Asymmetry factors, S and £, for the 
scattering of electrons. 


30° 60° 90° 120° 150° 
~0,37 
0.63 
~—0.337 
0.633 
—O0.19 
0.53 
0.23 
0.56 


121 kev J 
Screened field of Au | 
128 kev J 
Coulomb field of Hg 


S 0,023 
E 
S 
I 
33 kev i § 
E 
S 
E 


0.39 
0.0166 
0.368 
0.010 
0.47 
0.011 
0.46 


0.07 
0,60 
0.0616 
0.598 
0,03 
0.75 
0,02 
0.76 


0.28 
0.83 
—0.271 
0.818 
-0.16 
0.95 
0.20 
0.95 


—0.40 
0.91 
—0.424 

0.905 
—0.28 

0.90 
—0.35 

0.89 


Screened field of Au| 
33 kev | 
Coulomb field of Hg 


be a difference in the scattering at ¢=90° and 270°. 
Such an asymmetry was observed in the experiments 
of Cox, McIlwraith, and Kurrelmeyer® and of Chase’ 
on the double scattering of 8 particles by thick lead 
scatterers in the reflection position. However, multiple 
scattering could mask the asymmetry due to the elec- 
tron polarization. It would seem worth while to repeat 
these experiments with thin foils. It should be noted 
that multiple and plural scattering in the second foil 
has no effect on a, the azimuthal angle of extremum 
intensity. 

'T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

? Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957). 

3H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956), Sec. 3 

*N. Sherman, Phys. Rev. 103, 1601 (1956) 

5C. B. O. Mohr and L. J. Tassie, Proc. Phys. Soc 
A67, 711 (1954). 

6 Cox, MclIlwraith, and Kurrelmeyer, Proc 
U. S. 14, 544 (1928). 

’. T. Chase, Phys. Rev. 36, 1060 (1930 
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Heavy-Fermion Mass Spectrum 


D. KLEITMAN 


Harvard University, Cambridge, M assachusetts 


CLASS of Lagrangian densities for description of 
the strong interactions of heavy-particle fields 
has recently been suggested,'? based upon the following 
hypotheses: (1) In the absence of interactions, complete 
symmetry among the heavy-fermion fields is present. 
(2) All strong interactions involve dimensionless coup- 
ling constants only. (3) The strong m-meson inter- 
actions preserve symmetry among the heavy fermions. 
The heavy-fermion mass spectra predicted by several 
such Lagrangians have been investigated, with the 
following results. 
Using perturbation theory to fourth order in meson 
couplings on the pair of Lagrangians 1, defined by (3), 
we obtain agreement with the observed nucleon-Z and 


A-d mass splittings for A = 5, provided that 


£K° g,™1. (1) 
For A=1, no such agreement occurs to this order. The 
integrals occurring in perturbation expansions for mass 
shifts are formally divergent. The estimate (1) therefore 
depends upon an assumption that the physical cutoff 
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mechanism making its presence felt here does not 
radically distinguish between the K and m interactions. 
The coupling constants that appear in (1) are unre 
normalized. It is thus possible to reconcile (1) with the 
apparently large difference between observed w-nucleon 
and K coupling constants, if the latter can be attributed 
primarily to differences in renormalization. Four dis 
tinct w and four distinct K coupling constants will 
exist after renormalization in any theory of this kind; 
preliminary investigations have not, however, led to 
reliable estimates of the magnitudes of differences 
among them. 

A more general statement may be made about the 
separation between the average of nucleon and Z mass 
and the average of A and } masses, weighted according 
to the multiplicities of the corresponding field com 
ponents. No such splitting occurs to second order in the 
K interactions; i.e., to this order, 


1M,+3My=4Myt+4Mz. (2) 


This result is in fact more general than the Lagrangian 
densities 1.4, holding for any A-fermion interaction that 
exhibits ordinary 
metry.’ Experimentally such a splitting does occur, 
but it is comparatively small (approximately 0.3 pion 
mass). 


three-dimensional isotopic sym 


In the notation of reference 1, the Lagrangian Ly, is 
given by 


“ALB y* (1/10 | — fmol py, Ay | 
FELD I" +I bu) — 106,06") 
KOR — boride’ —berldr LW Ar67M% |) 
+ herlos, Wa Brin | 
[vz Bysimbs |—[vz,ArsivXyx ]} 
tenon Wy 8Avs |+irpslyBA rz )}, 


La 


(3) 


where certain terms discussed in reference 1 but ir 
relevant to this note have been omitted. Here @x« and 
¢» denote K and m field components respectively, mo 
is the universal bare fermion mass, and y,9 and pro are 
equal bare boson masses. ‘The various fermion field 
components are denoted by y’s. All field variables are 
Hermitian. The fermion fields have four spin components 
and two components in “nucleonic-charge” space, in 
which the matrix v takes the form 


0) 1 

1 0 
In addition, the nucleon and cascade particle (denoted 
together above by yj) and K-particle fields have four 
components in isotopic spin space. In that space 7, and 
¢; are mutually commuting sets of three Hermitian 


antisymmetric matrices satisfying the 
relations 


usual spin 


TiT2 


Fife 


\T4, 


“U3, o° 
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Transition to the usual non-Hermitian field notation 
may be accomplished by diagonalization of the matrices 
v, (;, and r, appearing above; after such diagonalization 
the nucleon field components would be those for which 
the matrix vi +1, while the 
cascade particle components would be those for which 
vt, assumed the value —1. The choice of A in Ly, de- 
termines the orbital parity of the K_ particle. The 


took on the eigenvalue 


Lagrangians L, entail the most symmetric orbital parity 
assignments for the heavy fermions, as well as conserva- 
tion of parity in K interactions. Similar results may be 
obtained for less symmetric parity assignments and 
with relaxation of such conservation, 

A more detailed discussion of the entire subject will 
appear shortly. 


! 1. Schwinger, Lectures on Fundamental Interactions, Harvard 
Massachusetts Institute of Technology, 1956 (unpublished 

2A similar interaction scheme has been proposed by M. Gell 
Mann, | Proceedings of the Seventh Annual Rochester Conference on 
High-energy Physics, 1957 Publishers, Inc., New 
York, 1957 based upon a somewhat more phenomenological 
approach 

‘This statement is correct only if there is no parity duplication 
of K, A, and © fields 
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Associated Production in Pion-Nucleon 
Collisions and Charge Independence* 


SAUL BARSHAY 


Radiation Laboratory, University of California, 
Berkele y, 


(Received July 15, 1957 


California 


| [SING the method of Low,' we have derived the 


equation for the Heisenberg scattering amplitude 


and r+-N— 


»>A+K 


In the “one-meson” approximation,’ with pair 


describing the processes m+ V 
Y+A 
intermediate states omitted, we obtain a linear integral 
equation for this amplitude. ‘The inhomogeneous term 
is the Born approximation, and the kernel of the un 
crossed one-meson term is the pion-nucleon scattering 
amplitude. ‘The crossed one-meson term involves the 
pion-hyperon scattering amplitude and may be treated 
with the inhomogeneous term. A partial-wave study of 
the Born approximation has been made, using the 
Hamiltonian suggested recently by Gell-Mann’ with 
the assumption of spin-parity 0” for the K mesons and 
4+ for the A and Y hyperons. S, ?, and D waves have 
been included to first order in an expansion in powers 
of the ratio of the intermediate-state baryon kinetic 
energy to its mass. At 1-Bev pion bombarding energy, 
we find that a coupling essentially of the form 


g(AysVK —SaysVraK + Hermitian conjugate) 


yields the strong backward preference of the A hyperons 
in the center-of-mass system that has been observed 
experimentally.** We use the notation of reference 2, 
in which a symbol for a particle denotes the operator 
that destroys it. (V stands for nucleon and the decom 
position into charge states is to be understood.) Also, 
2 hyperons 


in accord with early experiments,‘ ° the 2' 


THE EDITOR 

tend to be produced somewhat preferentially back- 
wards. However, in direct opposition to experiment,*® 
the 2* are produced preferentially backwards (with 
about the same total cross sections as the 2° and A°). 
Corrections from the one-meson terms that might alter 
the latter result would at the same time turn the 2° 
angular distribution around. If the spin-parity assign- 
ments above turn out to be correct and if pair effects 
may be neglected, the failure to explain simultaneously 
the 2° and 2* 
independent Hamiltonian might be attributable to a 
failure of charge independence in associated production. 
A study designed to estimate pair effects in this high- 
energy collision process is being pursued and will be 


angular distributions with a charge- 


discussed in a more complete report of this work at a 


later date. 

* This work the | >. 
Commission 

'F, E. Low, Phys. Rev. 97, 1392 (1955 

2M. Gell-Mann, Phys. Rev. 106, 1296 (1957) 

sudde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 

Phys. Rev. 103, 1827 (1956) 

4). Glaser (private communications 

® Brown, Glaser, Meyer, Perl, Vander Velde, and Cronin, Phys 
Rev. 107, 906 (1957) 

*J. J. Sakurai, Phys. Rev 


was sponsored by Atomic Energy 


107, 908 
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Polarized Protons from the Elastic 
Scattering of «-Particles 
by Hydrogen* 


2c ' 7 ‘ 
L. RosEN AND J. FE, Bro.iey, Jr 


Los Alamos Scientific Laboratory, University of California, 
Los Alamos, New Mexico 
(Received July 8, 1957) 


bare scattering experiments at 2.9, 3.0, and 
5.3 Mev'* have demonstrated that the spin- 
orbit forces in Li® make possible the use of He‘ as a 
polarizer and polarizer-analyzer for fast protons. 

Recent calculations by Gammel and Thaler,’ based 
on phase-shift analyses of p-Het elastic scattering data, 
predict that, at certain angles, the elastically scattered 
protons will be highly polarized for incident energies 
up to at least 10 Mev. 

The purposes of the present experiment were to 
check the above-mentioned predictions in detail, by 
examining the dependence of polarization on s¢ attering 
angle for 10-Mev protons on Het, and to devise a 
method for obtaining a highly-polarized and _ well- 
collimated beam of 10-Mev protons of sufficient in- 
tensity for use in elastic and inelastic scattering experi- 
ments. As it turned out, the same method suffices for 
accomplishing both objectives. 

The experimental arrangement is illustrated in Fig. 1. 
A target containing 4 atmos of He is irradiated with a 
beam of 25-Mev alpha particles. (This is equivalent to 
6.25-Mev protons on He‘, an energy at which the 
polarization vs scattering angle can be predicted with 
confidence.) The protons knocked on at 25° (130° c.m. 
for protons on He*) to the incident alpha beam are 
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Fic. 1. Schematic diagram of exposure 


scattered by 4 atmos of He‘ and the left-right asym 
metry is measured as a function of scattering angle. To 
be counted, a particle detected in a nuclear emulsion is 
required to have a range and direction consistent with 
having originated in the appropriate scattering volume. 
Three experiments were performed, each yielding a 
complete angular distribution. The small background 
due to neutrons was determined by making a run with 
zero aperture. 

Let P(130°) denote the polarization of the recoil 
protons in the scattering of a-particles by hydrogen (at 
the angle described above), and let / be the energy (in 
the lab system) of these recoil protons. Let P’(@) be 


the polarization, after scattering from Het of an initially 
(@ being the 


unpolarized proton beam of energy EF 
scattering angle in the lab system). The ratio, R, of 
left-right intensities resulting from the second scattering 
is related to P’(8) by 


P'(0) 
P(130°)R+1 


where P(130°) denotes the value of P(130°) uncorrected 
for finite resolution 


Polarization scattering angle for 10-Mev 
protons on He‘ 


Pasir | ersu 


Laboratory 
angle 6 (deg Po 
0.22 

31 0.32+0.04 
16 + 0.51+40.05 


0.04 
ss 
4 
oO 0.67 +0.04 
t 
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69 0.824-0.07 
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arrangement tor generating and scattering 4 beam of polarized protons 


A minimum value for ?(130°) is obtained by taking 
P(0)=1 at This 
yields P(130°) >0.95, as compared to the calculated 
value of unity. Assuming then that ?(130") is unity at 
6.25 Mev, we calculate P(130°) to be 0.96 
Table 1 the the 


measurements. The data are not corrected for, and the 


the angle where R is a maximum 


for our 


geometry lists results of present 
indicated uncertainties do not include, the distortion 
incurred as a result of finite angular resolution in the 
second scattering. No asymmetry 1S observed in the 
plane containing the first scattered beam and_ pet 
pendicular to the first scattering plane 

The efficacy of Het as a polarizer-analyzer for proton 
high as 10 Mev is thus established 
that 
He* below 25 Mev holds promise of using this nucleus 


of energy at least as 


Furthermore, the fact there exists no levels in 


as a polarizer-analyzer up to this energy, since below 
the disintegration energy of He‘ the states of Li’ are 
probably single-particle states determined by the mo 
tion of the proton in the field of the @ particle, a type 
of interaction which usually yields a smooth dependence 
of scattering phases on energy. In addition, the small 
radius of the system may well limit the / values of the 
which wil 


eflects ol 


scattered waves to D states, a circumstance 


tend to minimize the cancellation of the 
spin-orbit coupling. With the arrangement pictured in 


Mig. J 


yields adequate intensities at the detectors when the 


a time-integrated beam of 3X 10* microcoulomb 


second scattering volume contains He, D, O, C, or Cu 


targets of thickness ~1 Mev for 10-Mevy proton 
* This of the [ 
Atomic Energy Commission 
1M. Heusinkveld and G. Freier, Phys. Rev. $5, 80 (1952 
7M. J. Scott and R. E. Segel, Phys. Rev, 100, 1244(A) (1955 
\. C. Juveland and W. Jentschke, Z. Physik 144, 521 (1956 
‘J. L. Gammel and R. M. Thaler (private communication) 


work was performed under the auspice 
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Plutonium-237m, Another Case of E3 


Isomerism for Neutron Number 143+ 


F. S. Srepwens, Jr., FRANK ASArO, SAADIA AMIEL,* 
AND I, PERLMAN 
Radiation Laboratory, University of California, 
Berkeley, California 
(Received July 12, 1957) 


N “#3 isomer” of U¥® has been sought and re- 

cently found'?; the isomeric state has spin 1/2 
and lies only a fraction of a kilovolt above the spin 7/2 
ground state. The search for the isomer was initiated 
when it became clear from the alpha spectrum of Pu 
that the lowest observable level of U¥® that is popu- 
lated has spin 1/2,-* whereas direct measurement of 
the U**® ground state showed its spin to be 7/2.°* 
Because of these two levels lie almost on top of each 
other in U™®, there would seem to be a good chance that 
the same states would not be widely separated in 
neighboring nuclei with the same neutron number and 
consequently that one or more similar £3 isomers 
might be found. (It should be mentioned that the 
appearance of isomerism in regions of spheroidal nuclear 
shape follows a quite different pattern than that noted 
just before the closure of major shells. Particle states in 
spheroidal nuclei are only two fold degenerate,’ hence, 
in general, the pair of states defining the isomers will 
be the two lowest-lying states only for a single nucleon 
number. In contrast to this, similar isomers occur over 
a considerable range numbers near the 
filling of a major shell in a manner nicely explained by 
shell theory.” Also it might be pointed out that the 
appearance of isomers in spheroidal nuclei seems to be 
somewhat accidental in the sense that it is not possible 


of nucleon 


to predict the exact place where two states of sufficient 
spin difference will be near-lying and without inter- 


vening states.) 

The known species which, like U%*, have 143 neu 
trons are Th™, Pu”’, and Cm™*. Experimentally, Pu®? 
appeared most attractive because it is the only one 
that is the decay product of a reasonably long-lived 
parent (1% a-branching of 35-day, electron-capture, 
Cm). More important was the indication from 
fragmentary decay data of Cm™ and Pu’ that states 
of spin 7/2 and 1/2 exist in Pu®? in much the same rela- 
tion as in U™*. The data suggesting this similarity will 
be discussed below. Finally, Pu™’ lends itself to rapid 
separation from its parent by virtue of the alpha-recoil 
collection method. 

The Cm™! used in this study was prepared by irradi- 
ating 60 mg of Pu with 373 wa-hr of 32-Mev alpha 
particles in the Crocker Laboratory cyclotron. The 
curium fraction was isolated by a series of precipitation 
and ion-exchange reactions and vacuum-sublimed onto 
a 0.002-inch-thick platinum plate in order that the 
deposit be sufficiently thin and uniform to permit 
recoil collection with high efficiency. In all, the Cm 
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intensity produced was ~5X10® electron-capture dis- 
integrations per minute (5X 10‘ alpha disintegrations). 
Alpha-energy analysis showed that Cm™ and Cm 
were present, but the observable gamma-ray spectrum 
was only that which accompanies the electron-capture 
decay of Cm”, The even-even alpha emitters have 
gamma rays that are well characterized but are in very 
low abundance. In any case, the presence of even-even 
species does not interfere with the measurements of 
interest. 

The first experiment showed that any Pu’ isomer 
resulting from alpha-decay of Cm™' must have a half- 
life longer than several days or shorter than 2 seconds. 


4 
10 
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ric. 1. Decay rate of Pu’ measured in a proportional counter 
by moving-tape technique. (Abscissa is the distance of recoil 
collection from counter with conveying tape moving 20 cm/sec.) 


The recoil nuclei were caught on a 6-mil aluminum plate 
held one-eighth inch above the Cm™ source and charged 
300 to 600 volts negative by means of batteries. The 
sample was placed as quickly as possible into a window- 
less proportional counter, and no activity was observed. 

In the search for a shorter half-life, the following 
system was employed. A closed loop was made of a 
5-ft length of 2}-in.-wide paper tape, and this was 
friction-driven as an endless belt (by a rubber stopper 
mounted on the shaft of a 60-rpm motor) so that 
recoils collected on the tape were continuously con- 
veyed through the counter. The tape itself closed the 
bottom of the methane proportional counter, and, at a 
variable distance before its entry into the counter, it 
ran under the Cm! source and over a lead brick that 
was maintained at several hundred volts negative po- 
tential causing the recoils to deposit on the tape. 

With the source 6 cm from the counter and with the 
tape traveling at 20 cm/sec, a counting rate of 2000 
counts/min above background was observed. The 
background was measured with everything functioning 
except that the recoil-collection potential was removed. 
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The half-life of the collected recoils was determined by 
varying at 2-cm intervals the distance between the 
counter and point of collection. The plot so obtained is 
shown in Fig. 1 and corresponds to a half-life of 0.18 
+0.02 sec. This half-life was checked with 0.25-mil 
aluminum foil between the counter and the tape. 

The same conveyance system was employed for de- 
termining the energy of the 0.18-sec transition. This 
time a 1}- by 1-inch Nal crystal was used as the de- 
tector and the energy spectrum was displayed with a 
50-channel pulse-height analyzer. A 2-inch-thick lead 
brick was used to shield the crystal particularly from 
the intense 470-kev gamma ray that accompanies the 
electron-capture decay of Cm™'."* The background was 
determined this time merely by inserting a card under 
the source to intercept the recoils. The spectrum as 
shown in Fig. 2 included a prominent peak of L x-rays, 
a gamma ray of (145+5) kev, and a possible K x-ray 
peak at ~105 kev. These photons had the same half- 
life as the electrons measured with the proportional 
counter, 

The multipolarity of the transition was determined 
from the conversion coefficients and the lifetime. The 
ratio of the K x-ray and 145-kev photon intensities was 
found to give a K-shell conversion coefficient <0.3 
which, as seen from Table I, rules out magnetic transi- 
tions of all multipolarities. The L-shell conversion 
coefficient was obtained by comparing L x-ray peaks 
with a source of Cm which has a known amount of 
L-shell vacancy.'* (A small error may be introduced in 
this comparison because the L-shell fluorescence yields 
may be somewhat different for the two cases.) The L 
conversion coefficient determined and shown in Table I 
is 3948, which is unique for an E3 transition. 

The transition lifetime for the 145-kev 
transition is estimated to be ~13 sec on the basis of the 


radiative 


measured L-shell conversion coefficient and theoretical 
values for M and N shells for an £3 transition.'® It is 
seen that this value also agrees only with an £3 assign 
ment and the agreement is good when one recalls that 
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~20 hew 


ro] 
> 


8 


1OShev 





COUNTS PER CHANNEL 


$ 
° 





a cn ———— ———__— 
10 20 30 
CHANNEL NUMBER 





and 
30 


Fic. 2. Photon spectrum of Pu®’™ isomeric transition. (The 
possible peak at 105 kev is the position of K x-rays.) 
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TaBLe I. £3 assignment of the 145-kev gamma ray. The terms 


ax and ay, refer to A and L conversion coefficients respectively 
The half-lives shown are for the radiative transitions; that shown 
as the experimental value is estimated as explained in the text 


kl k2 k3 ha Wi M2 


axk*® 0.16 0.19 0,20 0.18 7.0 
a” 0.03 2.9 43 450 40 
Ty (se ye 4&K10 4% §5«KI10% &wkIO? 210 R & 


*L. A, Sliv and I. M. Band, privately circulated copy of a compilation 
appearing partially in J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 144 (1956 
(translation: Soviet Phys, JETP 4, 133 (195 

» Rose, Goertzel, and Swift (privately circulate 
Gamma-Ray Spectroscopy, edited by K. Siegbahn 
Inc., New York, 1955), Appendix I\ 

¢ Calculated from formulas given by S. A. Moszkowski in 
Gamma-Ray Spectroscopy, edited by K Inter 
Inc., New York, 1955), Chap, 13 
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all known £3 transitions are retarded by the order of 
10? to 10° from the single-particle calculations, 

The orbital assignments for the ground state of 
Pu”? and its isomeric state, as well as that for the 
ground state of Cm*', are shown in Fig, 3. The assign 
ments listed are identical with the corresponding case 
of Pu in its decay to U™®.' The arguments upon which 
these assignments are made are as follows 

The electron capture of Cm leads predominantly to 
a level of Am™! believed to have spin 3/2 and not to the 
ground state which has spin 5/2."* This is hardly an 
argument for assigning Cm”! the spin 1/2 but is con 
sistent with the working hypothesis that it is the same 
as Pu’, which has the same neutron number. ‘The gross 
alpha-decay half-life of Cm™ indicates that the main 
transition is almost unhindered," a situation thought to 
occur only between levels in which the odd particles 
are in identical states, in this case the same Nilsson 
levels’ of spheroidal nuclei, (Radiation intensity con 
siderations showed that the main alpha decay of Cm*" 
leads to the isomeric state.) The isomeric state of Pu’ 


47 


is therefore the same as the ground state of Cm*" 


Since it de 
excites by an £3 transition, the ground state has spin 


which has been taken to have spin 1/2. 


7/2 and opposite parity. The principal experimental 
check on this assignment for the ground state of Pu’ 
is the fact that in its electron-capture 
almost entirely to the ground state of 


decay it goes 


Np,” 


which 


‘ 


0 eee 


py 23? 





Fic. 3, Partial decay scheme of Cm™ showing lev 
ments in terms of Nilsson asymptotic quantum number 
spin; I, the parity; V, the principal oscillator quantum number 
nz, the Z-axis oscillator quantum number; and A, the nucleon 


orbital-angular-momentum component along the mmetry axis 
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has the assignment 5/2+4-.'7 The assignments in terms 
of spin, parity, and asymptotic quantum numbers are 
summarized in Fig. 3. They are identical with those of 
U**, but the isomeric level has moved to 145 kev, 
whereas in U™® jt is less than 1 kev above the ground 
state 

The appearance of this isomeric state changes the 
previously accepted alpha-decay energy of Cm™ by 
145 kev and largely eliminates a notable discrepancy in 
the systematic trend of alpha energies." 


*(n leave from Israel Atomic Energy Commission at the 
Weizmann Institute of Science, Rehovoth, Israel 

t This work was performed under the auspices of the U. S 
Atomic Energy Commission 

1K, Asaro and I. Perlman, Phys. Rev. 107, 318 (1957 
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ton American Physical Society meeting, Apell, 1957 in conjunction 
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New York, 1955 |, Phys. Math. Sci p 226 

*K. L. Vander Sluis and J. R. McNally, Jr., 
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Comparison of the Mirror Nuclei 
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‘ I SHE mirror nuclei Mg*® and Al*® have been widely 
studied experimentally in recent months in vari 


ous laboratories and the properties of their levels appear 


Physu 


Chall Chalk River, Canada 


to be rather well described in terms of the collective 
model of Bohr and Mottelson.' It is the purpose of this 
letter to correlate the various experimental data with 
a view to establishing the mirror states in the two nuclei. 
It is hoped that this will aid in comparing the data 
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join mirror excited states in the two nuclei 
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with the collective model and will serve to indicate the 
areas where additional experimental data would be 
valuable. As a result of the experimental results here, 
discussed it is now possible to identify, with little 
ambiguity, thirteen pairs of corresponding levels in the 
two nuclei and to assign to twelve of them both spins 
and parities. This is illustrated in Fig. 1. In this figure 
the bracketed assignments are strongly favored but not 
definitely established experimentally. These two nuclei 
presently constitute the best known mirror pair in the 
periodic table. Most of the spin and parity assignments 
for Al®* come from an investigation of the Mg™(p,y)AI’* 
reaction.” References to previous work on Al’® will be 
found in that paper. Additional results at two of the 
resonances in the Mg*(p,y) reaction have been re 
ported.* The level at 2.73 Mev‘ and 4.03 Mev® in Al’® 
have recently been discovered and details of their 
properties are presently under investigation. The assign 
ments of energy, spin, and parity to the levels in Mg”® 
come from the reaction Mg**(p,p’y)Mg”®,® the beta 
decay of Na®®,®? and the reaction Mg™(d,p)Mg®. In 
this latter reaction the energies of the levels have been 
measured quite accurately® and the angular distribu- 
tions of the proton groups have been investigated.’ 
Recent and more detailed results of the angular dis- 
tribution measurements are available” which 
greatly strengthen the identifications and provide 
values for the reduced stripping widths for most of the 
levels although the order of the 5/2+ and 7/2— levels 
at 3.90 and 3.97 Mev is not definitely established. A 
level in Mg*® corresponding to that at 3.44 Mev in Al*® 
has not yet been observed. Gamma-ray branching ratios 
for certain levels have been measured in the Mg* 


now 
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(n,y)Mg*® reaction" and in the Mg”*(p,p’y)Mg*® re- 
action® and the agreement with the branching ratios of 
the corresponding levels’ in Al is good. Particle widths 
for several levels in Al®® are known from the analysis” 
of the reaction Mg™(p,p)Mg™. With the exception of 
the level at 4.03 Mev, which has not yet been suffi- 
ciently investigated experimentally, the properties of 
all the levels in Al*® up to and including that at 4.60 
Mev can be explained in terms of the collective model! 
assuming a single particle moving in a spheroidal po- 
tential.'* The detailed application of this model to Mg’® 
and Al’® will be published shortly.'* Additional experi 
mental data on the levels in Mg®® above 4.26 Mev would 
be valuable, as would a measure of the quadrupole 
moment of the ground state. 


‘A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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6 Gove, Bartholomew, Paul, and Litherland, Nuclear Phys. 2 
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Detection of Electron Polarization 
by Double Scattering 


S. KuperMAn, H. J. Lipkin, AND T, Rotuem 


Tsrael 
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Received July 11, 1957 

HE polarization of electrons emitted in beta de 

cay has been recently determined by various 
methods.'~* In this note a successful attempt is reported 
to measure the longitudinal polarization of electrons 
by another method, namely that of double scattering 
Electrons emitted from the source S (Fig. 1) are 
scattered by a semicylindrical aluminum foil 0; (0.05 
cm thick) in order to transform their longitudinal 
polarization into a transverse polarization. The scat 
tered electrons hit a gold foil a. (2.5 mg/cm* thick), 
and those undergoing a second scattering are detected 
by two identical counters ¢r and ¢,. Provided the plane 
P, determined by the two counters, a, and 5S, is per- 
pendicular to the plane P, determined by 5S, o;, and a2, 
there will be an asymmetry between the counting 


double seattering. S’ is the 
gold foil; AZ, lead to prevent 
from S. ‘Typical dimensions 
16 cm; 


cm 


Fic. 1. Sketch of the setup for 
source; a), an aluminum foil; @ 


electrons from reaching oa directly 


are: distance between source and gold foil diameter of 


source, about 1 cm; diameter of gold foil Phe drawing is 


not to scale 


rates of cx and c, if and only if the electrons hitting o» 
are polarized and have a nonvanishing transverse 
component of their spin in the plane P;, By choosing 
for the radius of curvature of o; half the distance be 
tween S and oo, one can ensure that all electrons which 
leave S and arrive at og are scattered at o; through an 
angle of w/2. One thus gets a big solid angle for the 
first scattering without losing the sharpness of the 
polarization of the beam which arrives at a» for second 
scattering 

lo follow qualitatively the behavior of an electron 
in this setup, consider (I'ig. 2) a nonrelativistic electron 
moment is represented by the heavy 


(its magnelte 


arrow) scattered by 90° at o,. Since the electron is 
nonrelativistic, only its momentum is affected by the 
first scattering, but its spin (and therefore its magneti 
moment) retains its original orientation In space, The 
scattered electron approaching oy feels an effective 
magnetic field H which is caused by the current of 
positive nue lei of a moving towards the electron (in 
its rest frame). One sees easily that in the case of 
Fig. 2, electrons which pass to the right (R) of the 
nucleus add up their magnetic interaction to the electri 
one, whereas for those which pass to the left (1) of the 
nucleus the difference of the two interactions deter 
Since passing to the right 


mines the net interaction 


implies scattering into the plane of the figure and 
passing to the left implies scattering out of that plane 
it follows that under the conditions of lig. 2 there will 
be more electrons scattered into the plane than out of 


it.4 Stated in other words, it means that if the magnetic 
N, 
hic. 2. Pictorial de 
6, 


scription of the double - 
scattering of longitudi P 


nal electrons 
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I. The dependence of left-right asymmetry on 
asymmetries in the position of o; 


TABLE 


Left-right asymmetry X 10* 
gold in oz 


16.1+-0.7 
1.0+0.7 
5.4+0.4 
9.5+0.8 
9340.7 


Position of #1 aluminum in o: 


% mm to the left 
4 mm to the left 
symmetric 5 } 
4 mm to the right } 
% mm to the right } 


moment of the initial electron is parallel to its mo 
mentum, then, looking at o2 from o,, there will be a 
preferred scattering to the left for the electrons strik 


ing a2. 

The beta emitter in the present experiment was 
P* deposited on a thin Formvar foil. Special care was 
taken to eliminate backscattering since scattered elec- 
trons may reverse their polarization and mask the 
whole effect. For technical reasons the detectors (plastic 
scintillator mounted on a 5819 RCA photomultiplier) 
were set to accept electrons scattered at 75°. The effect 
is expected to be bigger for large-angle scattering.‘ The 
smaller angle we had to employ in the present experi- 
ment may, however, have the advantage of reducing 
the chances of electrons being detected after plural 
scattering. 

About 1500 counts per minute were obtained with a 
10-mC source of P®. The left-right asymmetry was 


(Vi—Np) 


(5.4+0.4) 10°, 
1(Ni+Np) 


and in a direction which implies that the original elec 
trons were polarized backwards (their magnetic moment 
pointing forwards), 

Several tests were made to check whether the effect 
is real or due to instrumental asymmetries. Upon re- 
placing the gold foil o: by an aluminum foil of 2.4 
mg/cm’, the left-right asymmetry dropped to 


Vi-Ner 
0.12+0.5) «10 
(Ni Vr) 


Since for a given polarization the left-right asymmetry 
increases with Z, this result is taken to indicate that 
everything is symmetric with respect to the plane P, 
To test this point further, the first aluminum foil 0, was 
tilted a little out of its symmetric position in both 
directions and the left-right asymmetry was determined 
for both aluminum and gold in the position a. The 
results are given in Table 1. These results indicate the 
sensitivity of the measurement to the exact location of 
the first scatterer and it is felt that they bring out the 
reality of the effect. 

Finally, to test any possible asymmetries in the 
source, the same experiment was repeated with the 
source turned upside down (so as to obtain its mirror 
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image in the plane P,). The observed asymmetry was 
again 


Ni—-Ner 
(Ni +Np) 


(5.1+0.6)«10~?. 


This last experiment proves directly the violation of 
parity conservation in beta decay.°. 

It is hard to have an accurate estimate of the initial 
polarization of the electrons from these measurements, 
primarily because we have as yet no energy selection 
for the electrons. The setup we have used recorded all 
electrons above 900 kev. It can, however, be seen easily 
that our results are compatible* with 100% polariza- 
tion of the initial beam. The direction of polarization 
is unambiguous. 

Further work on the energy dependence of the asym- 
metry, as well as other improvements, is in progress. 

' Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and De Pasquali, Phys. Rev. 106, 386 (1957). 

? Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

* Frauenfelder, Hanson, Levine, Rossi, and De Pasquali, Phys 
Rev. 107, 643 (1957). 

4H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 

*T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

*Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev 
105, 1671 (1957) 


Production of the New Element 102* 


P. R. Fretps anp A. M. FriepMAn, Argonne National 
Laboratory, Lemont, Illinois 
AND 
J. Mitstep, Atomic Energy Research Establishment, 
Harwell, England 
AND 
H. Atreriinc, W. Forsiinc, L. W. Hoi, ano B. Asrrém, 
Nobel Institute of Physics, Stockholm, Sweden 
(Received July 19, 1957) 


” HE work described in this communication was 

carried out at the Nobel Institute of Physics, 
Stockholm. The activity which we ascribe to element 
102 was made by bombarding curium with high- 
energy C™ ions in the 225-cm cyclotron. The isotope 
produced was most likely either that of mass 253 or 
mass 251, made by the nuclear reactions: 


Cm™(C# 4n)1022 or Cm™(C6n)10275. 


The curium, which consisted of 95% Cm, 1% 
Cm’, 4% Cm™*, was deposited as a layer about 1 mg 
cm’ thick by painting from a solution of the nitrate 
in a mixture of acetone and amy! acetate onto a 2.7- 
mg/cm? aluminum foil about 0.5 cm* in area. It was 
bombarded in a specially designed, sealed probe with 
the internal beam of C** ions. In most experiments 
the majority of the ions striking the target had energies 
of the order of 90 Mev. The current of ions reaching 
the target with energies above 70 Mev was about 0.03 
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0.1 wa. In a series of experiments, the energy of the 
carbon ions was varied through the range 65-100 Mev. 
Most bombardments lasted about 30 minutes. The 
recoiling reaction products were collected in a 1-mg/cm’ 
Tygon catcher foil after passing through a 50-100 
ug/cm? aluminum cover foil which protected the catcher 
foil from curium contamination. 

After bombardment, the catcher foil was ignited on 
a platinum plate, which could be used directly as”a 
thin source for alpha pulse analysis. In this way it was 
possible to commence measurement of the gross prod- 
ucts within 3 minutes after the end of the bombardment. 
For chemical identification of the products, the activity 
was dissolved off the platinum plate and subjected*to 
ion exchange separation procedures. 

In twelve bombardments, alpha particles with an 
energy of 8.5+0.1 Mev were observed, and a composite 
decay curve of this activity (Fig. 1) gave a half-life 
of approximately 10 minutes. No significant spontane- 
ous fission activity was detected. 

Of the six curium targets used, only three produced 
recoils exhibiting the 8.5-Mev alpha activity. These 
three produced this product in about fifty percent of 
the bombardments during the first two weeks after the 
targets were made. After this period very few 8.5-Mev 
events were observed. It is believed that some of the 
targets were diluted by impurities so that the recoils 
were stopped in the target material. The reduced yield 
after the two-week period is attributed to radiation 
damage in the target and its backing by the intense 
alpha activity (about 0.2 curie/cm?) and by the cyclo- 
tron beam. For these reasons the 8.5-Mev alpha activity 
was observed in only 12 out of approximately 50 bom- 
bardments between 70 and 100 Mev. 

The 8.5-Mev alpha activity appeared in the expected 
element 102 position when eluted from a cation ex- 
change column with a-hydroxy isobutyrate! (Fig. 2). 

It was also shown that the 8.5-Mev activity ap- 
peared in the actinide position along with californium 
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Fic. 1. Decay curve of 8.5-Mev alpha activity. 
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2. a-hydroxy isobutyrate elution curve of recoil 
atoms from curium bombardment 


and fermium, produced in the irradiation, when eluted 
from a hot cation exchange column with 6N hydro- 
chloric acid. On the basis of these experiments we con- 
cluded that the 8.5-Mev activity is due to an isotope 
of element 102, either directly or, possibly, as a result 
of electron-capture decay of a 102 isotope with a ten- 
minute half-life to a much shorter-lived alpha emitting 
mendelevium daughter. In either case, of course, the 
alpha activity would appear in the 102 fraction. 

The predicted unhindered half-life for 8.5-Mev alpha 
emission from an element 102 isotope is of the order of 
ten seconds. Thus, even-mass isotopes with unhindered 
alpha decay would not be observed. ‘The most probable 
isotopes are 102?” produced by the (C",4n) reaction 
and 102**' produced by the (C'*,6n) reaction. ‘The low 
number (1-5) of 8.5-Mev alpha decays observed in a 
single bombardment made the statistical errors too 
large to determine the energy dependence of the cross 
section any more accurately than to limit it to one of 
these two reactions. 

We suggest the name nobelium, symbol No, for the 
new element in recognition of Alfred Nobel’s support 
of scientific research and after the institute where the 
work was done. 

We wish particularly to thank A. B. 
Harwell for his assistance in the chemical 
Stockholm and in England. We would like to acknowl! 
edge the aid of R. Barnes and Mrs. R. Sjoblom of 
Argonne in purifying the curium used, the aid of 
N. Jackson and Mrs. K. Glover of Harwell in preparing 
targets, and the excellent cooperation of the cyclotron 
crew and other members of the technical staff of the 


Beadle of 
work at 


Nobel Institute in these experiments. We are grateful 
to Dr. W. M. Manning, director of the Chemistry 
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Division of Argonne, Dr. RK. Spence, Head of the 
Chemistry Division of Harwell, Dr. H. A. C. McKay, 
leader of the heavy-element group at Harwell, and 
Professor M. Siegbahn, director of the Nobel Institute 
of Physics for their encouragement and interest in the 
research. The American and British authors would also 
like to thank Professor Siegbahn for the hospitality 
extended during this project. 

* This work was performed under the auspices of the U. S 
Atomic Energy Commission, the United Kingdom Atomic Energy 
Authority, and the Swedish Atomic Energy Commission 

' Choppin, Harvey, and Thompson, J. Inorg. Nuclear Chem. 2 
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6-y Circular Polarization Correlation 
in Au’ and Co*+ 


F. Borum Aanp A. H. Wapstra* 


California Institute of Technology, Pasadena, California 


(Received June 17, 1957 


Sew 6-y circular polarization correlation provides 
a valuable tool for the study of the beta-decay 
interaction.'? Recently a large interference term due to 
the presence of S and T or V and A interaction has 
been found in the allowed J-J transition of Sc*®.4 We 
report here studies of the J-J transitions in Au' and 
Coo 

therefore, quite suitable for a circular polarization cor 


Both nuclei exhibit a simple 6-y cascade and are, 


relation experiment. The spin pattern for both decays 
is 2(8)2(y7)O. Preliminary results in Au'® have been 
reported earlier. In the meantime Frauenfelder ef al. 
and Waard ef al.® the electron 
polarization of Au’, Since the combination of the 


de have measured 
electron polarization data with our circular polarization 
correlation result can yield interesting information on 
the beta-decay coupling, improvement of our pre 
liminary data seemed desirable. The anisotropy in the 
electron emission of Co®* has been studied by Ambler 
et al.© and Postma ef al.’ using the nuclear alignment 
technique. Ambler ef al. have pointed out that their 
result if explained by an S, 7 interaction leads to a 
different ratio of Fermi to Gamow-Teller matrix ele 
ments than that given by Griffing and Wheatley® from 
the study of the anisotropy of y rays from aligned Co 
nuclei, In the present experiment a different sign of the 
correlation coefficient is expected to appear 

Phe circular polarization of the y rays in coincidence 
with the 8 particles was measured be using the method 
described in reference 1. Sources of 50-150 microcuries 
strength were deposited on a 0.8-mg/cm? Mylar back 
ing. Single and coincidence counts were recorded under 
similar experimental conditions as described in refer 
ence 3. The relative difference in coincidence counting 
rate for opposite magnetic field directions is found to 
be, in the case of Au, §6=(+-0.754 0.12)%, which 


leads to a value of A = +0.52+0.09 for the asymmetry 
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parameter A defined in reference 1. This result is in 
good agreement with our earlier value. For Co the 
result is 6= (—0.27+0.13)% and A= —0.14+0.07. 

Au’ is a first forbidden transition. A rough analysis 
of our results with the help of the formulas by Alder, 
Stech, and Winther? has been carried out. Combination 
of the present results with the small longitudinal elec- 
tron polarization found by Frauenfelder et al.4 and 
de Waard ef al.’ would favor parity conservation in 
Fermi transitions.’ 

The result on Co** is in agreement with the values 
—0,22+-0.03 de- 
rived from the measurements on aligned nuclei. The 


corresponding to® A—0.20 and’ A 


theoretical value for a pure Gamow-Teller transition is 
A 0.166. If we make use of our result on Sc*® for 
the magnitude of the S, T (or V, A) interference term 
it seems likely that the Fermi matrix element is smaller 
than about } of the Gamow-Teller matrix element. This 
is in slight disagreement with the ratio 1/2.8 found by 
Griffing and Wheatley.*® 

We are very much indebted to Dr. B. Stech for many 
helpful discussions and Professor J. W. M. DuMond 
for his interest in this work. 


t Supported by the U. S. Atomic Energy Commission 

* On leave of absence from the Institute for Nuclear Research 
Amsterdam, and the Technical University, Delft, Netherlands 

' F, Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957) 

* Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957); Re 
port, University of Illinois (unpublished 

+ F, Boehm and A, H. Wapstra, Phys. Rev. 107, 1202 (1957) 

‘Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock 
Rossi, and De Pasquali, Phys. Rev. 107, 909 (1957) 

®H. de Waard (private communication) 

® Ambler, Hayward, Hoppes, Hudson 
106, 1361 (1957 

7 Postma, Huiskamp, Miedema, 
Gorter, Physica 23, 259 (1957 

* D. F. Griffing and J. C. Wheatiey, Phys. Rev. 104, 389 (1950) 

® Note added in proof New measurements on Au! by P, | 
Cavanagh et al. (private communication) and C. S. Wu et al 
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HE spin and magnetic moment of 14-day P® was 
determined by the electron nuclear double reso- 
nance! (ENDOR) technique. The P® obtained from 
Oak Ridge was diffused* into high-resistivity silicon 
plates having a total volume of 0.25 cm’. 
The paramagnetic resonance signal observed at 
~9000 Mc/sec and 1.2°K is shown in Fig. 1. It corre- 
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Fic. 1. Electron spin resonance absorption in phosphorus 
doped silicon at ~9000 Mc/sec. The central pattern is due to 
P® and clusters of P®. The subscripts indicate the number of 
donors in the cluster 


sponds to 2K10'* P* spins and 4X10" p® spins (10 
Mc). Due to the high concentration of P*', signals due 
to clusters of 2 and 3 donors were also observed.’ The 


arrows in Fig. 1 indicate their predicted positions. ‘The 
two lines displaced by 4.7 oersteds (13.2 Mc/sec) from 
the central line are due to P” as veritied by the ENDOR 
technique described below and the fact that their 
amplitudes decayed over a period of one month after 


which they ceased to be resolvable from the background. 
From an inspection of Fig. 1 one cannot rule out the 
possibility of another set of lines underneath the central 
peak. However, the spacing between the two extreme 
P* lines should be equal to 2a/ which with the a deter 
mined by the ENDOR technique gives a value of J=1 

The ENDOR transitions were observed by setting 
the magnetic field to one of the P® lines and saturating 
the microwave the 
microwave signal is obtained when the auxiliary rf 
frequency induces the v* transitions (my= +4; Am;=1) 
4; Am;=1). A typical 


transition when the low-field 


transition. An enhancement of 


and the yv~ transitions (my 


signal arising from the v 
P® line is being saturated is shown in Fig. 2. For the 


central P® line with H»o=3188.0 oersteds, the two 


+ 
+ 


720 
y iN MC / sec 





| field P® 
signal arises from the (my : 
m,= —1) «+ (—4, 0) transition. A much smaller signal is obtained 
at a lower frequency corresponding to the (+4 1) +» (+4,0 
transition. The small amplitude of the latter proves that u(P® 


Fic. 2. The ENDOR technique applied to the low 
absorption peak 


The above 
} 


is negative 
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occur at vt=5,958+0.005 Mc/sec and 


From the Breit-Rabi‘ for 


transitions 
v~=7.183+-0.005 Mc/sec. 
mula, one obtains then g(P*) 0.253-+0.001 and for 
the hyperfine interaction a(P*) = 13.141 
+0.007 Mc/sec. A more accurate value for the P® 
moment may be obtained from the relation 


constant 


a(P*) 


a(P*) 9 (P*) 


where A is the hyperfine structure anomaly® which was 
+0.17%.° With g(P*")=1.1316 
117.65+0.05 Me/sec, one ob 


calculated to be 
+ O.0003! a(P*) 


tains from the above expression 


and 


g(P*) 0.2523 +0.0003 ; .. 


where the quoted experimental error includes a 70% 
in A 


Because of the smallness of a(P 
>m,, m;— 1) 


uncertainty 
’) the lrequencies ol 


the two transitions (my, my « and (my, 


a § tem / } J 


moments. By saturating the 


4 lor 


low-field 


hic. 3. Energy diagram for 
positive and negative 


the ENDOR 


| 
than cue 


ignal due to the v* transitions should be 
to the v~ transitions for positive 
aller for negative moment V =total number of 


soltzmann factor guoll/kT 


larger moment 
mu h si 


2e= clectronic 


1) differ only by ~10 kc/sec and were 


For this reason we had to resort to an 


my, <> my, My 


not resolved 
indirect method for determining the sign of the magnetii 
3 where for 


moment. The method is illustrated in Fig 


simplicity a system with /=4, J=4 is considered. The 
equilibrium population of the different levels is indicated 
with both relaxation mechanisms, designated by 7, 


and 7,, 


saturated 


operative and the low-field line completely 

It is evident from the population of the 
various levels that the amplitude of the ENDOR sig 
nals will be different for positive and negative moments 
For the idealized case of Fig. 3 one would be able to 
observe only the v* transition for ~>O and the v 
transition for 7<0. In practice, however, one does ob 
serve both transitions, with one very much smaller 
than the other. 
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The existence of 7, and 7, was investigated in an 
independent set of experiments which also confirmed 
the known positive moment of P® and established a 
negative moment for P”. The 7, under discussion occurs 
only in the presence of exchange lines and corresponds 
therefore to a different mechanism than the one dis- 
cussed by Pines, Bardeen, and Slichter.* It presumably 
arises from the fact that some exchange lines have 
transition frequencies identical to the ones required for 
the 7, transition. It is of interest to note that the 
situation depicted in Fig. 3 which is similar to the one 
described by Pines et al.* provides a convenient way of 
polarizing the P® nuclei. 

According to the shell model, the odd proton is in a 
2s, and the odd neutron in a 3d, state. Assuming j/ 
coupling and taking the Schmidt-line limits for g, and 
£n, one predicts a moment of yu 0.44 nm. Taking the 
empirically found g values’ of the odd-even and even 
odd neighbors, i.€., £n.=0.4289 (ySi7) and g,= 2.263 
(i5Ps6"), one predicts a moment of 0.03 nm. The 
spin value of 1 is consistent with Nordheim’s"” “strong” 
coupling rule, 

We would like to thank A. KR. Storm for the prepara- 
tion of the samples, J. D. Struthers for the handling of 
the radioactive Dr. P. W. Anderson, 
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ARIOUS scattered measurements of yw ~-capture 
rates' have so far brought out two features: (1) 
approximate validity of the Z.«*-law,? and (2) approxi- 
mate equality of the strength of the responsible four- 
fermion interaction with that of 6 decay (“restricted 
universality’). Other features, such as (3) dependence 
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on specific nuclear properties (shell structure, etc.), and 
(4) the specific form of the interaction (Fermi and/or 
Gamow-Teller), cannot be discerned from the existing 
data, often of limited accuracy. 

In view of this situation, we have undertaken a pro- 
gram of accurate u-disappearance rate measurements. 
In our experiments, a 99% pure u~ beam’ is stopped in 
different targets (6-10 g/cm?), and the stopped muons 
as well as the decay electrons are counted with coin- 
cidence telescopes. Suitable anticoincidences guarantee 
that the w~’s stop in, and the e~ emerge from, the target. 
The disappearance rates are measured directly by means 
of delay-to-pulse-height converters‘ fed by the outputs 
of the uw and e& telescopes; the data are collected in a 
100-channel pulse-sorter. ‘The over-all linearity of the 
system is frequently checked with a precision lumped 
constant delay line, using real pulses. 

Table I contains the results obtained to date. Except 
where otherwise indicated, elemental targets of high 
purity were used. At least 3X10* significant counts 
were collected for each target; the background (mainly 
accidentals) contributed always < 10% to this number. 
The converter ranges were so chosen (> 3 lifetimes) as 
to facilitate the determination of this contribution. For 
elemental targets, Peierls’ method® was used to compute 
lifetimes; as a check on our absolute time scale, a 
determination of the w* mean life (in graphite) was 
made, yielding (2.21+0.02) usec which agrees with the 
currently accepted value.® 


TABLE I. Comparison of capture rates measured in this experiment 
with Primakotf’s theoretical predictions. 


Aeapt (10° sec™) 


This exp. 


0.284-0.10 
0.434+0.10 
0.9340.12 
1.38+0.12 
2.54+0.22 
3.76+-0.21 
4.86+0.48 
7.85+0.44 
8.314+0.65 
10.40+0.75 
13.7 +0.9 
13.8 +0.9 
19.9 

25.1 

25.8 

33.4 

31.7 

37.3 

44.9 

58.8 

67.9 

104.3 


Zelt 


used» Theoreticale 


0.063 
0.45 
0.80 
1,31 
1.68 
3.54 
5.37 
6.00 
9.14 
10.5 
14.0 
15.0 
21.7 
27.8 
27.8 
29.2 
35.3 
37.4 
45.0 
58.6 
54.5 
116 
110 
150 
146 
151 
135 


Element*® 


Be 3.93 
Cc 5.78 
N 6.68 
O(H,) 7.56 
F(KH),; 8.40 
Na 10.02 
Mg 10.83 
Al 11.58 
Si 12.31 
P 13.02 
13.7 
14.4 
15.6 
16.2 
17.4 
17.9 
18.4 
18.9 
19.4 
20.3 
20.7 
26,2 
26.5 
31.3 
31.4} 
31.5) 
32.1 


125 


91.8 +6.0 


*Other constituents are indicated in parentheses where target was a 
compound 

» See reference 2. 

© See reference 7. 
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TABLE II. Comparison of ratios of capture rates obtained in this 
experiment with Tolhoek and Luyten’s predictions 


Theoretical values*.» for natural 
isotope mixture 


(S,V (T,A 


Flem 


ratio This experiment 


1.28 1.26+0.07 
1.70 1.79+0.09 
mae 2.34+0.12 
1.03 1.33+40.10 
1.68 1.74+0.10 
1.43 1.48+0.08 


0.90 
1.08 
1.34 
0.77 
1.23 
0.95 


Cr/Ca 
Fe/Ca 
Ni/Ca 
V/Ca 
Fe/Ti 
Mn/Ca 


® See reference 8& 
b Using ro =1.40 X10°4 cm 


Primakoff has predicted’ nuclear capture rates, 
Acapt(A,Z), using the closure approximation. To order 
A~', his rates are independent of the specific type of 
interaction, and are given by 


(1) 


Acapt(A ,Z) = Neapt(1,1)Zer*y] 1 4 


af 


The last bracket arises from the Pauli principle; 6 is a 
correlation parameter, estimated to be ~3. The quan- 
tity y corrects for the reduction in the neutrino phase- 
space volume due to the absorption of the uw by a 
bound proton; Primokoff estimated y=<0.73, and de- 
rived the value of Acap:(1,1), as yet unknown experi- 
mentally, from 6-decay data by assuming “restricted 
universality.” This yields Acape(1,1) = 220 sec”. 

In Table I the A,apt calculated from (1) with Prima- 
koff’s parameters are also given. They are, on the whole, 
in excellent accord with experiment; the best fit is 
obtained with 6= 3.06, Acape(1,1)y=177 sec!. Retaining 
vy=0.73, one obtains Acapt(1,1)= (240415) sec, a 
result suggesting exact equality of interaction strengths. 

Tolhoek and Luyten® have recently argued, on the 
basis of explicit shell model calculations in which only 
the “dominant” transitions are retained, that the rela 
tive capture rates of nuclides in the range Ca~Ni de- 
pend sensitively on the nature of the interaction, i.e., 
on whether the latter is of the (S,V) or the (7,A) type. 
Table II is a comparison of our results with the pre- 
dictions of reference 8; it would appear that the inter- 
action is predominantly of (7,A) character. The 
strength of this conclusion is impaired by the excellent 
agreement of Primakoff’s interaction-independent the 
ory with experiment. 

A full account of the present work is being prepared 
for this Journal. We are also planning similar measure- 


ments with separated isotopes of light elements. 

* This research supported in part by the U. S. Atomic Energy 
Commission and the Office of Naval Research 

+ National Science Foundation Fellow, 1956-1957 
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[Phys. Rev. 107, 1465 (1957) ] 

5 R. Peierls, Proc. Roy. Soc. (London) A149, 467 (1935) 

*K. M. Crowe, Nuovo cimento 5, 541 (1957) 
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ECENT investigations’ * of the decay of longi 
tudinally polarized w* mesons at rest have re 
vealed that the angular distribution of the decay posi 
trons varies greatly, for a fixed polarization of the 
initial wt beam, with the material in which the muons 
are stopped. This fact is attributed to the depolarizing 
effects of some microscopic magnetic fields acting (in 
materials yielding reduced asymmetry) on the muon 
spin. The results of experiments in this Laboratory? and 
at Liverpool* imply further that these effects operate 
in time short compared to 10° sec, In muonium (yte~), 
as well as in other systems in which the muon spin is 
coupled to another spin, the “hyperfine” interaction 
provides a fast depolarization mechanism that can 

account for the observed effects.‘ 

It is well known that the angular correlation of su 
cessive nuclear radiations can be perturbed by hyper 
fine interactions; Goertzel® has proposed to reduce such 
perturbations by decoupling the nuclear spin from the 
angular momentum of the shell by an external magnetic 
field applied along the “axis of polarization” of the 
nucleus. The application of this idea to experiments 
with muons is obvious; it serves the twofold purpose of 
elucidating the nature of the depolarizing mechanism, 
and of making—if certain depolarizing 
media (such as nuclear emulsion® or pentane’) more 


Succ essful 


useful tools in this field. 

Figure 1 shows a schematic diagram of the equipment 
used in such a “repolarization” experiment. A mt —* 
beam of momentum 145 Mev/c, 
mesons, traverses scintillator 1, enters a solenoid 
axially, and is freed of r’s by an absorber-plug /’. After 
passing through scintillators 2 and 3, muons are brought 
to rest in a target 7, consisting of the material under 


containing 10%, yt 


investigation and tightly sandwiched between 2, 3, and 
two further scintillators 4 and 5. 7 as well as 2, 3, 4 
and 5 are contained in a 2-in. wide gap that effectively 


divides S into two halves; the scintillators are coupled 
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liuil J J 


Inches 














J 


Parget. P: 1}-in. brass absorber 
Positrons: 45 


hic. 1, Experimental setup. 7 


Stopped y 1234 coincidences 3 coincidences 


to long light-pipes leading to magnetically shielded 
photomultipliers 

The asymmetry of wt—e* decay can be described by 
W (a) 


and ¢ 


1+-a cosd, where J is the angle between the p* 
momenta. The observed asymmetry parameter 


; 


a depends on the ef momentum, the stopping material, 
and here, by hypothesis, on the magnetic field 6 applied 
along the spin axis of the muon. In our setup, the 
stopped u’’s give a coincidence in the telescope 1234. 
while the decay electrons emitted forward yield coin 
cidences in the telescope 453. The delay distribution 
between the outputs of these two telescopes is analyzed 
with a time-converter system,’ yielding a “decay 
curve” for each value of B, From these, we determine 
the number of forward e* per stopped yt as a function of 
B. As a is negative, this ratio is expected to decrease if 
a(B) increases with B, ie., if the muon spin depolariza 
tion is in fact repressed by B 

Figures 2(a) and 2(b) show the number of e* per yt 
observed as a function of B in two materials, (a) nuclear 
emulsion and (b) Vitreosil (fused SiO.), known to be, 
respectively, ~50% and ~100% depolarizing for B=0 
by comparison to graphite (assumed to be nondepolariz 
ing). Control runs indicate that within our accuracy 
(+19), graphite targets yield indeed a 4-independent 
asymmetry, while numerous other checks assure us 
that all five counters are unaffected by the highest 
fields used (7 kilogauss) 

In Figs. 2 we indicate the limits which the measured 
ratios could reach if the depolarization were completely 


0.11, 


estimated a 


repressed ; these were calculated from?® dy»,(0) 
0.00, 0.24, the 


ceptance angle (~65°) of telescope 453. It is evident 


dyi(O) a(@) and 
from both sets of data that about 70°, of the asym 
metry is restored by a field of 7 kilogauss, a fact of 
practical importance. The data are inconsistent with 
the assumption that the depolarization is due to hyper- 
fine interaction in a single formation of 1.8 muonium. 
We do find that a reasonable fit to the data is obtained 
by assuming that the muon captures and loses a number 
of electrons in succession’; 11 for nuclear emulsion, 13 
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hic. 2. (a) Results in nuclear emulsion , estimated asymp 
Lote; + + +, calculated B-dependence for 11 formations; * X X , 
B-dependence for single muonium formation (b Results in 
Vitreosil. Notation same as in Fig. 2(a), except + + + , calculated 
B-dependence for 13 formations 


for Vitreosil. This mechanism does not seem to be 


consistent with the fact that the slowing-down time of 
muons in condensed matter is about 107"! 
hyperfine depolarization requires of the order of 10 


second per capture process. 


second, while 


10 


Besides the statistical errors, solely indicated in 
ig. 2, our experiment is subject to systematic un 
certainties, such as those in the e* absorption in the 
targets, in the forward acceptance angle, etc. Neverthe- 
less, we believe we have demonstrated quantitatively 
the “repolarizing” influence of a longitudinal external 
field.* 

We are indebted to Professor Rk. H. Hildebrand for 
lending us the solenoid used in the present experiment. 
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Research and the U. S. Atomic Energy Commission 
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Seventh Annual Rochester Conference on High-Energy Physics, 
April, 1957 
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In this case one gets for the spin expectation value 


n+ r[ 4(1 + 2a?) /(1 ta*) ]", 


Am. Phys. Soc. Ser. II, 2, 205 


(ay = (| 


where x=fraction of u’s depolarized, a=electron cyclotron fre 
quency/muonium hyperfine frequency, and n 
ium formations 

’ The application of an external field to prevent the relaxation 
of polarized Li® nuclei has recently been made by M. T. Burgy 
et al., Bull. Am. Phys. Soc. Ser. II, 2, 206 (1957) 
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N a recent paper! by the author, scattering of longi 

tudinally polarized fermions obeying Dirac’s equa- 
tion was described. The present note concerns itself 
with the generalization required if the fermions possess 
anomalous magnetic moments, i.e., obey the following 
equation 


eA,)4 SUV rl ve (1) 


[y( py im ly =0, 


where pw is the anomalous magnetic moment and F,, is 
the electromagneti 


F ys 


field intensity tensor: 


0A,/0Xx,—O0A,/OX; (2) 


Ihe matrix element M for the scattering of two such 
fermions is given by 


M =4nr(k-k)! 
X [ite (pi')levy, t+ SipsyR Sip sRy,)uer( pr) | 
X [ thea ( pr’) (evry — dimyy R+ fipoky,) ter( po) |, 
k= pi'— pi= — (po — pr), 


where the primed (unprimed) momenta and polariza 


(3) 


tions refer to the final (initial) state of the system and 


the subscripts 1 and 2 serve to distinguish the two 
partie les 

The differential scattering cross section (ee) for 
given polarizations e, and e¢, of the initial state and 
summed over the polarizations €; and e,’ of the final 


state is 
E,E.(E,' Eo’) (E+ E2)~*(k- Rk) 7d2 
K (e;’A vy t 1€\u1B,, t urCyr) 


P| €)€2) 


x \€2 in T 1éoB,,’ t pol ee 


‘al 


and 


Fic, 1 


electron-neutron 


solid curves 
I he 


8, and the scattering angle @ are measured in the center-of 


Phe ratio @p/@q for w-meson-neutron 


(dashed curve scattering neutron’s ve 


locity 
mass trame 


where 


tye} Trl (pi +imy)y,(1+ e171) (pitimi)y, |, (5) 


b Tr| (pi +-im,) (yR— Ry.) A+ eon) (pitimiys 
(pi +imi)y.(1+ 1:01) (pitim,) (y,R—Ry,) ], (6) 


fs Trl (pi +im,) (yR— Ry,) 
K (1+ €:0 1) (Ppitim,) (yk 


ky,) |, (7) 
and A,,’, B,,’, C,,’ are obtained from above by replac 
ing the subscript 1 by 2.2? We evaluate these traces in 
the center-of-mass frame of reference in a coordinate 
system whose z axis is parallel to po and whose a 


plane coincides with the po— py’ plane 


PAye tems Byte, 
ber be{{ 1 
+ 1€:(14+ 21) ,2(b. bye —Sbydur))} 
Fe s?(1+-¢,)?(2b6,.+k,k,) 
x| i t 16:05 2( Ox Diy 


pi’ tpi, b pi’ pPitmy’, 


magnetic moment in magneton 


(g:°b) (2m?) |b, ber 


Seth. ta 


uwrar 


where / and g; is the anoma 


lous units, L@., py 
€1f1/ 2m. 

The expression for the cross section obtained by in 
troducing Eq. (8) (and the corresponding expression 
for particle ‘2’”’) into Eq. (4) is too general for our 
purposes. We consider the following special cases 

1. Particle 1” is neutral but has an anomalous may 


has 


neutron 


netic moment; particle ‘2” is no 


This 


electron and, presumably,’ 


( harged but 


anomalous moment. case describes 


neutron-p-meson scattering 


Equation (4) becomes 


1 C2€ iL) P dQ 
ee) Dome 'g 
2Nhitk, 1—cos# 


bye + 


| €)€s) +-2(1 + €; 6) 


€1€2) (1 + cos) 
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— 2m 


B, J 
an 


a 








cos § 


hic, 2, The ratio ¢,/_ for w-meson-proton scattering 


Here r= m2/m,, y.= E/m,, and 6= the scattering angle. 
The cross section @, (@.) for spins initially parallel 
(+1). 
In Fig. 1 the ratio $p/a is plotted for a number of 
values of the neutron velocity §,, for the neutron-p- 
meson system. For the neutron-electron system the 
center-of-mass frame is for all practical purposes 
identical with the neutron’s rest frame; accordingly, for 
this system, only the case when 8,=0 is plotted. 

2. Particle “1” is charged and has an anomalous 
moment; particle “2” is charged but has no anomalous 
This proton-electron and 
proton y-meson scattering. Equation (4) becomes 


( C09 (2) 
2NE+Kk, b 


gi’b 
2ab4 imei ) +-b(b-+-m,*) (1+ 2)? 


2m;’ 


(antiparallel) is obtained by setting e,€: 1 


moment. case describes 


p(€)€2) 


x | (2a" 


t+ eyeo(1+-gi)b[ b(14+-¢1) +a(1+ cos) ]}, (10) 


, 


where a= pi: po=pi'-po’. The ratio $)/¢_ obtained 
from Eq. (10) is plotted in Fig. 2. It is seen that , 
equals @,4 in both the nonrelativistic and extreme rela- 
tivistic limits. The energy at which $,/@, attains its 
minimum value depends on the scattering angle; it is 
approximately given by‘ 


yit=14+(1/¢)). (11) 


In conclusion we note that Eq. (11) provides an 
estimate of center-of-mass energies required to make 
the scattering method work as an analyzer of polariza- 
tion. Thus for the w-meson-electron system (g;=0) one 
needs very high energies, for the u-meson-proton 
system (g;~1.8) one needs intermediate energies, and 
for the y-meson (or electron)-neutron system (g;= ©) 
very low energies are sufficient. 
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* Recent experiments indicate that the anomalous magnetic 
moment of the uw meson is, like that of the electron, negligible 
(T. Coffin et al., Phys. Rev. 106, 1108 (1957) ]. 

* Equation (11) is exact for cos#= —1 and it is valid for positive 
g, only. For negative g; the situation is more complicated; for 
example, g;= —1 (which corresponds to a total magnetic moment 
zero) gives, of course, no polarization effects at any energy. 
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WO or more Fermi-type phase shift solutions 

have been found at various energies above the 
T= 3 state resonance. The accidental character of this 
ambiguity has been discussed,' and its nature is re- 
viewed briefly below in (c). If accurate charge-exchange 
differential cross sections become available, they may 
be able to discriminate between these solutions, but it 
is possible that the ambiguity will persist. The purpose 
of this note is to indicate that the ambiguity can be 
resolved by a feasible measurement of the recoil-proton 
polarization. 

The proton polarization in the 7 =} state has previ- 
ously been given explicitly in terms of the phase shifts 
by Fermi* and Hayakawa ef al.* They pointed out that 
the polarization would remove the ambiguity arising 
from changing the sign of all the phase shifts simul- 
taneously, and also remove the two ambiguities in- 
dicated by Yang and Minami. There is now evidence 
from Coulomb interference and dispersion relations 
which supports only the Fermi-type phase shifts.‘ 
However, the accidental ambiguity mentioned above 
can also be resolved by polarization measurements. 

We have analyzed the pion-nucleon scattering in the 
100-300 Mev region.! The main conclusions are the 
following. 


(a) The Fermi-type 6;; has a resonance at 187+2 
Mev. 

(b) Below resonance 63;~ —5°, 0<63<55°, —3°<6n 
<0, and both 6, and 6; are close to the straight-line 
extrapolation from low-energy data. 

(c) Above resonance two solutions appear. This is 
due to the occurrence of two roots of the quartic equa- 
tions which, accidentally, are approximately equal for 
negative and charge-exchange scattering. One solution 
[labeled (i) in reference 1] corresponds to 5,363:, but 





LETTERS TO 
this requires that both 6,3 and 6,, have opposite signs 
to their low-energy behavior. 6; and 43 continue on the 
straight-line extrapolation. The other solution [labeled 
(ii) | allows a monotonic extrapolation of all the small 
P-wave phase shifts, and 6; follows the straight-line 
extrapolation. However, 5, decreases and changes sign 
near 220 Mev. Only the latter solution corresponds to 
the root obtained below resonance. Nevertheless, it is 
important to discriminate experimentally between the 
two possibilities. A polarization measurement of com- 
paratively poor accuracy will certainly discriminate 
between the two roots. 

The polarization of a proton beam is measurable at 
energies 270 Mev by scattering on a carbon target.® 
The recoil energy of the proton is 


Mc’? 
(1—6*)? 
= 417’ cos’(40) Mev, 


E, { (1-+-cos@) — $6? sin’6} 


where B=cP,/(E,+M,¢’), P, is the incident-pion 
momentum, £, its total energy in the laboratory sys- 
tem, @ is the recoil angle of the proton in the c.m. 
system, and 7 is the meson momentum in the c.m. 
system in units of M,c. Even for an incident pion with 
a laboratory energy of 150 Mev, the above relation 
permits measurement of the polarization for 6543°. 
The laboratory angle for the proton, 6’, is given by 


tan’ = (1—?)! tan(40) ~ tan(4é), 
and the pion laboratory angle ¢’ is given by 


sind’ 
, 
tang’ = 
(P,/P,')— cost’ 


where P,,’ is the recoil proton momentum in the labora- 
tory system. 

As we are considering only Fermi-type solutions, we 
need consider only those polarization terms in which 
533 appears. This an excellent approximation, as terms 
in which 6,3 is absent are cubic in the small phase shifts, 
but terms in which it is present are only linear in these 
phase shifts. Including S, P, and D states and using the 
notation 


f(1',T’, J" | 1.Z J) == 4 sindgy’ sind; y' sin(6r- 7)’ — bry’), 


we have 


do, 
2k? P+ (0) = sinO{ /(0,3,1| 1,3,3) 


U/ 


+ (9/8)f(1,3,3| 2,3,5)—$/(1,3,3| 2,3,3)) 
+sin20{ —$/(1,3,3/1,3,1)} 
+sin30{ — $/(1,3,3| 2,3,5)—$/(1,3,3| 2,3,3)}, 
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do 


. do 
18x — P- (9) = 2x-*— P+ (6) +-sina{ 2/(0,1,1 | 1,3,3) 


(hw dw 


+ (9/4) f(1,3,3| 2,1,5) — f(1,3,3| 2,1,3)) 


+sin20{ —3/(1,3,3/1,1,1)} 


+sin30{ —3/(1,3,3| 2,1,5) —3/(1,3,3/ 2,1,3)). 

In the (wtp) case, the sin 26 term is proportional to 
53,, and on neglecting D states, the sin@ term is propor 
tional to 43. As 53; is only known to within a factor of 3 
from the differential cross section, a rough measure- 
ment of the sin2@ term would improve our knowledge 
of 53. Similarly, from 


da do, 
P~(0)—2x~? 
dws dy 


18A-? P* (0), 


the sin@ and sin2@ terms are proportional to 6; and 6, 
respectively. The sign of 6,,; above resonance would 
remove the ambiguity mentioned before. If the siné@ 
term could be measured with better than 50% a 
curacy, the magnitude of 6, would also remove the 
ambiguity. Finally any sin3@ dependence, in either the 
m* or the w case, would indicate the presence and the 
magnitude of the D states. The greater sensitivity of 
the polarization to the small phase shifts, is due to the 
absence of any terms containing only 5,5. 

At 220 Mev the expected polarization from negative 
pions on protons from solutions (i) or (ii) of reference 
1 is 

da 
(i) 18A°*——P~ (6) 
dw 


0.6 sind—0.7 sin20, 


da 


(ii) 18A-?——P~(0) 0.3 sind+-0.9 sin28, 


which should be readily distinguishable. D states have 
been neglected. However, a theoretical indication is 
that the T=4 states have half the magnitude of and 
the opposite sign to the 7'= 4 states. In this case their 
contribution to P~(@) vanishes. If, however, the D 
states are such as to alter significantly the sin# term, 
a measurable sin36 term will probably be present 
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